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PREFACE 


This Revised Edition of the Stone-Mallory New Plane 
Geometry retains all of those features which have made 
the former editions so popular. Their wide use and the 
co-operation of teachers in many parts of the country have 
fully justified the author’s philosophy with respect to the 
teaching of geometry. The revision has therefore been 
limited to minor changes and to additions that take 
cognizance of the changing times. 

Continued experimentation by the author in the College 
High School of the New Jersey State Teachers College at 
Montclair has suggested new approaches to some topics 
and more effective methods for developing others. The 
interests of students have been carefully studied, and 
changing social emphases have been noted. The resulting 
book is modern in philosophy, content, and pedagogy. 
Attention is called to the following: 


Psychological Development.—The study of demon- 
strative plane geometry should develop in the student the 
ability to observe relations in a figure, to state such dis- 
coveries in concise language, and finally to verify his 
hypotheses by formal proof. Hence, well graded original 
exercises lead to theorems in such fashion that most are 
first solved as original exercises not more difficult than 
those that have been solved previously. Thus: (1) Each 
new unit of work is based on concepts and knowledge 
which are familiar to the student; (2) only one difficulty 


is introduced at a time; (3) adequate practice is given to 
Vv 
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make the student thoroughly familiar with each new 
development; (4) the student is led to make discoveries 
for himself; (5) statements of these discoveries are ten- 
tatively made, subject to verification by proof. Thus, 
observation and critical analysis make the subject vital 
and interesting. 


Introduction.— Demonstrative geometry differs greatly 
from the mathematics that the student has previously 
studied. Hence he must be told what demonstrative 
geometry is, why its study is important, and how it should 
be studied. These questions are answered in several ways: 


1. Intuitive geometry and constructions serve as the 
vehicle for introducing fundamental definitions. 

2. The student is led to see that conclusions reached 
through intuition and experimentation are liable to error 
and must be held tentatively. 

3. The student is shown the need and value of proof 
through logical reasoning to verify tentative conclusions. 
Exercises in supplying reasons for statements give prac- 
tice in use of the axioms and postulates. 

4. Graded exercises dependent on the first two con- 
gruence theorems lead the student from simple one-step 
proofs through exercises gradually increasing in difficulty 
to the use of overlapping triangles. 

5. Every effort is made to acquaint the student with 
the uses of geometry. The contributions that geometry 
has made to the development of civilization are shown in 
historical notes. Numerous examples of the applications 
of geometry in art, industry, engineering, navigation, and 
astronomy are shown in many problems. Illustrations 
show the existence of geometric designs in the bodily 
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structure of microscopic plant life, in animals, in coral, in 
sea shells, and in flowers. 


Differentiated Courses.—Provision has been made for 
the varying interests and abilities of students. Those who 
wish geometry for college entrance or as preparation for 
the study of higher mathematics are considered as well as 
those who need geometry for its purely practical uses. 
Differentiation may be provided as follows: 

1. Through selection of theorems.—A minimum course 
is provided by proving formally only those theorems not 
marked with A or B. For the more capable students 
theorems marked B may be assigned. The A theorems 
provide honor work for the better students, but may be 
omitted entirely without destroying the sequence or inter- 
fering with the exercises. 

2. Through selection of exercises.—Exercises down to the 
horizontal line form a minimum course. They are simple 
applications of the principles developed. Many of them 
are numerical, the solution of which depends only on 
simple applications without difficult work in algebra. 
Exercises below the line are more difficult, while starred 
exercises will challenge the best abilities of the brighter 
students. 

3. Through emphasis on practical applications.—Other 
differentiation can be provided by stressing the numerical 
exercises and the practical applications of geometry. 


Keyed Review and Testing Program.—At the end of 
each unit complete summaries and pointed questions pro- 
vide a review of the work of that unit. These are keyed 
to earlier sections so that the student can easily find the 
section where the work was first explained. Following this 
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review there is a set of practice tests, also keyed, which 
adequately covers the work of the unit just completed. 
These are followed, in all units except the first, by a set 
of keyed cumulative tests covering all of the work pre- 
viously studied. It is realized that tests printed in the 
textbook are not best for determining the achievement of 
the student. Hence, a book of achievement tests is avail- 
able for use with the text. 


Syllabi and Standards.—This book fully meets the 
needs of students who intend to go to college, those who 
need geometry as a fundamental for other courses in 
mathematics, and those who need mathematics as a tool 
in industry or in other studies. Syllabi for courses in plane 
geometry as well as the suggestions of the Joint Commis- 
sion Report are fully met. 


Miscellaneous Topics.—In making this text the author 
has been cognizant of the many suggestions made for im- 
proving the teaching of plane geometry. Hence stress has 
been placed on discovering geometric relations and on 
developing power in proving original exercises instead of 
on proofs of formal theorems. An unusual number of 
practical applications of geometry in many different fields 
furnish rich material for the teacher who wishes to em- 
phasize that aspect of the course. In addition to applica- 
tions from engineering, architecture, art, and industry, 
problems in aeronautics and navigation help to motivate 
the course. 

Indirect proof is emphasized as a common and familiar 
type of reasoning in everyday life. Locus is developed 
first as the ability to visualize the path of a moving point 
and as the place of a point which satisfies given conditions. 
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Second the student is taught how to describe concisely the 
locus. Third he proves his description correct. 

It is well recognized that students of geometry need to 
review and maintain their skills in both arithmetic and 
algebra. Hence, at the end of each unit (except the first) 
there is a test, ‘‘Maintaining Skills in Mathematics” which 
contains items in both arithmetic and algebra. In these 
tests the student is referred to the Appendix. There he 
will find Diagnostic Tests keyed to review and practice in 
arithmetic as well as explanations of selected problems in 
algebra. 

Other extensions of the usual course in geometry are 
provided by applications to the elements of analytic 
geometry through extending locus to the derivation of 
formulas for the circle, ellipse, parabola, and hyperbola; 
and by emphasis on numerical trigonometry including the 
laws of sines and cosines. 

The author wishes to thank the many teachers whose 
continued interest helps to make this book a success. 


Vircit 8S. MALLory 


ABBREVIATIONS AND SYMBOLS 


Az., axiom. ~, is not equal to. 

Alt., alternate; altitude. -y, is similar to. 

Bis., bisector. ~, is congruent to; congruent. 
Comp., complementary. >, is greater than. 

Cons., construction. <, is less than. 

Cor., corollary. ||, is parallel to; parallel. 
Corr., corresponding. 1, is perpendicular to; perpendicu: 
Def., definition. lar. 

Ex., exercise. .’., therefore. 

Fig., figure. ..., and soon. 

Ext., exterior. Z, angle. 

Hyp., hypotenuse. 4, angles. 

Int., interior. A, triangle. 

Opp., opposite. A, triangles. 

Post., postulate. QO, parallelogram. 

Prop., proposition. G), parallelograms. 

Rect., rectangle. O, rectangle. 

Rt., right. I, rectangles, 

St., straight. O, circle. 

Supp., supplementary. ®, circles, 

=, is equal to; equals. ™, are. 


S.a.s. = s.a.s. Two triangles are congruent if two sides and the included 
angle of one are equal, respectively, to two sides and the included angle 
of the other. 


a.s.a. = a.s.a._ Two triangles are congruent if two angles and the included 
side of one are equal, respectively, to two angles and the included side 
of the other. 


8.s.s. = s.s.s. Two triangles are congruent if the sides of one are equal, 
respectively, to the sides of the other. 
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1. What is geometry? Geometry is that branch of 
mathematics which deals with the properties of solids, 
surfaces, lines, and angles. Plane geometry is the study 
of those figures which lie in a plane or flat surface. This 
is what the dictionary will tell you. 

History will tell you that the study of geometry be- 
gan long years before the study of algebra. It will also 
tell you that man’s use of geometric form is even more 
ancient. While he still lived in caves man used lines 
and circles to decorate his pottery. Later he used cones, 
hemispheres, and rectangles as shapes for his home. Thus 
he early became familiar with the uses of geometric form 
for both practical and aesthetic purposes. 


2. How is geometry used? The Egyptians used geome- 
1 
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try in their great surveying and building enterprises and 
used geometric figures in ornamentation and in archi- 
tecture many years before the Christian era. Geometry 
is similarly used today. Many of the pictures in this book 
show geometric figures used in such things as quilt de- 
signs, linoleum patterns, wood carving, laces, and church 
windows. The pictures also show many beautiful geo- 
metric forms found in nature. You will learn in this 
course how to make many of these designs. You will also 
learn how the ship captain or airplane pilot uses geometry 
in navigation, how the draftsman uses it in drawing plans, 
and how the astronomer uses it in his study of eclipses 
and in determining the sizes and distances of celestial 
bodies. The engineer uses geometry in planning buildings, 
tunnels, bridges, and roads; the surveyor uses it in 
measuring and in laying out the plans of the engineer; 
the physicist and mathematician also use geometric prin- 
ciples in their daily work. 


3. Why should you study geometry? The study of 
geometry is important to you. Though you may not plan 
to enter one of the vocations in which geometric figures 
and form are used directly, geometry will teach you how 
to say what you wish in a precise, accurate way, how to 
express your arguments with exact logical reasoning, and 
how to prove the truth or falsity of statements. For these 
reasons alone every intelligent girl and boy should study 
geometry. 


4. The Egyptians. Geometry had its beginning in the 
fertile valley of the Nile in Egypt. Each year the river 
flooded the fields of the people who lived there and it 
was necessary to stake them out again. They needed a 
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knowledge of geometry to find areas and volumes, to lay 
out right angles at the corners of their fields, and to 
build their houses. Thus we see that early man used 
geometry in ornamentation and also in practical ways. 


5. The Greeks. About twenty-five hundred years 
ago the Greeks began to study geometry in a more scien- 
tific way. They loved beauty and took delight in 
geometric ornamentation and in architectural effects. 
Thus they discovered many relations among geometric 
figures. They were not satisfied until they had proved 
beyond a doubt that the relations were true. In this they 
differed from the Egyptians. The Greeks studied geome- 
try as a method of thinking. They decided that every 
educated person must learn to reason and to make precise 
accurate statements. Thus Plato (429 B.c.) put over the 
door of his school: ‘Let no one unacquainted with geometry 
enter here.” 


SOCRATES 


A Greek philosopher who lived 469-399 B.c., demanded 
accurate definitions, clear thinking, and exact analysis. 
He developed a style of teaching which is often called the 


““Socratic Method.”’ This method sought to reveal truth 
through a series of questions and responses. One of its 
important characteristics was its insistence on careful 
definition of terms. 





6. Definitions. Why is it important to define carefully 
the terms we use? Arguments and misunderstandings 
sometimes result because of our failure to define carefully 
the things we talk about. 
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A class in geometry gave the following reasons why 
definitions are necessary. 


Jane: So we will all be thinking of the same thing when the 
term is used. 

Robert: To prevent misunderstanding. 

Ruth: Unless we clearly understand what a term means we 
cannot use it intelligently. 

Standish: If a term is properly defined, we know what kind of 
a thing it is and exactly what makes it different from other 
things which are somewhat like it. 

Do you think that the answers are correct? 


7. Properties of a good definition. ‘‘ We must give in a 
definition the briefest possible statement of such qualities 
as are sufficient to distinguish the class from other classes.”’ 


W.S. Jevons: Lessons in Logic 


While you probably know in a general way what such 
geometric figures as circles, triangles, etc., are, in the study 
of geometry it will be necessary for you to know the 
definition of such terms. There are a few geometric 
terms which represent concepts so elementary that they 
cannot be defined in simpler terms. This is true of our 
idea of a straight line. 

A definition must be carefully thought out and should 
have the following properties: 


1. The terms used must be simpler than the term defined. 

2. The term defined must be placed in its nearest class. 

Thus, you would not classify a drill as a piece of iron, but as 
a pointed cutting-tool. 

3. The difference between the term defined and other similar 
terms must be pointed out. 
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For example, “ A quadrilateral is a polygon which has four 
sides.”’ 

4. The definition must be reversible. 

Thus, “ A triangle is a polygon ” is not a definition because 
a polygon is not always a triangle. 


EXERCISES 


Tell which of the following are good definitions. Give reasons 
for your answers. 


1. A weasel has thick fur. 
2. A line has length but no breadth or thickness. 
3. A horse is a hoofed quadruped. 


4. A triangle is a closed geometric figure formed by three straight 
lines intersecting in three distinct points. 


§. A circle is a closed curve all points of which are equidistant from 
a point within called the center. 


8. Geometric figures are made of straight and curved 
lines. For instance, geometric figures in designs for 
church windows may contain triangles, circles, and parts 
of circles. 
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THALES 


Lived in Miletus about 600 B.c. He is called the 
“Father of Geometry.” His most noted scholar was 


Pythagoras. 
_ aes a: 


9. Kinds of lines. A true straight line has length, 
but no width or thickness. You know that you can repre- 
sent a straight line by a stretched string and that you 
can draw a representation of a straight line by using a 
tuler or straightedge as a guide. 

A straight line has no definite length. A definite part 
of a straight line is called a line segment. When there is 
no chance for misunderstanding we speak of a straight 
line as a line and of a line segment as a segment. 

Points are represented by capi- 
tal letters; lines by small letters. D 
Thus we may speak of the line 
AB or of the line l. 

A broken line is made up of connected parts of straight 
lines. A curved line is a line no part of which is straight. 
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10. Circles. A circle (symbol ©) is a closed curve all 
points of which are equally distant from a point within 
called the center. 





Designs MapDE FROM CIRCLES 


INTRODUCTION 7 


A line segment from the center to the 
circle is called a radius. pe 
The diameter is a line segment through [5 
the center terminated by the circle. : | 
A diameter is equal to two radii. weer 
A chord is a line segment whose end 
points are on a circle. 
Any part of a circle is called an arc (symbol —). 












GEOMETRY IN FINDING HEIGHTS AND DISTANCES 


Geometry is used in many practical problems in find- 
ing heights and distances. 





EXERCISES 


1. Mark a point P on your paper. How many straight lines can 
you draw through P? 

2. Mark two points P and Q. How many straight lines can be 
drawn through both P and Q? 

3. Draw a straight line segment AB about 2 in. long. Mark its 
mid-point. How many mid-points can a line segment have? 

4. Two points P and Q are connected by a 
straight line and a curved line. Which line is a > 

P Q 

the shorter? 


5. Two straight lines AB and CD intersect in a point P. Can 
the lines have another point of intersection, Q? 
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6. Draw a circle. Call its center O. Draw 
three radii (ra’di-i). Are they all equal? Are 
all diameters of a circle equal? 


7. Write statements of your corclusions in 
Ex. 1-6. See if any of your conclusions are like 
those on page 13. 





8. Draw a circle with any point as center and any convenient radius. 
Divide the circle into six equal arcs by stepping off 
the radius on the circumference. Join the succes- 
sive points of division. The: figure formed is called 
a hexagon. By connecting the alternate points of 
division an equilateral triangle is formed. What 
points can be connected to form an isosceles triangle? 









9. Mark off six equidistant points on a circle. With 
each point as center, and with the same radius, draw 
arcs as in the figure. This figure is the basis of many 
circular designs. 
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10. The figure at the right (bottom of page) is based on the division 
of a circle into six equal arcs. Make a copy of it, making the diameter 
of the smallest circle 2 in. 


11. Copy the middle figure, first drawing a square whose side 
is 2 in. Use a drawing triangle or any square corner to make the 
corners of your square. 


*12. Copy the figure at the left in a 2-inch square. The radius of 
each of the larger circles is } in. How, by marking off 3-inch segments 
on the sides of the square, can you locate their centers? 


aN 


(ENS), 
= oy 


Li 


LLY, 


LY 


\ 





INTRODUCTION 9 


11. Symmetry. Many of the geometric forms in 
nature are beautiful because their parts are balanced. 
When the parts of a figure are balanced with respect to a 
point, a line, or a plane, the figure is said to possess 
symmetry. 

Notice the symmetry in the forms below and on page 10. 
A line through the center of the butterfly would divide it 
into two parts of the same shape. ‘The line is called the 
axis of symmetry. The snowflakes are symmetrical about 
their central point. Have they also axes of symmetry? 














Snow Crystats, Bits or Corat, THE Halves OF AN APPLE, AND 
THe WINGs or A BurrerFLy SHOW SYMMETRY 


12. Polygons. Any closed figure bounded by line 
segments is called a polygon. The line segments are called 
the sides of the polygon and the points in which they 
intersect the vertices (singular, vertex) of the polygon. 
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PoLyGons 


18. A triangle is a polygon having three sides. Thus 
a triangle (symbol A) has three sides and three vertices. 


14. Kinds of triangles. Triangles can be classified 
according to the relative lengths of the sides. 

An equilateral triangle is a triangle that has all of its 
sides equal. 

An isosceles triangle is a triangle with two sides equal. 


The equal sides of an isosceles triangle F 2 
are called the legs. The other side is © 
called the base. Base 


A scalene triangle has no two sides equal. 
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Microscopic ANIMALS 
NOTICE THAT THESE FIGURES HAVE AXES OF SYMMETRY. THEY 
ARE ALSO SYMMETRICAL ABOUT THE CENTER POINTS. 
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GEOMETRIC CONSTRUCTIONS 


15. Geometric constructions. We shall use the word 
construct in a technical sense, meaning to draw with the 
aid only of the straightedge and compasses. The straight- 
edge will be used to draw straight lines. The compasses 
will be used to draw circles and to transfer lengths. 


16. To copy a line segment. ‘To copy the line segment 
AB proceed as follows: 


1. Draw a straight line of indefinite length on your paper. 
Call it 7. Use your straightedge to draw the line but not to 
measure the length of it. Select 
any point on / and label it A’. 

2. To get the length of AB, 
place one point of your com- 
passes on A and adjust the 
compasses until the other point 
falls on B. Then with one 
point of your compasses at A’ 
mark the position of the other 
point on / and call it B’. Thus ~ 
you have copied the segment 
AB onl. Call this segment A’B’ (read A prime, B prime). 





17. To construct a triangle when three sides are given. 
C 


eg = LA B 
1. Ona linel of indefinite length take AB =c. 2. With Aas 
center and b as radius draw an arc. 3. With B as center and a 


as radius draw an arc intersecting the first arc at C. 4. Draw 
AC and BC. 5. ABC is the required triangle. 
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EXERCISES 
1. Construct a line segment equal in length to a 
a+b; 3a+6; b—a; 4a— 2b. b 


Construct a line segment of length 2 in.; 1} in.; 3 in.; 1} in, 
Construct a triangle with sides 2 in., 2} in., and 13 in. 
Construct an equilateral triangle with each side equal to 2 in. 

6. Construct an isosceles triangle with base 1 in. and equal sides 
each 13 in. 

6. Do you think that two triangles are congruent (con’gruent, that 
is, exactly the same) if they have the sides of one equal respectively 
to the sides of the other? Test by constructing two triangles and 
cutting them out. 

7. Can you construct a triangle with sides 1 in., 2 in., and 3 in.? 


m seh 


8. Make a statement about the relation which must exist between 
the sides of a triangle to make its construction possible. 





9. Copy the designs shown above. The first is a window design. 
The other two are tile designs. In drawing the second one lay off a 
segment a four times. Then complete the square as in Ex. 11, § 10. 
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18. Fundamental principles. We shall assume that 
the following statements are true. Such assumpiions 
are called postulates. We shall use them frequently 
to justify statements that we shall make. 

Read these postulates over carefully. You need not 
memorize them now. You will find all of the postulates 
we shall use in this course listed in the Appendix. 


PosTuLATE 1. A straight line can be produced (drawn) to 
any required length. 

PosTuLaTE 2. Two straight lines cannot intersect in more 
than one point. 

PosTULATE 3. Through two given points one and only one 
straight line can be drawn. 

PosTuLATE 4. The length of the line segment connecting two 
points is the shortest distance between them. 

PostutaTe 5. A circle may be drawn with any point as 
center and with any line segment as radius. 

PostuuaTe 6. All radii and all diameters of the same circle 
or of equal circles are equal. 

PosTtuLATE 7. A geometric figure may be_ moved without 
changing its size or shape. 


19. Applications of the postulates. The following appli- 
cations follow directly from the postulates just given. 


EXERCISES 


1. Mark two points A and B on your paper and connect the points 
with a straight line. Which postulate is illustrated by the fact that 
AB can be produced in either direction as far as you wish? 

2. Use the following method to test the accuracy of your ruler: 
Mark along the edge, then reverse the ruler, placing it so that it touches 
the line at two points, and draw a second line. What will show whether 
the ruler is true or not? 
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3. If the edge of your ruler is straight and is placed so that it touches 
a straight line at two points, will the ruler touch the line at every point 
of the ruler? Upon what property of the straight line in § 18 is the 
answer based? 

4. Use the following method to test the straightness of a segment 
AB. Place over it a piece of thin paper, 
through which the segment may be seen, —,~———_____»_ __ 
and trace it, marking points A’ and B’ over A 2 
A and B,. respectively. Then reverse the 
paper so that point A’ falls upon point B and point B’ upon point A. 
Is the segment straight? Explain. 

6. Explain which postulates are illustrated by: 


a. Two sights on a gun. 

b. A cord stretched taut is straight. 

c. Fence stakes can be set in a straight line by sighting 
over two stakes to locate the position of a third. 

d. Asurveying monument is marked with a cross. 


6. How can you locate a point known to be on each of two lines? 
7. What is meant by ‘Two points determine a straight line’’? 
8. What is meant by “Two intersecting straight lines determine 
a point’’? 
9. If two straight lines are in the same plane do they necessarily 
determine a point? 
10. Mark a point O. With O as center and a radius of 1} in. draw 
a circle. Which postulate is illustrated? 
11. On circle O (Ex. 10) mark any two points A and B. Draw OA 
and OB. Why does OA = OB? Produce AO and BO through O to 
meet the circle at C and D, respectively. Why does AC = BD? 


12. How many straight lines can be drawn through three points, 
if the points are not all in the same line? How many straight lines 
can be drawn through four points? Five points? 

13. Show that the formula for the number of straight lines that 
can be drawn through n points, no three of which are in a straight 


line, is L = : (n— 1). Test forn = 3, 4, 5, and 6. 
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14. In general, in how many points will three lines intersect? 
Four lines? Fivelines? Is the formula P = 5 (n— 1)? 

15. Can a straight line (indefinitely long) intersect a circle in only 
one point? Can a straight line intersect a circle in more than two 
points? 

16. If treasure is buried so that it is on each of two distinct circles, 
show by a drawing its possible locations. 


EUCLID 
Was librarian in the University at Alexandria, Egypt, 


about 300 B.c. He collected all that was known about 
geometry and arranged it in logical form. 





Mip-Point oF A SEGMENT 


20. A line segment is bisected when a point divides it 
into two equal parts. The point is called the mid-point 
of the segment. 


21. To bisect a segment. The directions for bisecting 
a segment AB are: ; 


1. With A as center and with any ra- 
dius more than half AB, draw an are. 

2. With B as center and with the same 
radius, draw an arc intersecting this arc in A 
P and Q. 

3. Draw PQ intersecting AB in M. 

4. M isthe required mid-point. 

Test the accuracy of your construction 
by using your compasses to compare the segments AM and 
MB. Later in this course we shall prove that AM = MB. 


22. PosTuLATE 8. We shall assume the following: 
A tune segment has one and only one point of bisection. 
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ARCHIMEDES 
Lived in Syracuse, 225 B.c. While he used many 


practical applications of geometry, he liked best to dis- 
cover new geometric truths. 





EXERCISES 


1. Draw line segments in several different positions. Construct 
the bisector of each. Test the accuracy of each construction with your 
compasses. 

2. Divide a segment into four equal parts. Can the method of 
bisecting a segment be used to divide a segment into five equal parts? 
Into six? Explain. 

8. Can you write a formula which will express the number of equal 
parts into which a segment can be divided by repeated bisections? 

4. Construct a triangle ABC with sides 3 in., 23 in., and 2} in. 
Find the mid-points M, N, and P of the sides 
and draw AM, BN, and CP. These three lines 
are called the medians of the triangle. (A 
median of a triangle is a line segment from any 
vertex to the mid-point of the opposite side.) 
If your construction is made carefully the 
medians will pass through a common point 0. 
Test with your compasses and answer the following questions: 

Is AM = BN=CP? IsAO=20M? BO=20N? CO=2 OP? 

6. Construct an isosceles triangle and its three medians. Do any 
of the medians seem to be equal? 

6. Do the medians of an equilateral triangle seem to be equal? 





7. Draw a circle and divide its diameter into 
four equal parts. With A and B as centers con- 
struct semicircles as shown. Is the area of the 
circle divided into two equal parts? Why? 

8. Anold problem: A man traveled from A to B 
by first going half the distance from A to B; then 
going half the remaining distance. If he continued this, each time 
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going half the remaining distance toward B, would he ever reach his 
destination? 

9. Draw a circle and two perpendicular di- 
ameters (see Ex. 11, § 10). Connect the extrem- 
ities of the diameters to form a square. On each 
side of the square as diameter draw a semicircle. 
Shade the four outer crescents. 





Notre. — This construction was first made by 
Hippocrates, a Greek mathematician who lived about 
460 s.c. He proved that the sum of the areas of the shaded crescents 
was equal to the area of the square. You will learn how to prove such 
facts later in this course. 


























10. Draw a design like the one above. First divide a line segment 
into eight equal parts. With the ends of these parts as centers, and 
with a radius equal to two of the parts, draw arcs as shown in the 
figure. In drawing the smaller arcs use the same centers. 





A EF D F B 


11. The drawing at the left shows the design of a Gothic window. 
Are BC is drawn with radius AB and center A. Are AC is drawn 
with radius AB and center B. The small ares are drawn with radii 
equal to AD and centers at 1, D, and B. The center A of the circle 
is found by drawing ares with centers A and B and radii equal to AF. 

12. Copy the drawing at the right. It represents parquet flooring. 
Each side of the square is divided into four equal segments, and the 
segments within the square are bisected. 
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Grometry Is Usep rin SURVEYING 


23. An angle ( Z) is the figure formed by two straight 
lines drawn from the same point. B is the vertex and 
AB and CB are the sides. J 

The size of the angle depends on the 
amount the side AB must revolve about wes. 
B to take the position CB. The size sa si 
does not depend on the length of the 
sides. 

The angle may be read ZB, 21, 
or ZABC. Notice that when three 
letters are used the middle one denotes 
the vertex of the angle. A 

A single letter can be used to denote 
an angle only when there is no ambiguity. Thus, in the 


D B 
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second figure, ZC does not tell which of the three angles 
ACD, DCB, or ACB is meant. 








If you hold one arm of your compasses (AB) fixed in 
one position and revolve the arm BC in a counterclock- 
wise direction (opposite to the direction in which the 
hands of a clock move) the angle A BC becomes larger. 

We sometimes call the fixed line AB the initial side 
and the line CB that revolves, the terminal side of the 
angle. 

If the terminal side revolves until it takes the position 
BC’ so that ABC’ forms a straight line, then the angle 
ABC’ is a straight angle. 

The sizes of two angles may be compared by placing 
one angle on the other so that their vertices coincide and 
a side of one falls along a side of the other. If, then, their 
other sides lie in the same direction, the angles are equal. 

Two angles are equal if they can be made to coinerde. 


EGYPTIAN MATHEMATICIANS 
Were called Harpedonaptae, or Rope Stretchers. This 


is because they used a rope marked off into lengths of 3, 
4, and 5 units in making the corners of their buildings 
square. 
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24. To copy an angle. To copy ZBAC at point A’ 
on line |, proceed as follows: 


Cc 
oo 


1. With A as center and any convenient radius draw an arc 
intersecting BA and CA in P and Q, respectively. 

2. With. A’ as center and the same radius draw an arc 
intersecting | at P’. 

3. With P’ as center and with a radius equal to PQ mark the 
point Q’ on the arc drawn in (2). 

4. Draw A’Q’. Angle P’A’Q’ is the required angle. 

Test the accuracy of your construction by cutting out 
Z P’A’Q’ and placing it on Z PAQ. Are there any possible in- 
accuracies in such a test? We shall later prove that Z P’A’Q’ = 
ZPAQ. 





EXERCISES 


1. Construct an angle equal to a given angle and test your con- 
struction by using tracing paper. 


iS b c 
a 


2. Construct an angle equal to Za+ 2b; Za+ Zb+ Zc; 
2Za+ 2b; Zb— Za. 

3. Draw a triangle ABC and construct an angle equal to ZA + 
ZB-+ ZC. How large does the sum seem to be? 


Norse. — Make the triangle large enough so that you can copy the 
angles easily. 
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4. Draw a quadrilateral ABCD and con- 
struct an angle equal to the sum ZA+ ZB 
+ ZC+ ZD. How large does thissum seem D 
to be? 

Repeat with a different shaped quadrilateral. 
Does the sum seem to be the same? A 2 

5. Repeat Ex. 4, using a figure having five sides (pentagon). Does 
the sum of the angles seem to depend on the number of sides? 

6. Draw a triangle ABC and bisect the sides at Jf, N, and P. Draw 
MN, MP, and NP, thus forming four other Cc 
triangles. Using your compasses compare 
the size of the following angles: 


N. M 
(a) ZA, ZMNC, ZBPM, and ZNMP. - 
(b) ZB, ZCMN, ZNPA, and ZPNM. 
(c) ZC, ZPMB, ZANP,and ZMPN. 4 P a 


7. Congruent (con’gruent) triangles are triangles that are the same 
in shape and in size. Similar triangles have the same shape but not 
necessarily the same size. Do any of the triangles in Ex. 6 seem to be 
congruent? Do the small triangles seem to be similar to triangle 
ABC? 








AHMES | 

Who lived 1650 B.c. left us the earliest record we have | 
of Egyptian mathematics. The papyrus he wrote was | 
copied from one written 2350 B.c. | 


he du bbe 


ADJACENT ANGLES THESE ANGLES ARE NOT ADJACENT 


25. Adjacent angles are angles that have the same 
vertex and a common side between them. 


Why are 43 and 4 not adjacent? Why are 45 and 6 not 
adjacent? 47 and 8? 
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26. Perpendicular. If two lines intersect so that the 
adjacent angles formed are equal, the lines are said to be 
perpendicular (). 

Cc 


A 0 B 
A B 


ID STRAIGHT ANGLE 


ThusCD 1 AB. 


27. Straight angle. A straight angle is an angle whose 
sides extend in opposite directions from the vertex and 
form a straight line. 


a a a 


Riaut ACUTE OsTUsE REFLEX 


28. Right angle. Each of the angles formed by per- 
pendicular lines is called a right angle. 

Hence a straight angle contains two right angles, or a 
right angle is half a straight angle. 


29. Other angles. An acute angle is an angle less than 
a right angle. 

An obtuse angle is an angle greater than a right angle 
and less than a straight angle. 

A reflex angle is an angle greater than a straight angle 
and less than two straight angles. 

Reflex angles and angles greater than two straight angles 
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are used in higher mathematics but you will not need 


them in this course. 
‘ aw ; /\ 
Le 


RIGHT OBTUSE ACUTE EQUIANGULAR 





30. Triangles. You have classified triangles according 
to their sides as scalene, isosceles, and equilateral. Tri- 
angles are also classified according to their angles. 

A right triangle is a triangle that has one right angle. 

An obtuse triangle is a triangle that has one obtuse angle. 

An acute triangle is a triangle all of whose angles are 
acute angles. 

An equiangular triangle is a triangle all of whose angles 
are equal, 


EXERCISES 


1. Using three letters read each of the angles below. Tell what 
kind of angle each seems to be. 


a Cc B N 
D 
5A 
A 1 
ie O H 5 M d 


2. What are the sides of 21? What are C 
the sides of 22? Of 23? Of 24? Of 25? p 5 OB 
3. Name each of the angles, using the cu 
letters. Notice that the vertex is the middle 3 Pa 
Piss -A 
letter. P 


4. What is the common vertex? 
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5. How many pairs of angles can you find that have a common 
side? There are twelve pairs in all. Name them. 

6. Four of these pairs of angles in Ex. 5 are adjacent. Which 
are they? 

7. Name the eight pairs having a common side that are not 
adjacent. 

8. Draw (a) two angles that have the same vertex and no com- 
mon side; (b) two angles that have a common side and different 
vertices; (c) two angles with the same vertex and a common side, 
but the common side not between the angles; (d) two adjacent angles. 

9. Does the size of an angle depend on the length of its sides? 

10. What kind of angle is the smaller angle formed by the hands 
of a clock at 1 o’clock? At 3 o’clock? At 5 o’clock? At 6 o’clock? 


A A A 
D E 
B C D E 
0 
D ar EB Cc B Cc 


tig. 1 Fic. 2 Fic. 3 


11. In Fig. 1 name five triangles; in Fig. 2 name four triangles; 
in Fig. 3 name eight triangles. 

12. Using the method of § 17 construct (Fig. 2) two triangles 
with sides equal, respectively, to the sides of triangles ABE and 
ACD. Cut the triangles out, place them together, and notice the 
overlapping. 

13. As in Ex. 12 construct (Fig. 3) three triangles with sides equal, 
respectively, to the sides of triangles ABE, ABC, and ACD. Place 
them together as in the figure and notice the overlapping. 


31. Postulates. We shall accept as true the following 
general principle about angles. 

PostTuLaTE 9, All right angles are equal. 

Since a straight angle contains two right angles ($ 28), 
All straight angles are equal. 


INTRODUCTION 25 





















































































































































GEOMETRY Is USED IN ASTRONOMY 


Geometry is used in astronomy to determine the posi- 
tions of the stars, in the study of eclipses, and to find the 


latitude of points on the earth. | 


32. An angle is bisected when a line divides it into two 
equal parts. (The line must pass through the vertex.) 


PosTuLATE 10. An angle has one and only one bisector. 


33. To bisect an angle. 


1. With P as center and any radius draw an arc inter- 
secting AP and BP in Q and R, respec- 
tively. 

2. With Q and R as centers and a 
radius more than half QR draw arcs 
intersecting in S. 

3. Draw PS. PS is the required 
bisector. 

Test the accuracy of your construc- 
tion by cutting out and folding along the bisector. 
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EXERCISES 


1. Draw an acute angle, a right angle, and an obtuse angle. Bisect 
each and in each case test the accuracy of your construction by cutting 
out and folding along the bisector. 

2. Draw any angle and divide it into four equal parts. Can the 
method of bisecting an angle be used to divide an angle into five 
equal parts? Into six? Into eight? 

8. Give a formula which shows the number of equal parts into 
which an angle can be divided by repeated 
bisection. 

4. Draw a triangle and bisect each of its 
angles, producing the bisectors until they meet 
the opposite side. Do the bisectors seem to be 
equal? Make a separate statement about equilat- 
eral, isosceles, and scalene triangles. 

5. In Ex. 4 do the bisectors of the angles seem to bisect the 
opposite sides? Make a separate statement about equilateral, 
isosceles, and scalene triangles. 

, 6. Draw two intersecting lines and bisect each 
of the four angles formed. Do the bisectors seem to 
be perpendicular? 






7. Bisect a straight angle. From the result make a statement 
about constructing a perpendicular to a line from a point on the line. 

8. Can you tell why the statements you made in connection 
with Ex. 4 and Ex. 5 are not proofs? 

9. What is the difference between a proof and a conclusion drawn 
from experiment? 

*10. Can you prove that the bisectors formed in Ex. 6 are perpen- 
dicular, that is, Za-+ Z b= 1 right angle? 

*11. The following method is used by boy scouts for determining 
a meridian or true north and south line. A stake is driven into the 
ground and its shadow is marked on the ground about two hours 
before noon and again the same number of hours after noon. The 
bisector of the angle is the meridian. Explain why this is so. 


Note.—This can be done without a watch provided the stick is vertical. 
At noon the shadow is shortest. It has the same length at equal times 
before and after noon. 
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MEASURING ANGLES 


34. Unit of measure. The unit most frequently used in 
measuring angles is called a degree. It is one 360th part of 
the entire angular magnitude about a point. A right angle 
contains 90 degrees, written 90°. Since a straight angle is 
equal to two right angles, it contains 180°. 


| THE DEGREE 


The division of a circle into 360 equal parts and hence 
the use of a degree as the unit in measuring angles may 
be traced to the Babylonian use of sixty in writing 
numbers. Ptolemy (150 a.p.), the Greek astronomer, 
divided the diameter of the circle into 120 equal parts. 
Then, in the belief that the circumference was 3 times 
the diameter, he divided the circumference into 360 
equal parts. 





A degree is divided into 60 minutes (written 60’), and a 
minute into 60 seconds (written 60”). 


An instrument used to measure the number of degrees 
in an angle is called a protractor. To use it for measuring 
ZBAC, the center of 
the protractor is placed 
over A, the vertex of the 
angle, and the protractor 
is turned until the zero 
point of the scale falls 
on the side AB or AB 
extended. The number 
of degrees in the angle is read at the point on the scale 
where AC or AC extended crosses the scale. Thus, in the 
drawing, Z BAC = 50°. 
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INSTRUMENTS FOR MEASURING ANGLES 


Surveyors, astronomers, and navigators measure angles 
with great precision. The surveyor’s transit has a telescope 
mounted so that both vertical and horizontal angles can 
be read. A homemade transit is shown on page 30.* 

The navigator uses a sextant for measuring the angle of 
elevation of the sun or of a star. From this he is able to 
calculate his position in latitude and longitude. The sextant 
has a telescope mounted on a protractor. 

In the navy directions are pe 
measured from the north in a 
clockwise direction. Thus if angle 
NOA is 45°, OA is a bearing of 
045°. If angle FOB is 40°, OB isa 
bearing of 130° (90° + 40°). 
Angle WOC is 20° so the bearing C 
OC is 250°. Angle DON is 30° so 
the bearing OD is 330°. 





*For method of constructing the homemade transit see Mallory’s Mathe- 
matics for Everyday Affairs (Benj. H. Sanborn & Co.), p. 453. 
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The mariner’s compass shows the division of the entire 
angular magnitude about a point into 32 equal parts called 
the points of the com- 
pass. Hence each point 
differs from the preced- 
ing one by 113°. Each 
of these points has a 
name as indicated in the 
picture. To ‘‘box the 
compass’’ means to 
name these points in 
order. Generally direc- 
tions at sea are indicated, 
however, as in the navy, 
by giving the number of 
degrees from north in a 
clockwise direction. 
Thus a course of 90° 
would be an easterly course; one of 225° would be south- 
westerly; etc. On land directions are generally referred to the 
four cardinal points. Thus N 20° E means a direction 20° 
east of north; S 45° W means a southwesterly direction; etc. 














EXERCISES 


1. Copy on your paper angles like those below and measure each 
with your protractor. Explain the method in each case. 


/ eS : 
/ “nS . y 7 
| . Sx. 


JV \ NE : 
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2. Draw diagrams showing bearings of 000° (north); 090°; 180°; 
270°; 035°; 105°; 140°; 225°. In each case place an arrow on the 
line to show the bearing. 

3. In navigating an airplane the force and direction of the wind 
is important. An airplane ‘‘flying on a course of 090° with the wind 
from 000°” means that the airplane is flying toward the east while 
the wind is coming from the north. Draw diagrams to show the 
following and find the angle between the course of the plane and the 
direction toward which the wind is blowing: 

(a) course 120°, wind from 045°; (b) course 240°, wind from 
340°; (c) course 300°, wind from 030°. 

4. Draw any angle and bisect it as in § 33. Test the accuracy of 
your construction with your protractor. 

6. Draw an angle and bisect it by using your protractor. 

6. Draw an obtuse angle. Copy the 
angle by using your protractor. 

7. Using the protractor draw a right 
angle. 

8. Draw angles of 15°, 30°, 45°, 75°, 
120°, and 165°. ; 

9. How many degrees between the 
hands of a clock at 1 o’clock? At 3 o’clock? 
At 6 o’clock? At 9 o’clock? At 12 o’clock? 

Note.—In each case give both angles. 

10. Draw a large triangle and measure 
each of the angles. What does the sum 
seem to be? 

11. One angle contains 64° 24’ 35” and Homr-Mabe TRANSIT 
another contains 47° 28’ 42”. Find their sum. 

12. Subtract 23° 48’ 50° from 90°; from 62° 25’. 





CONSTRUCTIONS 


35. The perpendicular bisector of a segment is the line 
perpendicular to the segment at its mid-point. 
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36. To construct the perpendicular bisector of a line 
segment. The construction is the same as that given in 
§ 21 for bisecting a line segment. 


P 
Is PM 1 AB? Measure with your 
protractor. 
Is AM = MB? Test with your a B 
compasses. 
Could you tell by using your pro- / 


tractor if angle BA{P were a very 
little, say one minute, less than a right angle? 

Later in the course we shall be able to prove that PM 1 AB 
and that AM = MB. 


37. To construct a perpendicular to a line at a point on 
the line. Ss 


If APB is a straight line, what 
kind of angle is ZBPA (§ 27)? 
If you bisect Z BPA, what two 4 B 
angles will be formed? @ 
Will SP be L to AB at P? Why (§ 26)? 


Write out the construction, using the form given in § 21. 


EXERCISES 


1. Draw’a straight line and construct its perpendicular bisector. 

2. Draw an acute triangle and construct the perpendicular bi- 
sector of each side. Do the gerpendicular bisectors seem to be con- 
current; that is, have a common point of intersection? 

'3. Construct the perpendicular bisectors of the sides of an obtuse 
triangle. Does the point of intersection of the perpendicular bi- 
sectors lie inside or outside of the triangle? 

4. Construct the perpendicular bisectors of the sides of a right 
triangle. At what point do the perpendicular bisectors seem to 
intersect? 
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COMPLEMENTS AND SUPPLEMENTS 


38. Two angles whose sum is a right angle are said 
to be complementary, or one angle is the complement 
of the other, as Zl and 22. 


(OA 


Two angles whose sum is a straight angle are said to be 
supplementary, or one angle is the supplement of the 
other, as Z3 and 24. 

Angles need not be adjacent to be complementary or 
supplementary. 





GromETRIC DESIGNS IN MopERN JEWELRY 


EXERCISES 


1. What is the complement of an angle of 60°? Of 45°? 

2. What is the complement of an angle of 48° 24’ 15”? Of 62° 
48”? Of 2°? 

3. Construct the complement of a given angle ABC by use of 
straightedge and compasses; by use of straightedge and protractor. 

4. What is the supplement of an angle of 120°? Of 80°? 

5. What is the supplement of an angle of 93° 40’ 30’? Of 133° 
45"? Of x°? 

6. Construct the supplement of a given angle ABC. 

7. What is the angle which equals five times its complement? 


Hint. — Let 52 equal the number of degrees in the angle. For Ex. 7, 
8, and 9 see the Review of Algebra in the Appendix. 
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8. What is the angle which equals eight times its supplement? 
9. Two angles are complementary. Three times the smaller is 
5° less than twice the larger. What are the angles? 
10. If two angles are complementary, can one of them be obtuse? 
Explain. 
11. If two angles are supplementary, can both be obtuse? Can 
one be? Can both be acute? Can one be? Explain. 
12. How large is an angle which is equal to its own complement? 
13. How large is an angle which is equal to its own supplement? 


14. Find the difference between the supplement and the comple- 
ment of an angle of 30°; of 45°; of 60°. 
15. Repeat Ex. 14 for an angle of 10°; of 25°; of 80°. 

*16. Find the difference between the supplement and the comple- 
ment of an angle of z°. 

*17. Complete the statement: The difference between the sup- 
plement and the complement of a given angle is an angle of 
degrees. Why does your work in Ex. 16 prove the truth of this state- 
ment, while that in Ex. 14 and 15 does not? 





B A B A 

39. Complements of equal angles. In the figures 
above, if angles ABC and A’B’C’ are right angles, angles 
a and b are complementary, and angles c and d are also 
complementary. Why? 

How many degrees in 26 and in Zd if Za = Ze = 30°? 
If Za = Ze = 45°? If Za = Ze = 60°? 

If Za = Zc = x°, howmany degreesin 2b? In Zd? 

Thus we have proved 


Equal angles have equal complements. 
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40. Supplements of equal angles. In the figures 
ZABC = ZA’B’'C’. Also ZABD and ZA’B’D’ are 
straight angles. Hence 2b is the supplement of Za, and 
Zd is the supplement of Zc. 


How many degrees in Zb and in Zd if Za = Ze = 50°? 
If Za = Ze=70° If Za = Zc = 80° 

If Za = Zc = x°, how many degrees in 2b? In Zd? 

Thus we have proved 


Equal angles have equal supplements. 


41. The statements in §§ 39 and 40 are easy theorems 
which we have proved informally. A theorem is a state- 
ment of a truth to be proved. 


THe NeEEpD For LocicaL PRoor 


42. Drawing conclusions from experiment. In some 
of the problems you have studied so far in this course you 
have drawn conclusions from experiment. Thus in con- 
structing a bisector of a line segment (§ 21) you tested 
with your compasses to see if the parts formed seemed to 
be equal. You also tested the accuracy of the construc- 
tion for copying an angle and for bisecting an angle. You 
have seen that this method of experimentally testing 
results is not exact. That is, while you are able to say 
that the method used seems to give the correct construc- 
tion, you have not proved that the construction will be 
correct in every case. 
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No method that depends on measurement can be absolutely 
exact, for all measurements are subject to error. 


43. Optical illusions. Conclusions drawn from obser- 
vation are also subject to error. Objects seen from a 
distance such as automobiles and people seen from a 
window in a tall building appear much smaller than they 
really are. The stars appear to be mere points of light 
but astronomers tell us they are suns enormous in size. 
Some examples of optical illusions are given in the exer- 
cises that follow. 


WZ 


WZ ° 
. Fir = - 
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1. Are AB and CD straight or curved lines? Make your decision 
before you test with a straightedge in both figures. 


A A 





Cc D- 


/ 
/ 





S| 


2. Look at the figures and guess which is longer, a or b? EF or 
GH? Then test with your compasses: 


A B Cc D A B Cc D 


8. Is CD a continuation of AB? Test in both figures as before. 
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Cc D 
4. Are AB and CD the same distance apart from A to C as from 
BtoD? 


=a 


6. Which lines are continuations of what other lines? 


44, What is logical proof? When you establish that a 
statement is valid by reasoning alone and without the aid 
of experimentation, you have given a logical proof. Ob- 
serve the difference between experimentation and logical 
proof in the examples given below. 


45. Vertical angles. When two 
straight lines intersect, a pair of non- 


adjacent angles formed are called 24 
vertical angles. 4 
Thus 4 1 and 8 are vertical angles, oy 


as are also 4 2 and 4. 


46. Arevertical angles always equal? 4 


In the figure at the right, AB and CD : 0 : 
are straight lines intersecting at O and 4 
forming angles 1, 2, 3, and 4. Cc B 


Observation: Z1 seems to be equal to 23 and 22 seems to 
be equal to 24, in this case at least. 
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Experiment: Measure the angles with your protractor, or 
test their size with your compasses. Do the vertical angles 
seem to be equal? Draw other figures like the one above and 
test. If 21 = 30°, how largeis 22? 23? Howlargeif Z1 = 
45°? If Z1 = 60°? 

From your observation and measuring you can now conclude: 

In every case that I have tested, the vertical angles seem to be 
equal. 


Proof: Observe that if you know that Z1 = 40°, the number 
of degrees in 22 is found by subtracting 40° from 180°. Thus 
Z2 = 180° — 40° = 140°. Also to find the number of degrees 
in 23, you subtract the number of degrees in 22 from 180°. 
Thus 23 = 180° — 140° = 40°. 

Hence, if Z1 = 2°, 22 = 180° — 2°. 

Since 22 = 180° — 2°, 23 = 180° — (180° — 2°) = 2°. 

Hence 21 = 23 = 2°. 

In the same way you can show that 22 = 24 = 180° — 2°. 

Thus you have proved informally: 


Vertical angles are equal. 


EXERCISES 


1. James Wilkins is 8 years old. Every year that he can remember 
it has rained on July 4. Why can he not logically draw the con- 
clusion: It always rains on July 4? 

2. Marion has found 4-leafed clovers and 5-leafed clovers, but she 
has never found a 6-leafed clover. Can she correctly conclude: Clover 
stems with more than 5 leaves do not exist? Give reasons. 

8. Ten thousand children were inoculated with anti-paralysis 
vaccine, and none of them had infantile paralysis. Which of these 
conclusions can be drawn? Give reasons. 

a. A child inoculated with anti-paralysis vaccine will never contract 
infantile paralysis. 

b. A child inoculated with anti-paralysis vaccine is not likely 
to contract infantile paralysis. 

c. No valid conclusion can be drawn. 
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4. What conclusions, if any, can you draw from each of the follow- 
ing? 

a. Mrs. Mailey is Bob’s mother. Mrs. Bruce is Mrs. Mailey’s 
sister. 

b. Last winter was the coldest winter in 10 years. This winter is 
colder than last winter. 

6. If it rains, the ground is wet. The ground is wet. Can you 
conclude that it has rained? Give reasons. 

6. Any pupil having home room 107 is a senior. If Mary Brown 
has home room 107 can you conclude that she is a senior? If Jack 
Wheeling has home room 103 can you conclude that he is not a senior? 
If Marion Jones is a pupil and has home room 107, can you conclude 
that she is a senior? 

7. Angles a and 6 are supplementary. Cc 
Can you conclude “AOB is a straight 
line”? Give reasons. 

8. In the figure for Ex. 7, if AOB is b 
a straight line, can you conclude that B 0 A 
“ 4aand b are supplementary ’’? 


Tue RULES oF DEMONSTRATIVE GEOMETRY 


There are rules to guide you in giving a geometric proof 
or demonstration. In this way the study of geometry is 
like a game. Just as following the rules of the game help 
to make the game more fun, so there is pleasure in dis- 
covering geometric relations and then proving the truth 
of your conclusions by the rules. 


47. Rules for giving a geometric proof. The Greeks 
were the first to state the rules which make the study of 
demonstrative geometry interesting. They are: 


1. The only instruments that can be used in making con- 
structions are compasses and an unmarked straightedge. 
2. A reason must be given for every statement maae. 
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3. The only reasons that can be given are: 


a. the facts that are given 

b. definitions 

c. postulates and axioms 

d. previously proved theorems. 


48. Undefined terms. We have not defined the terms 
point, line, straight line, surface, and angle because the 
ideas they represent are so fundamental that they cannot 
be defined in simpler terms. 


49. We have accepted the following postulates: 


1. A straight line can be produced (drawn) to any required 
length. 
2. Two straight lines cannot intersect in more than one point. 
3. Through two given points one and only one straight line can 
be drawn. 
4. The length of the line segment connecting two points is the 
shortest distance between them. 
5. A circle may be drawn with any point as center and with 
any line segment as radius. 
6. All radii and all diameters of the same circle or of equal 
circles are equal. 
7. A geometric figure may be moved without changing its size 
or shape. 
8. A line segment has one and only one point of bisection. 
9. All right angles are equal. 
10. An angle has one and only one bisector. 


50. An axiom is a statement about quantities in general 
which is accepted as true, without proof. You are 
familiar with some of the following axioms from your 
work in algebra. 
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1. Quantities which are equal to the same quantity, or to 
equal quantities, are equal to each other. 
Thus, if x =a, and y = a, s c’ 


then x = y. 

Also, if AC = BC, A'C’ = DLAE DEAE’ 
B’C’, and BC = B’C’, then ; ; 
AC = A'C’. “ Pee, 

2. If equals are added to equals, the sums are equal. 

Thus, if22 — 5 = 7,then2z% = 7+ 5. 

Also, if AD = BE, and DC = EC, then AD + DC = BE 
+ EC. 

3. If equals are subtracted from equals, the remainders 
are equal. 

Thus, if3y + 1=7,then38y = 7 — 1. 

Also, if AC = BC, and DC = EC, then AC — DC = BC — 
EC. 

4. If equals are multiplied by equals, the products are 
equal. 

Thus, if 5 = 2,thenz = 6. 

Also, if AD = } AC, then2 AD = AC. 

5. If equals are divided by equals (not zero), the quotients 
are equal. 

Thus, if52 = 10,thenz = 2. 

Also, if2 AD = AC, AD =3 AC. 

Nore. — When equals are divided by 2 we may say, 

Halves of equals are equal. 

6. The whole of a quantity 1s equal to the sum of all its 

parts and 1s greater than any of its parts. 


Thus, AC = AD+ DC. Also, AC is greater than (>) 
AD, and AC > DC. 
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7. A quantity may be substituted for its equal in any 
expression. 


Thus, in x? ++ 22 — 7, if x = — 3, then (—3)? + 2(—3) —7 
is the value of the expression. 

Also (see figure on opposite page), in AD + DC = BE + EC, 
instead of AD + DC and BE + EC we can substitute AC 
and BC, respectively, and have AC = BC. 


51. The following theorems have been proved infor- 
mally: 

1. A right angle is half a straight angle. (§ 28.) 
All straight angles are equal. (§ 31.) 
Equal angles have equal complements. (§ 39.) 
Equal angles have equal supplements. (§ 40.) 
Vertical angles are equal. (§ 46.) 
If two adjacent angles are supplemeniary, their exterior 
sides lieina straight line. (§ 46, Ex. 7.) 

7. If two adjacent angles have their exterior sides in a straight 
line, they are supplementary. (§ 46, Ex. 8.) 


Po re eS. 


EXERCISES 


In the following exercises give as a reason either a definition or one of 
the postulates, axioms, or theorems in §§ 49-51. 


ExaMPLe 1. Given DC = EC. Why isACDE 


isosceles? Cc 
Answer: ACDE is isosceles because An isosceles 

triangle is a triangle with two sides equal. (§ 14.) 
ExameLE 2. Given Z1= 22, ADEB is a se me 


straight line. Why is 23= 24? 
ANSWER: 41 and 3 are supplementary and also 4 2 and 4 (§ 38). 
Hence 23 = 24 because Equal angles have equal supplements (§ 40). 


1. Given: 32+7=19. Whyis3x2 = 12? 
2. Given: 5a—4=1. Whyis5a= 5? 
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8. Given: 3z= 8. Whyis2z = 24? 

4. Given: 7y = 28. Whyisy = 4? 

5. Given: Z1+ 23 = 180°, and 22+ 24= 180°. Why is 
41+ 23= 22+ 24? 

6. Given: 21+ 22 = 90° and Z2= 23. WhyisZ1+ Z3= 
90°? 

7. Given: Z1-+ Z2= ZAOB. Whyis ZAOB> 21? 


a A 
a 
2 B Cc 
B Cc 5 y 
I II Il y 


8. (Fig. I) Given: AB = AC and BC = AC. Why is AB = BC? 
9. (Fig. II) Given: 22 = 23, 21 = 22, and 24= 23. Why 
is Z1= 24? 
, 10. (Fig. IIT) Given: 21 =Z2and 23=2Z4. Why is 214+23 
= 22+ 24? Whyis ZDBA = ZACD? 
11. Given: AB=CD. Then AB—CB= 4 C B D 
CD — CB or AC = BD. Why? 
12. Given: Z1is} ZCBA and Z2 is } ZACB. A 
Also Z1= 22. Whyis ZCBA = ZACB? 
13. In the same figure, given: BD = CE, BD is D 
3 AB and CE is} AC. Why is AB = AC? 
In Ex. 14-18 ADEB is a straight line. B c 
14. Given: AC = CB. Why is AABC isosceles? 
15. Given: AD = EB. Why is AE = DB? 


Cc 
16. Given: AE = DB. Why is AD = EB? 
17. Given: 25= 26. Why is ZACE= 
ZDCB? aN A 
18, Given: ZACE= ZDCB. WhyisZ5= “py = ® 
26? 


19. Given: D bisects AB. Why is AD = DB? 


Cc 
20. Given: AC = BC, E is the mid-point of Y NN 
AC, and F is the mid-point of BC. Why is AE = E ‘4 
4b, 





BF? 
21. Given: Z1= 22. WhyisCD 1 AB? 
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22. Given: 23 = 24,and Z24= 25. WhyisZ3= 25? 
23. Given: AB = AC = BC. WhyisAABC equilateral? 
24. Given: ACB is a straight line. Why are 
4 1 and 2 supplementary? : D 


25. Given: 41+ Z2= 1st. Z. Whyis ACB ss Co 
a straight line? Z EP Oa : 
Cc 


26. Given: CF bisects Z1, and CE bisects Z 2. 
Why is ZBCF = ZFCD, and ZDCE = ZECCA? 

27. Given: ZFCD+ ZDCE = I1rt.Z. WhyisEC L CF? 

28. Given: 41 and 2. Why is ZBCA = Z1+ 22? (See 
Axiom 6.) 

Supply reasons for the statements in the following: 

29. Given: ADE is a straight line. o 


1. BE+ EC = BC. 

2. 41 and 2 are supplementary. LB E 

3. AD+ DB> AB. 
4, AD+ DE = AE. ja 
5. AC+ CE > AE. 

30. Given DAB and EAC straight lines, ZFAD = ZCBA and 


ZLCAF = ZACB. 


1. ZCAD = LCAF + ZFAD. c 
2. ZCAD > ZFAD. F 

3. 21+ £3= £24 Z4. 3 

4. LCAD= ZB+ LC. Pane 2 
6 214+ 234+ 245= 45+ 46. 

6. 45+ 26= 26+ 27. E 





A Parrern or XVI Cenrury Irauian Lace 


44 INTRODUCTION 


More CoNsTRUCTIONS 
52. To construct a triangle when two sides and the 
included angle are given. 
b 


Cc 








A A’ B’ 


Construction: 1. From any point A’ on line 1 take A’B’ equal 
toc. 2. At A’ construct Z B’A’X’ equal to ZA. 3. From 
A’on A’X’, take A’C’ equaltob. 4. Draw B’C’. 5. AA'B’C’ 
is the required triangle. 


53. To construct a triangle when two angles and the 
included side are given. 





Construction: 1. From any point A’ on line l, take A’B’ 
equal to c. 2. At A’ construct an angle equal to ZA and 
at B’ an angle equal to ZB. Call the intersection formed C’. 
3. AA’B'C’ is the required triangle. 


EXERCISES 


Construct the following triangles. Cut out and compare each triangle 
in size and shape with the ones constructed by your classmates. 


1. AB = 2in., AC = 23in., ZA = 40°. 
2. AB = 2in., AC = 2} in., Z A aright angle. 
3. AB = 2in., AC = 2}in., ZA = 120°. 
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4. AB= AC = 3 in.,, ZA = 80°. What kind of triangle is this? 
Why? 

§& AB= 3in., ZA = 50°, ZB = 65°. 

6. AB = 2!in.,Z A = 35°, Z B = 110° 

7 AB = 2hin., 4 A and Beach 45°. 


CONGRUENT TRIANGLES 


54. Congruent (cOn’gru-ént) figures are the same in 
size and in shape. 

If two geometric figures can be made to coincide in all 
their parts, they are said to be congruent (symbol ~). 

Superposition is the placing of one geometric figure on 
another. 


Experiment. Construct triangle ABC. Make AB = 23 in., 
AC = 33 in., and angle A = 50°. Construct another triangle 
A’B’C’ with A’B’ = 23 in., A’C’ = 3} in., and angle A’ = 50°. 
You have constructed two triangles with two sides and the 
included angle of one equal, respectively, to two sides and the 
included angle of the other. Do you think such triangles are 
congruent? Cut them out and test by placing triangle A’B’C’ 
on triangle ABC so that A’B’ coincides with its equal AB, 
A’ falling on A and C and C’ falling on the same side of AB. 

Why will A’C’ fallalong AC? (§ 23.) 

Why will C’ fall on C? 

Then why will B’C’ coincide with BC? (Post. 3.) 


We shall assume the truth of the theorem: 


55. Proposition 1. If two sides and the included angle 
of one triangle are equal, respectively, to two sides and the 
included angle of another, the triangles are congruent. 
(Abbreviated, s.a.s. = s.a.s.) 


The following exercises depend for their proof on this theorem. 
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EXERCISES Cc 
1. Given: AC = AD. 
Lie 22. (— 
To prove: AACB & AADB, D 
Proof: 
STATEMENTS REASONS 

1. AB= AB. 1. The same line. 

2. AC = AD. 2. Given. 

3. Z1= 22. 3. Given. 

4. AACB & AADB. 4. 8.4.8. = 8.4.5. 

2. Given: AB 1 BC, DC L BC. A D 
AB= DC. Afisthe mid-point of BC. 
To prove: AABM ~ ADCM. 
Proof: a M ¢ 
STATEMENTS REASONS 

1. ABL BC, DC L BC. 1. Given. 

2. 4 Band Careright 4. 2. The angle formed by perpen- 
dicular lines ts called a right 
angle. (§ 28.) 

3 2B = LC, 3. Allright angles are equal. 

(Post. 9.) 

4. M is the mid-point of BC. 4. Gwen. 

5. BM = MC. 5. A line segment is bisected when 
a potnt divides it into two equal 
parts. 

6. AB= DC. 6. Given. 

7. AABM  ADCM. 7. 8.0.8. = $.a.8. 


8 In the figure for Ex. 2 


Given: ZBAM = ZMDC, 
AM = MD. 
AB= DC. 

To prove: AABM =~ ADCM. 


10. 


. Given: AAand Bareright Z. 


. Given: ABCDisastraight line. 
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. Given: CD = CB, 


ZDCA = ZACB. 
To prove: AACD & AACB. 


Given: AC = BC. 
Z1 = 22: 
To prove: AADC & ABDC. 


. Given: ABandCDst. lines. 


AO = OB. 
CO = OD. 


To prove: AAOD & ACOB. 


. Inthe figure for Tex. 5: 


Given: AB is bisected at D. 
ZDAC = ZCBD. 
AC = BC. 

To prove: AADC =~ ABDC. 


AF = BC, 
AD — DR. 


To prove: AADE ~ ABDC. 


21 = 22,.° 
BE = CE. 
AB= CD, 


To prove: AABE ~~ ADCE. 


Given: ABF a straight line. 
Z1= 22. 
BC = BD. 

To prove: AABUCS AABD. 








48 INTRODUCTION 


11. In the figure for Ex. 5: 
Given: CD L bis. AB. 
To prove: AADC ABDC. 


12. Given: A ABC, with AC = BC. Cc 
D, E, and F mid-points of the sides. D E 
ZA= ZB. 
To prove: AADF = ABEF. cee 


*13. In the figure for Ex.9; if AE = DE, BE = CEand ZAEB= 
ZCED, prove that A ACE is congruent to ABDE. 

*14. Prove that any point on the perpendicular bisector of a seg- 
ment is equidistant from the ends of the segment. 


*15. From any point P on the bisector of Z A lines PB and PC are 
drawn to the sides of the angle so that AB = AC. Prove that PB = 
PC; 


56. Experiment. Construct triangle ABC. Make AB = 
3 in., angle A = 50°, and angle B = 60°. Construct another 
triangle A’B’C’ with A’B’ = 3 in., angle A’ = 50°, and angle 
B’ = 60°. You have thus constructed two triangles with two 
angles and the included side of one equal, respectively, to two 
angles and the included side of the other. Do the triangles 
appear to be congruent? Cut them out and test by placing 
triangle A’B’C’ on triangle ABC so that A’B’ coincides with 
its equal AB, A’ falling on A and C’ and C falling on the same 
side of AB. 


Why will A’C’ fall along AC? (§ 23.) 
Why will B’C’ fall along BC? (§ 23.) 
Why will points C’ and C coincide? (Post. 2.) 
We shall assume the truth of the theorem: 


57. Proposition 2. If two angles and the included side 
of one triangle are equal, respectively, to two angles and the 
included side of another, the triangles are congruent. (a.s.a. 
= 0.S.a.) 


a 
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EXERCISES 


1. Given: AC bisects Z BAD. P 
Z 1= Z 2. A C 
To prove: AACD™ AACB. 
B 
Cc 
2. Given: CD 1 AB. 
CD bisects ZC. 
Toprove: AADC ABDC. 
A D B 


3. Given: CA L AB. 


DB 1 AB. : z 
AC = BD. 1 2 
A is the mid-point of AB. 
Toprove: AACM ~~ ABDM. A— 4,8 
4. Given: ABand CDstraight lines. C B 
AO = OD. O 
Z1= 22, 
To prove: AACO™ ADBO. A D 
§& Given: 4 BADand DCBrt. 4. D Cc 
Toprove: AADC™ AABC. a B 
6. Given: AC = BC, XY astraight line. Cc 


Z1= 22. 
AD= DB. 
xy zy 


Toprove: AACD& ABCD. A DB 


58. Corresponding parts of congruent figures. When 
two figures are congruent, they can be made to coincide. 
The parts that match when one is superposed on the 
other are called corresponding parts. Hence: Correspond- 
ing parts of congruent figures are equal. 
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In Ex. 1 § 55 you have: c 


Given: AC = AD. 
ZBAC = ZDAB. 


It is then proved that AABC & AABD. 
That is, if A ABC is cut out and placed on A ABD, the two 
triangles can be made to coincide. You see that ZD will 
coincide with ZC, hence ZD = ZC; BC will coincide with 
BD, hence BC = BD; and ZCBA will coincide with and 
equals Z ABD. 


Cc 
Nore. — It is sometimes conven- 
ient to mark the parts of a triangle 
which are equal, as shown, using A B 
checks on the lines and arcs for 
the angles. Another convenient 
marking is shown for right angles. D 


EXERCISES 


B 
Cc F 
Ll» rie in? AN 
A B OD E A 'B A D Cc 
I II III 


1,.In Ir AB= DE, ZB=ZD, ZA=ZE, and AABCS 
QDEF. (Why?) Name three other pairs of corresponding parts. 

2.In II, AB= DC, ZA= ZC, AD= BC, and AABDY 
ABCD. (Why?) Name the other corresponding parts. 

8% In II, AB= BC, ZABD= ZDBC. Why are the triangles 
congruent? Name the other corresponding parts. 


C 
IV V VI 
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4. In IV, M is the mid-point of AB, EA and CB L AB, and 
ZEMA= ZBMC. Why are the triangles congruent? Name the 
other corresponding parts. 

5. In V, AB and CD are straight lines, OC = OD, AC and 
DB1CD. Why are the triangles congruent? Name the corre- 
sponding parts. 


Ex. 6-8 refer to Fig. VI. 

6. How many triangles can you name? How many seem con- 
gruent? 

7. If AE= BD and Z1= 22, why is AABEX AABD? 
Name the corresponding parts. 

*g. If Z1= Z2 and 23= 24, why is AABEXAABD? 
Name the corresponding parts. 


59. Two of the powerful tools you will use in solving 
original exercises are: 
I. To prove that two line segments are equal show that 
they are corresponding sides of congruent triangles. 
II. To prove that two angles are equal show that they are 
corresponding angles of congruent triangles. 


EXERCISES 


1. Given: AC = BC, CD bisects Z ACB. Cc 
To prove: ZA = ZB. 


2. In the same figure: 


Given: CD 1 AB, ZACD = ZDCB. A D B 
To prove: ZA= ZB. Ex. 1, 2 
8. Given: ZCBA = ZABD, BC = BD. es 
To prove: ZC = ZD. 
A B 


4. In the same figure: 
Given: AB bisects ZCBD and Z DAC. D 
To prove: CB = DB. Ex. 3, 4 
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5. Given: O bisects CD, AC and c 


BD 1 CD. O , 
AB and CD are straight lines. % 
To prove: ZA = ZB. D 


6. In the same figure: 
Given: Lines AB and CD are bisected at O. 
To prove: AC = BD. 


7. Given: Z1= 22, AD= BC. 
To prove: BD= AC. A 


8. In the same figure: Pen 
Cc B 


Given: Z1= 22, Z23= 24, 
To prove: ZD= ZC, 


9. In the figure for Ex. 1: 
Given: CD is the perpendicular bisector of AB. 
To prove: A ABC is isosceles. 


10. In the figure for Ex. 7: 
Given: 41 = 22, ZCAD= ZDBC, ZCis aright Z. 


To prove: BD 1 AD. Cc 
11. Given: AC = AD, BC= BD, Z1= 22, 
Z3= £4. B 
To prove: AB bisects ZCBD. 
D 
D Cc 
*12. Given: AD = BC, ADand BC 1 AB. 
To prove: ZADB= ZACB. 
A B 


*13. Prove: Two adjacent angles whose bisectors form an angle of 
45° are complementary. 
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OVERLAPPING TRIANGLES 





60. When triangles to be proved congruent overlap 
you can imagine that they are moved apart, as in the 
illustration. Thus: 

Given: AABC, ZBAC = ZCBA, AD = BE. 

To prove: AE = BD. 


Proof: 
STATEMENTS REASONS 
1. ZBAC = ZCBA, 1. Given. 
AD = BE. 
2. AB = AB. 2. The same line. 
3. ADAB&® AEBA. 3. 8.4.8. = $.a.s. 
4. AE = BD. 4. Corresponding parts of congruent 


| triangles are equal. 


EXERCISES 


If necessary, imagine the overlapping triangles removed as in the 
example above. 


1. Given: ZBAC = Z DBA. 
Z1= 22. Cc D 


Toprove: ZC = ZD. Les 
2. Given: AD= BC, Z1= Z2, A B 


Toprove: AC = BD. 
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3. Given: ZBAC= ZCBA, ZBAE= Z DBA. 
Toprove: AH = BD. 
4. Given: AE bisects Z BAC and BD bisects ZCBA, Z BAC = 
ZCBA. 
To prove: ZADB= ZAEB, 


Cc 
5. In Ex. 3, what further steps are necessary 
to prove Z BDC = ZCEA? D B 
6. In the same figure: 
Given: AC = BC, DC = EC. 
Toprove: AH = BD. B 


7. Inthe same figure: 
Given: AC = BC, Dbisects AC and E bisects BC. 
Toprove: ZCEA = ZBDC. 

8. In the same figure: 
Given: AE = BD, DC = EC, ZADB= ZAEB. 
Toprove: AC = BC. 


A 
9. Given: BA and CA are straight lines, 
£1=22,23=24, BE=CD. he Ne 
To prove: AB = AC. We 
B Cc 
A 


10. Given: BE= DC, ZB= ZC, ZAEB= 
ZCDA. 
To prove: A ADE is isosceles, 
B Cc 
“11, Given: ZBAC = ZCBA, AE bisects . 
ZBAC, BD bisects ZCBA. 
To prove: AC = BC. D E 
Hint. — First prove AABD& AABE, Then 
prove AAEC= ABDC. A B 
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*12. Given: AC = BC, AD= BD, ZDAC= 
ZCBD. A B 
Toprove: (DL bis. AB. 


Hint. — First prove AACD Y ABCD. Then 
prove AACM & ABCM. 


*13. Given: AC = BC. 
D bisects AC. FE bisects BC. 
J3=]24.. ZA=HLZA BE, 
To prove: AG = FB. 





*14. Given: AF = GB. 
LA= ZB. 25= £6. 


To prove: AD= BE. 


*16. Prove: The bisectors of two vertical angles form a straight line. 


61. Summary of the work of Unit One. In this unit 
you have been introduced to the study of plane geometry. 
You have studied: 


I. Definitions of geometric terms. 


1. The most important of these are: 


line segment equilateral acute angle 

curcle postulate right, acute, and obtuse 
radius bisected triangles 

diameter mid-point equiangular triangle 
chord adjacentangles complementary 

arc perpendicular supplementary 
polygon straight angle vertical angles, 
triangle right angle congruent 


asosceles 
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2. Terms undefined are point, line, straight line, sur- 
face, and angle. 


II. Constructions. 


Ste So No 


~ 


9. 


To copy a line segment. 

To construct a triangle when three sides are given. 
To bisect a line segment. 

To copy an angle. 

To bisect an angle. 

To construct the perpendicular bisector of a line 
segment. 

To construct a perpendicular to a line at a point 
on the line. 

To construct a triangle when two sides and the in- 
cluded angle are given. 

To construct a triangle when two angles and the 
included side are given. 


III. Postulates and axioms. The postulates are listed 
an § 49; the axioms in § 50. 
IV. Theorems informally proved. 


Pom & Se 


All straight angles are equal. 

A right angle is half a straight angle. 

Equal angles have equal complements. 

Equal angles have equal supplements. 

Vertical angles are equal. 

If two adjacent angles are supplementary, their 
exterior sides lie in a straight line. 

If two adjacent angles have their exterior sides in 
a straight line, they are supplementary. 

If two sides and the included angle of one triangle 
are equal, respectively, to two sides and the included 
angle of another, the triangles are congruent. 
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9. If two angles and the included side of one triangle 
are equal, respectively, to two angles and the in- 
cluded side of another, the triangles are congruent. 


REVIEW OF UNIT ONE 


See if you can answer the questions in the following exercises. If 
you are in doubt look up the section to which reference ts made. Then 
study that section before taking the tests. The references given are those 
most closely related to the exercise. 


I 
Supply the missing words in the following: 





1. Complementary angles are two angles whose sum is § 38. 
2. The sum of two supplementary angles is § 38. 


3. If two lines intersect so as to make the adjacent angles equal, 





they are said to be——._ § 26. 

4, An angle whose sides extend in opposite directions from the 
vertex and form a straight line is called a ——angle. § 27. 

5. A triangle having one obtuse angle is called an —— triangle. 
§ 30. 


6. If the initial side of an angle revolves completcly around to 
take its original position, it revolves through an angle of degrees. 
§ 34. 

7. Any part of a circle is called an § 10. 

8. If two adjacent angles have their exterior sides in a straight line, 
they are § 38. 

9. The equal parts in two congruent triangles are called —— 
parts. § 58. 

10. Reasons that may be used in the proof of a theorem are the 
parts given, ——, ——, ——, and previously proved § 47. 














II 
Complete the following: 


1. Equalangleshave.... §§ 39, 40. 
2. Quantities equal tothesameor.... § 50, 1. 
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3. If two adjacent angles are supplementary, their exterior sides 


«eve §-51, 6. 

4. Acircle may always be drawn with .... § 49, 5. 
& Through two given points .... § 49, 3. 
6. All radii and all diameters of thesameor.... § 49, 6. 
7. Arightangleishalf.... § 651, 1. 
8. A quantity may be substituted .... § 50, 7. 
9. Ananglehasoneandonlyone.... § 49, 10. 

10. A geometric figure may be.... § 49, 7. 


III 


In the following give reasons for your answers: 


1. Does a straight line have a definite length? §9. 

2. Is the sum of all the angles on one side of a straight line 
180°? § 34. 

3. Isatrianglea polygon? § 13. 

4, Isit true that an equilateral triangle is isosceles? § 14. 

5. Are angles that have the same vertex and a common side 
always adjacent? § 25. 

6. Is a triangle having one acute angle always called an acute 
triangle? § 30. 

7. Can either side of an angle be taken as the initial side? §23. 

8. Is it true that a straight line isa straight angle? § 27. 

9. Is any angle greater than a right angle called an obtuse angle? 
§ 29. 

10. Are the bisectors of two supplementary adjacent angles per- 
pendicular? Why? §§ 38, 26. 


IV 
In Ex. 1-7, make the constructions, leaving all arcs: 


1. Bisectalinesegment. § 21. 

Copy an angle. § 24. 

Construct the perpendicular bisector of a line segment. § 36. 
Construct a triangle having three given segments as sides. § 17. 
Construct the bisector of a given angle. § 33. 

Construct a triangle given two sides and the included angle. 


Poo 
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7. Construct a triangle given two angles and the included side. 
§ 53. 

8. What is the complement of 34° 20’? Of 2°? § 38. 

9. What is the supplement of 20° 14’? Of x°? § 38. 


See tf you can complete the proof of the following: 


10. Given: Adj. 41 and 2. 
Z1= 50°, Z2 = 130°, 
Toprove: ABCisastraight line. § 51, 6. A * ‘= C 


11. Given: AB = <A’B’, points C, D, and EF divide AB into four 
equal parts and points C’, D’, and E” divide 


A’B’ into four equal parts. A 2 De eB 
Toprove: CD= E’B’. § 50, 5. AoC’ iD’ iE’ i@B’ 
A 





12. Given: AO 1 OB, Z1= 22. 


Toprove: CO 1 OD. § 50,2. 


~ 


iB D 

13. Given: AB and CD straight lines A D 

intersecting at O, FO bisecting Z AOC and p— 2 Pp 
FO bisecting Z BOD. Le oD 

To prove: FOL astraight line. §§ 46, 27. B 


14. (Use figure for Ex. 13.) 


Given: AB and CD straight lines intersecting at O, forming vertical 
angles AOC and BOD; EO bisects Z AOC and is produced to F. 


To prove: OF bisects Z BOD. § 46. 


15. Two straight lines intersect at a point O, forming four angles. 
If one of the angles is 50°, how large is cach of the others? §§ 46, 34. 


Cc 
16. Given: BDbisects Z ABC, Z1 = 22. a 
‘Toprove: 23= 24. §50, 3. Ba a 
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MAINTAINING SKILLS IN MATHEMATICS 
(See Review of Arithmetic and Algebra, pages 450-467.) 














A 
Find: 
1 33+ 22 2. 8% — 22 3. 33 x 3 
4. 32 +5 6. 24 + 11 6. 3832 +7 
7. 35% of $300 8. 2% of $150 9. 4% of $400 
10. 200% of 75 11. 123% of 200 12. 8% of 800 
13. 16 = % of 32 14. 16 = % of 32 
15. 160 = % of 32 16. 15% more than $90 = —— 
17. 15% less than $90 = —— 18. 140% of $25 = —— 
19. $24 is 25% of 20. 3 is 5% of —— 
7 B 


we 
1. If — 900 ft. means 900 feet below sea level, + 5000. ft. means 


cs ° 


2. In multiplying two quantities having unlike signs, the sign of the 
product is ——. 


3. In adding two quantities having unlike signs, the sign of the sum 
is the same as the sign of the —— quantity. 


4. If (— 1) is taken as a factor an odd number of times, the sign of 
the result is : 


5. The quantity which, added to 0, will give x22 — 3x — 7 is ——. 


6. If the sum of two numbers is 180 and one of the numbers is n, 
the other is ——. 


7. If the difference between two numbers is 30 and the larger num- 
ber is n, the other number is 








8. If the difference between two numbers is x and the smaller num- 
ber is 6, the other number is . 





Solve for n: 
9. 4n+ 18 = 9n — 7 10. — n (n+ 6) = 18 — n? 
11.17-—2(n—2)=n 12. 5n —5— 3 (2n+ 5) =5 


13. 4 (2n — 8) = 2 (n— 4) 14. 5n — (9 -- 38n) = — 9 
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PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. Thales (about 600 B.c.), determined the 
distance AP of a ship from shore by means of the 
congruence of triangles. He measured Z1 and 
22. Explain how he was then able to mark off a 
distance on the shore equal to AP and thus find 
the distance AP. 





2. One of Napoleon’s young lieutenants 
earned promotion by quickly finding the distance across a river. He 
stood at A and looked at B on the opposite side of the river, lowering 
his head until his hat brim fell in the 
line of sight. Then, without raising 
or lowering his head, he turned 
about, and observed the point B’ at 
which the line of sight struck the 
ground. He quickly paced the dis- 
tance from A to B’ and told Napoleon the result. How did he do it? 





3. Thales made an instrument for 
determining the distance BC of a ship 
from shore. It consisted of two rods 
AD and ALF, hinged together at A. 
Rod AF was held vertically over point 
B, while rod AD was pointed toward 
C. Then, without changing Z DAE, 
the instrument was revolved about 
AE, and point C’ noted on the ground 
at which the arm AD was directed. 
BC’ was then measured. Prove that 
BC = BC". 


4, An instrument used as late as 
the sixteenth century for finding the 
distance from A to an inaccessible 
point B was called a cross-staff. It B’ 
consisted of a vertical staff AC to which was attached a horizontal 
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cross bar DE that could be moved up or down on the staff. Sighting 
from C to B, DE was lowered or raised until C, E, and B were in a 
straight line. Then the instrument was revolved about CA and the 
point B’ at which the line of sight CD met the ground was marked. 
The distance AB’ was then measured. Prove that AB = AB’. 


§. Every one is familiar with the fact that if an object is placed 
before a plane mirror, its image appears to 
be as far behind the mirror as the object 
is in front. JJ is an edge view of a mirror. 
Light from an object at A strikes the mirror 
at C and is reflected to the eye at E. The 
mind projects the line EC through the mirror 
to A’, forming the image at A’. It is known 
from science that ZMCE = ZACB and that CB 1 AA’. Prove 
that AB = A’B. 





PRACTICE TESTS ON UNIT ONE 


Try to do all the exercises without referring to the text. If you miss 
any question look up the reference and study it before taking other 
tests. 


TEST ONE 
Numerical Exercises 
For the following exercises, see § 34 and § 38. 


What is the complement of 23° 45’? 
What is the supplement of 70°? 
Ilow many degrees in a straight angle? 
The diameter of a circleis 18in. Howlongistheradius? § 10. 
5. How many degrees in the smaller angle between the hands of 
a clock at 4 0’clock? 
6. Two straight lines intersect and form four angles. If one of the 
angles is 17°, how large is each of the others? § 51, 5. 
7. What is the sum of all the angles about a point? 
8. An angle contains x degrees. How many degrees in its com- 
plement? 


eee 
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TEST TWO 
Matching Exercises 


In one column brief descriptions of the terms in the other column are 


given. Match them correctly. 

J. Vertex. § 12. 1. Connected parts of straight 
lines. 

II. Right triangle. § 30. 2. Two angles which have a 
common vertex and a 
common side __ between 
them. 

III. Complementary angles. §38. 3. An angle of 180°. 

IV. Postulate. § 18. 4, The point where two sides of 
a polygon meet. 

V. Adjacent angles. § 25. 5. A proposition to be proved. 

VI. Supplementary angles. §38. 6. A definite part of a straight 
line. 

VII. Equiangular. § 30. 7. Two angles whose sum is 
180°. 

VIII. Corresponding parts. §58. 8. A line no part of which is 
straight. 

IX. Theorem. § 41. 9. A triangle having one right 
angle. 

X. Obtuse angle. § 29. 10. The opening between two 
lines which meet. 

XI. Broken line. § 9. 11. Two angles whose sum is 
90°. 

XII. Angle. § 23. 12. An angle more than 90° 
and less than 180°. 

XIII. Curved line. §9. 13. Having all angles equal. 

XIV. Linesegment. § 9. 14. An assumption made with- 
out proof in geometry. 

XV. Straight angle. § 27. 15. Parts similarly placed. 
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TEST THREE 
Supplying Reasons 


Supply definitions, axioms, postulates, or theorems as reasons for the 

following statements. 

1. An arc is less than acircle. § 50, 6. 

2ife=y, thnz+V/a=—Jat+y. § 50,2. 

3. The sum of two sides of a triangle is greater than the third side. 
§ 49, 4. 

4. Ifa+%b=c+id,then6a+5b=6c+d. § 50,4. 

5. If angles A and D are right angles, they can be made to coin- 
cide. § 49, 9. 

6. If ZA = ZBand ZA is 70°, the supplement of Z B is 110°. 
§ 51, 4. 

7 If AB= MNandMN = XY,thenAB= XY. §50,1. 

8 Intriangle ABC, if AB = AC, the triangle isisosceles. § 14. 

9. Two straight lines AB and CD 


intersect at O. If angle DOB = 60°, © B 
angle COA is 60° also. § 51, 5. 0-H 
10. Angle DOC is greater than angle D 
DOB. § 50, 6. S 
TEST FOUR 


Completing Statements 
Complete the following statements. 


1. An acute triangle is a triangle having —— acute angles. § 30. 

2. Adjacent angles are angles having a common —— and a —— 
side —— them. § 25. 

3. The size of an angle does depend on the —— of its sides, 
but on the amount of of one of the sides. § 23. 


4, The equal sides of an isosceles triangle are sometimes called the 
—. §14. 
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5. A straight angle is an angle whose sides extend — —— —— 











from the vertex and form a § 27. 

6. Two lines which meet and form —— —— angles are per- 
pendicular. § 26. 

7A is an Instrument used to measure angles. § 34. 

8. An triangle has one obtuse angle. § 30. 





angles are equal and 





9. If two triangles are congruent, 
corresponding sides are § 58. 
10. are used to transfer segments in geometry. § 15. 








TEST FIVE 
Multiple Choice Statements 


From the expressions printed in italics select that one which best com- 
pletes the statement. 


1. If the sum of two angles is 180°, the angles are each 90°, adjacent, 
supplementary. § 38. 

2. The vertex of a triangle is the intersection of two sides, an acute 
angle. § 12. 

3. A polygon has three or more, more than three, more than four 
sides. § 12. 

4. If two triangles have the angles of one equal respectively to 
the angles of the other, the triangles may not be congruent, are con- 
gruent, are equiangular. §§ 30, 55, 57. 

5. Two complementary angles are each 45°, are adjacent, have 
their sum 90°. § 38. 

6. The sum of all the angles about a point is 360°, 180°, two right 
angles. § 34. 

7. The bisectors of a pair of vertical angles are equal, lie in a straight 
line, bisect the other pair of vertical angles. Page 59, Ex. 13. 

8. A geometric statement assumed to be true without proof is 
called a proposition, problem, postulate. § 18. 

9. An acute triangle is a triangle having only one acute angle, 
only two acute angles, three acute angles. § 30. 

10. The sum of any two sides of a triangle is greater than, equal to, 
less than the third side. § 49, 4. 
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UNIT TWO 


FORMAL DEMONSTRATION; ANALYSIS; CONSTRUC- 
TIONS; INDIRECT PROOF 


In the first unit you have seen what is meant by a 
geometric proof and have acquired a knowledge of defi- 
nitions, axioms, postulates, and theorems which you can 
use in giving such proofs. In this unit you will learn 
more about such proofs and how you can discover them. 


62. A proposition is a statement of a geometric truth. 
A theorem is a proposition to be proved. 

The proof is the argument which shows that the propo- 
sition is true. 


63. Formal demonstration. When you prove theo- 
rems in geometry, you must follow a very definite form. 
Such a proof is called a demonstration. The steps in 
writing a demonstration follow: 


1. Write the theorem. 

2. Draw and letter a figure to represent the geometric 
ideas given in the theorem. 

3. Separate the theorem into its two parts, what is given 
and what is to be proved, using the letters from your figure 
to express the relations. 

4, Any additional lines it is necessary to draw in your 
figure to aid in the proof should be dotted lines. 

5. Number your statements and opposite each write a 


Treason. 
67 
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PROPOSITION 1. THEOREM 


64. B. If two sides and the included angle of one triangle 
are equal, respectively, to two sides and the included angle of 
another, the triangles are congruent. (s.a.s. = 8.a.8.) 


C Cc’ 


J, 


A B A B’ 
Given: A ABC and A’B'C’ with AB = A’B’, AC = 
AC, ZA= ZA’. 
To prove: AA’B’C’ = AABC. 





Plan: Use the method of superposition. 





Proof: 
STATEMENTS REASONS 

1. Place AA’B’C’ on AABC | 1. A geometric figure may be moved 
so that A’B’ eoincides without changing its size or 
with its equal AB, A’ shape. Poe 
falling on A, with C’ and igi cae 
Con the same side of AB. 

2. A’C’ will take the direc- | 2. Given ZA = ZA’. 
tion of AC. 

3. C’ will fall on C. 3. Given AC = A'C’. 


4. B’C’ will coincide with BC. | 4. Through two points one and only 
one straight line can be drawn. 
5. AA’B’C’ = AABC. 5. If two figures can be made to 


coincide, they are congruent. 


This proof and that given on page 69 are for the theo- 
rems we assumed in §§ 55 and 57. 
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PRoposITION 2. THEOREM 















65. B. If two angles and the included side of one triangle 
are equal, respectively, to two angles and the included side of 
another, the triangles are congruent. (a.s.a. = a.s.a.) 


C Cc’ 


, 


A BO AS B’ 
Given: A ABC and A’B’C’ with AB = A’B’, ZA = 
ZA’, ZB= ZB’. 
To prove: AA’B’C’ = AABC. 


Plan: Superposition. 





Proof: 
STATEMENTS REASONS 
1. Place AA’B’C’ on AABC | 1. A geometric figure may be moved 
so that A’B’ coincides without changing its size or 
with its equal AB, point shape. Given AB = A'B', 


A’ falling on point A, 
with C’ and C on the 
same side of AB. 

2. A’C’ will take the direction 


to 


. Given ZA = LA’. 


AC. 
3. B’C’ will take the direc- | 3. Given ZB = ZB’. 
tion BC. 
4. C’ will fallonC. 4. Two straight lines cannot inter- 
sect in more than one point. 
5. AA’B’'C'’ = AABC. 5. Lf two figures can be made to coin- 


cide, they are congruent. 
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66. How to study geometry. The following rules 
will help you to study your geometry. 


1. Have a regular time and regular place to study, free 
from distractions. 

2. Have at hand pencil, paper, ruler, and compasses. 

3. Read the theorem over several times until you are 
familiar with it, making certain that you know the exact 
definition of each term used. 

4. Draw your figure carefully, and not too small. Make 
all construction lines required with your straightedge and 
compasses. 

5. Make the figure general; that 1s, of you are drawing 
“a triangle,” do not draw a right triangle nor an isosceles 
triangle. 

6. Write the hypothesis (given) and the conclusion 
(to prove) in terms of the figure. 

7. State your plan of proof. 

8. See if you can write out the proof without looking 
at the formal proof in the book. Remember to give a reason 
for each statement. Number the statements and reasons 
alike. (Reasons must never be given by number. They 
must be written out as in §§ 64 and 65.) 

9. If you cannot write the proof without ard, use the 
suggestions given in the plan. If you still cannot, read the 
proof given. See if you can supply the reasons without 
looking up the section numbers. 


Refer to these rules frequently and try to develop 
power to prove theorems without aid. 


67. Parts of a theorem. Every theorem consists of 
two parts: that which is given, and that which is to be 
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proved. The facts given are called the hypothesis, and 
that which you are to prove is called the conclusion. 

A theorem can always be written with two clauses: the 
hypothesis beginning with “ if,’”’ and the conclusion be- 
ginning with “ then.”’ For example, the theorem Verti- 
cal angles are equal can be written: If two straight lines 
intersect, then the vertical angles formed are equal. The 
clause, If two straight lines intersect, is the hypothesis and 
contains that which is given in the theorem. The clause, 
then the vertical angles formed are equal, is the conclusion 
and contains that which is to be proved. 

In the following exercises write out the theorems, 
putting one line under the hypothesis and two lines under 
the conclusion. Then draw and letter a figure and 
express in terms of the figure what is given and what is 
to be proved. Do not attempt to write the proofs. 


EXERCISES 


1. If two adjacent angles are supplementary, then the exterior 
sides form a straight line. 

2. If a triangle is equiangular, then it is equilateral. 

3. If two adjacent angles are complementary, then their bisectors 
form an angle of 45°. 

4. If two adjacent angles are supplementary, then their bisectors 
are perpendicular. 

5. If a triangle is isosceles, then the angles opposite the equal sides 
are equal. 

6. If a point is on the perpendicular bisector of a line segment, 
then it is equidistant from the ends of the segment. 

7. If a line bisects one of two vertical angles, then it bisects the 
other. 


In Ex. 8-10, first write in the “ if — then”’ form: 
8. Two adjacent angles whose bisectors form an angle of 45° are 
complementary. 
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9. Lines joining the extremities of two line segments which bisect 
each other form two pairs of congruent triangles. 
10. The angles of an equilateral triangle are equal. 
*11, Assuming the truth of the other statements, tell which of the 
following conclusions are valid. 
Ruth will not go if it rains. 
1. It rained. Conclusion: Ruth did not go. 
2. It did not rain. Conclusion: Ruth went. 
3. Ruth went. Conclusion: It did not rain. 
4. Ruth did not go. Conclusion: It rained. 


68. Auxiliary lines. To prove that two segments or 
that two angles are equal, it is sometimes necessary to 
draw auxiliary lines in order to form congruent triangles. 

This we shall call 


Tool III. If the line segments or angles are not parts of 
congruent triangles, try to make them so by drawing auxiliary 
lines. In drawing such lines, always be sure not to im- 
pose too many conditions on them. You cannot say, 
‘** Draw a straight line through three points,” for it will be 
impossible to do so unless the points lie in a straight line. 
Nor can you say, “ Draw a line through C, bisecting 
angle C and perpendicular to AB.” 


No more than two conditions can be imposed on a line. 


If A ABC is isosceles, and you wish to prove ZA = ZB, can 
you draw an auxiliary line to form congruent 


triangles? The two triangles must have either ‘A 

G.8.d. = @.8.a. OF S.a.s. = $.a.s. Would a line 

from C 1 ABdo? Why? What about a line 

from C bisecting ZC? Complete the proof of 

the theorem: . D 3 


If a triangle ts isosceles, the angles opposite the equal sides are 
equcl. 
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PROPOSITION 3. THEOREM 


69. If a triangle is isosceles, the angles opposite the equal 
sides are equal. 


A 


Given: AABC with AC = BC. 
To prove: ZA = ZB. 


Plan: Suppose CD bisects ZC, then prove AADC & ABDC. 
Proof: 





oh ea oo 


STATEMENTS REASONS 
Suppose CD bisects ZC. 1. Anangle has a bisector. 
AC = BC. 2. Given. 
Zt S79: 3. A bisector divides an angle into 
two equal parts. 
CD = CD. 4. The same line. 
AADC = ABDC. 5. $.a.8. = 8.0.8. 
ZA = ZB. 6. Corresponding parts of congruent 


figures are equal. 
70. A corollary is a theorem which is easily proved. 


71. Coroutiary. An equilateral triangle 1s equiangu- 


lar. 


Hint. —If AC = BC = AB in the figure in §69, why is ZA = ZB = ZC? 


(Apply § 69 twice.) Write out a formal proof. 
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72. An altitude of a triangle is a line from any vertex 
perpendicular to the opposite side, prolonged if neces- 
sary. Every triangle has three altitudes. 


73. A median of a triangle is a line drawn from any 
vertex to the mid-point of the opposite side. Every 
triangle has three medians. 


EXERCISES 
In Ex. 1-4, AEDFB is a straight line. 
1. If AC = BC and AE = BP, prove that Cc 


CE = CF. 
2. In the same figure, if AC = BC, AE = BF, 
and ED = DF, provethatCD L AB. 


3. In the same figure: Ara 
Given: AC = BC. 
Z1= 22. 


To prove: ACEF isosceles. 


4. In the same figure: 


Given: CE = CF, AE = BF. 1g 
To prove: A ABC isosceles. 
5. In the figure, AC = BC and AC is produced C 
to D, so that AC=CD. Prove that ZA+ ZD 
= ZABD. A B 


6. The bisector of the vertex angle of an isosceles triangle is also 
the perpendicular bisector of the base. 

7. If the bisector of the angle at a vertex of a triangle is perpen- 
dicular to the opposite side, it bisects that side. 

8 In any isosceles triangle the bisector of the vertex angle, the 
median to the base, the altitude to the base, and the perpendicular 
bisector of the base all coincide. 

9. Prove that the medians drawn to the equal sides of an isosceles 
triangle are equal. 
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10. Prove that any two medians of an equilateral triangle are equal. 
*11. Prove that the bisectors of the base angles of an isosceles triangle 
form with the base an isosceles triangle. 


74. The meaning of converse. If you interchange 
one of the facts given in the hypothesis of a theorem with 
one of those given in the conclusion, the resulting theorem 
is a converse of the original one. Thus we have the 
theorem, ‘‘ If the bisector of an angle of a triangle is 
perpendicular to the opposite side, then the triangle 1s 
isosceles.” A converse is “‘ If a triangle is isosceles, then 
the bisector of the vertex angle is perpendicular to the opposite 
side.” 

The statements in terms of a figure are: 


a. THEOREM 

Given: AABC 
CD bisects Z ACB C 
CD 1 AB 

To prove: AC = BC 


b. CoNvERSE THEOREM 

Given: AABC 
CD bisects Z ACB A iD B 
AC = BC 

To prove: CD 1 AB. 


Both the theorem and its converse can be proved true 
by proving that AADC ~ ABDC. 

Another converse of a can be formed by interchanging 
another part of the hypothesis with the conclusion. 


c. Given: AABC 
CD 1 AB 
AC = BC 
To prove: CD bisects Z ACB. 
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While this converse is also true you cannot prove it at 
the present time. Why not? Notice that in the 
hypotheses of a, b, and c, A ABC is a common element. 


EXERCISES 


1. Give the converse of each of the following statements. Tell 
whether the converse is true or is not true. 
. Ifa figure is a triangle, it has three sides. 
. Ifa triangle is equilateral, it is isosceles. 
. If it rains, the ground is wet. 
. If two angles are right angles, they are equal. 
If a man lives in San Francisco, he lives in California. 


oa ers 


go 2 


2. Write a converse for each of the theorems in Ex. 1-4, § 67. 

8. Write a converse for Proposition 3. Give the theorem and its 
converse in terms of the figure. Can you prove the converse as you 
did the theorem by letting CD be the bisector of angle ACB? Do 
triangles ADC and BDC have s.a.s. = s.a.s. or a.s.a. = a.8.a.? 

In Ex. 4 and 5 give two converses and tell if they are true. 

4. Given: All seniors have home room 214. Jean is a senior. 

Conclusion: Jean has home room 214. 

6 Given: Frank and John are brothers. Madeline is Frank’s 
cousin, 

Conclusion: Madeline is John’s cousin. 


6. In terms of the figures give the converse or converses of Ex. 1-5 
on pages 51-52. Tell which of them you can prove true. 
7. Are the following conclusions true? 


I. Given: Everyone in my class plays a musical instrument. 
Mary is in my class. 
Conclusion: Mary plays a musical instrument. 


II. Given: Everyone in my class plays a musical instrument. 
Mary plays a musical instrument. 
Conclusion: Mary is in my class. 


III. Given: Mary is in my class. Mary plays a musical in- 
strument. 


Conclusion: Everyone in my class plays a musical instru- 
ment. 
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Test the validity of the conclusions in Ex. 8 and 9. 

8. If it stays cold, Stan will go skating. It did stay cold, therefore 
he went skating. 

9. If it snows John will put chains on the car. He did put chains 
on the car, therefore it snowed. 

75. We shall next prove the converse of the theorem in 
§ 69: If two angles of a triangle are equal, the sides opposite 
these angles are equal and the triangle is isosceles. You 
saw in Ex. 4 that you cannot prove the converse as you 
did Prop. 3. 

In the figure at the right, if Z BAC = ZCBA, DB bisects 
ZCBA and EA bisects ZBAC, why is 
AABD& AABE? Then AE = BD and 
Z5 = £26. Why? If 25 = 26, why does 
Z7 = £8? 

Using the facts AE = BD, Z7= Z8, 
23 = £4, whyis AAEC Y ABDC? Why 
is AC = BC? (See Ex. 11 page 5+.) 


Cc 





Abraham Lincoln, while president, gave an interview! 
to a reporter telling how he prepared to practice law. He 
related that he asked himself, ‘‘ What do I do when I 
demonstrate more than when I reason and _ prove?” 
He searched the dictionaries and found that demonstrate 
meant ‘proof beyond possibility of doubt.” He said 
that meant nothing more to him than “‘ blue to a blind 
man.” 

“So,” he said in the interview, “I left my situation in 
Springfield, went home to my father’s house, and stayed 
there until I could give any proposition in the six books 
of Euclid at sight. I then found out what ‘ demonstrate ’ 
means, and went back to my law studies.” 

1F, B. Carpenter, Siz Months in the White House, pp. 308-316. 
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PROPOSITION 4. THEOREM 


76. If two angles of a triangle are equal, the sides oppo- 


site these angles are equal. 





Given: AABC, ZA = ZB. 


To prove: AC = BC. 





1 


ose oe 


Plan: 


1. Let AE bisect ZA and BD bisect ZB. 
2. Prove AABE & AABD, and AAEC ~ ABDC. 


Proof: 


STATEMENTS 


. Let AE and BD bisect 


4A and B, respec- 
tively. 


In A ABE and ABD, 
ZBAD = ZEBA. 

Z41= 22. 

AB = AB. 


AABE =~ AABD. 
Z5 = £6, AE = BD. 


Z7 = £8. 


. Corresponding parts 


REASONS 


. An angle has one and only one 


bisector. 


. Given. 


. If equals are divided by equals 


the quotients are equal. 


. The same line. 


a.8.a. = @.8.a. 
of con- 
gruent figures are equal. 


. Equal angles have equal supple- 


ments. 
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STATEMENTS REASONS 
8 23 = 24. 8. If equals are divided by equals 
the quotients are equal. 
9, AAEC =~ ABDC. 9. a.s.a. = a.s.a. 
10. AC = BC. 10. Corresponding parts of congruent 


figures are equal. 


77. Coroutuary. If a triangle is equiangular, tt ts also 
equilateral. 


EXERCISES 
4. At points A and B on line 1, 4 1 and 2 c 


are drawn each equal to 130°. What kind of , ; 
triangle is ABC? 1 
2. In A ABC when CA is extended through 


A and CB is extended through B, equal angles Cc 
are formed with AB. Prove that AABC is 
isosceles. 

3. In AABC, ZBAC = ZCBA. Side CA is 
produced to D and side CB to Eso that AD = BE, 
Why is CD = CE? D 0 Sg 

4, In Ex.3 prove that DB = EA. C 

5. Given ZA = ZB, Z1 = 22. Prove that 
aos AY 

6. Give two converses for the statements in A i EB 
Ex. 5. Prove one of them. 


7. If the base of an isosceles triangle is trisected, and each point 
of trisection is joined to the vertex, prove that the triangle so formed 
is isosceles. 

8 From any point in the bisector of an angle a line is drawn 
making equal angles with the sides of the angle. Prove that the 
triangle thus formed is isosceles, 

9. In Ex. 3, prove that A. AOB is isosceles. 

*10. In the figure for Ex. 3, Z BAC = ZCBA, AE bisects Z DAB 
and DB bisects Z ABE; AE and BD meet at O. Prove that ADOE 
is isosceles. 
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78. More tools for proving segments and angles equal. 
Sections 69 and 76 give us two new ways to prove seg- 
ments and angles equal. 

Tool IV. To prove two segments equal, prove them sides 
opposite equal angles in a triangle. 

Tool V. To prove two angles equal, prove them base 
angles of an isosceles triangle. 


Two More CoNGRUENCE THEOREMS 


79. Two triangles having their sides respectively equal. 
Construct two triangles with sides 3 in., 23 in., and 
2 in. Call one triangle ABC and the other one A’B’C’. 
Superpose AA’B’C’ on AABC. Do you think that two 
triangles are congruent if their sides are respectively 
equal? 

If you imagine AA’B’C’ placed on AABC, can you 
make A’B’ coincide with AB? Why? What angles 
must be equal to make A’C” take the direction of AC? 
Are you told that the angles are equal? 

Since superposition will not do, work the following ex- 
ercises and see if you can discover a method of proving 
the triangles congruent. m 


Ex. 1. In the kite shown in the figure, AC = AC’ Ki 
and CB = C’B. Prove that ZACB = ZBC'’A. 
roe 
Ex. 2. If AC = A’C’, BC= BC’, 
AB = A’B’ howcan you place A ABC 
and A’B’C’ so as to get the figure in / ™ of we 
Ex. 1? a. ae ‘ 


Ex. 3. What auxiliary line must be drawn? 


Ex. 4. After proving ZC = ZC’ as in Ex. 1, how can you prove 
AABCS AABC”? (First figure.) 
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Proposition 5. THEOREM 





80. If the sides of one triangle are equal, respectively, to 
the sides of another, the triangles are congruent. (s.s.s.= 
$.8.8.) 


Given: A ABC and A’B’C’ with AB = A’B’, AC = 
A’C’, BC = BC’. 
Toprove: AA’B’C’ = AABC. 


Plan: Place AA’B’C’ next to AABC so that A’B’ coincides 
with AB, A’ falling on A and C and C’ on opposite sides of AB. 
Show that Z1 = 22, 23 = Z4,andhence ZC = ZC’. 


Proof: 





Se Seo 


STATEMENTS REASONS 


. Place AA’B’C’ next to | 1. Post. 7. 


AABC so that <A’B’ Given AB = A’B’. 

coincides with its equal 

AB, A’ falling on A, and 

C and C”’ on opposite 

sidesof AB. Draw CC’. 
In AACC Z1 =: 22. 2. Given AC = A'C’ (§ 69). 
In ABCC’ 23 = Z4. 3. Given BC = B’C’ ($69): 
Z14+ 28 = 224+ Z4. 4. Ag. 2. 
2) 


Li SC, 5. Ax. 7. 
AABC & AABC’. 6. $.d.8. = S.a.s. 
AABC™ AA’B'C’ Go. ote 


Note. — Reasons must be stated in full. 
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Discussion: What difference is 
there in the proof, if A’C’ is made 
to coincide with AC? Why is Z1= 
£22? Why is 23 = 24? Then 
why is ZABC = ZA’B'C’? Write 
out the proof, using this figure. 





EXERCISES 


1. If you nail three strips of wood together so as to form a triangle, 
using only one nail at each joint, is the frame 
rigid, or can it be changed into different 
shapes by exerting pressure upon it? 

In the same way, if you nail four strips of 
wood together, as shown in the drawing, can 
this frame so made be changed into different 
shapes by exerting pressure upon it? 

Show that the fact that a triangular frame 
is rigidly fixed when its three sides are of 
fixed length follows from Prop. 5. 





2. In the kite shown, if A APB and AQB are B 

isoscel that APBQ & APAQ? 
sceles, can you prove tha Q Q : Lp. % 
8. In Ex. 2, prove that PQ bisects Z APB. Nee 


C 

4. In the figure, AC= AC’, ZBCA= Pa 

ZAC’B = 90°. Prove that 23 = 24 and hence es as 
AY, 


that BC = BC’. Why then is AABCS AABC? 


& Given: Equilateral AABC. M, N, and P 
are mid-points of the sides. P N 
Toprove: AMNP is equilateral. - 


STRAIGHT LINE. FIGURES 83 


Cc 
6. Given: AC = AD. 
BC = BD. A B 
Toprove: AB bisects Z DAC. 
‘D 


7. Prove that the median to the base of an isosceles triangie bisects 
the vertex angle. 


8. If the opposite sides of a quadrilateral (polygon having four 
sides) are equal, the opposite angles are equal. 


*9, Prove that two right triangles are congruent if the hypotenuse 
(side opposite the right angle) and side of one are equal respectively 
to the hypotenuse and side of the other. 


|Hrnt. — Place the triangles as in the figure for Ex. 4. 


*10. If the opposite sides of a quadrilateral (see Exercise 8) ABCD 
are equal, the line segment connecting A and C is bisected by BD. 


*11. Each of three students worked a problem at the blackboard. 
On taking their seats each discovered an error in a problem and each 
raised his hand to correct the error. Assuming that no one discovered 
an error in his own problem, what is the greatest possible number of 
problems correct? 


81. In a right triangle the side opposite the right angle 
is called the hypotenuse; the other sides are called the 
legs. 


82. Congruent right triangles. ABC and A’B’C’ are 
right triangles with hypotenuse AB equal to hypotenuse 
A’B’; and leg AC equal to 
leg A’C’. If you place the 
triangles as in the figure for 
Ex. 4, page 82, do you think 
you can prove them con- 
gruent? ‘Try before reading the proof on the next page. 


A 


Cc B Cc B’ 
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PRoposiITION 6. THEOREM 


83. Two right triangles are congruent if the hypotenuse 
and a side of one are equal, respectively, to the hypotenuse 
and a side of the other. (hyp. side = hyp. side.) 


Cc’ 


aN 


C B C’ B’ C 

Given: Right A ABC and A’B’C’ with 4C and C’ 
right angles, AC = A’C’, AB = A’B’. 

Toprove: AA’B’C’ = AABC. 


A A A 





Plan: 


1. Place the triangles as in § 80 and draw CC’. 
2. Since AACC’ is isosceles, 21 = 22 (§69). Then 
ABCC’ is isosceles (§§ 39 and 76). 


Proof: 





STATEMENTS REASONS 
1. Place AA’B’C’ next to AABC so | 1. Post. 7. 
that A’B’ coincides with its equal Given AB = A'B’, 
AB, A’ on A. Let Cand C’ fall on 
opposite sidesof AB. DrawCC’. 


2. AC’ = AC. 2. Given AC = A'C’. 
3. Z1l= 22. 3. § 69. 

4, Z3 = ZA. 4, §39. 

5. BC = BC’. 5. § 76. 

6. «. AABC 2 AABC". 6. 8.8.5. = 8.8.8. 

7. «. AABC & AA‘B'E’.: 7. Az. 7. 
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EXERCISES 


1. AD= BC and Js DE and BF to AC 
are equal. Prove that AF = CE. 

2. With the data given in Ex. 1, prove 
DC = AB. 

3. Two triangles ABC and A’B’C’ have AB = A’B’, ZA = ZA’, 
and altitude AD = altitude A’D’. Prove that 
AABCEz AA'BC'. 

4. In AABC, CM is a median, BEL CM 
at L, AD 1 CM produced at D, and BE= AD. 4 

» Prove that EAL = MD. 

5. If the altitudes to two sides of a triangle are equal, the triangie 
is isosceles. 

6. Any two altitudes of an equilateral triangle 
are equal. 

7 Given AE L BC,and BDL AC; AD= BE. 
Prove that AA BC is isosceles. A 


> 

S 
& 

Q 


B 


iw) 
S 
Q = 
& 


8 If 4C = BD, and 4A and B are right 
angles, prove that AD= BC, 


l 


A B 


9. If the perpendiculars drawn from the points of trisection of a side 
of a triangle to the other two sides are equal, the triangle is isosceles. 
10. If from a point within an angle perpendiculars drawn to the 
sides of the angle are equal, the point lies on the bisector of the angle. 
11. A line through any point within an angle, perpendicular to the 
bisector of the angle, makes equal angles with the 
sides. 
*12. Given: BE = CE. B 
ADE is astraight line 
Z1= 22. 
Toprove: 723= Z4. 
*13. If AD = BC, AB= CD, Z1= Z2, and 


AC is a straight line, prove that DE = BF. [NERF 


*14, Inthe same figure if AB = CD, AE = CF, 
23 = L4,then Z1= 22, ge, 


<> 
Q 


Q 


KA 
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84. The proof of an original exercise can be discovered 
by analysis. You have seen that, in order to prove 
that two segments or two angles are equal, we try to 
show that they are corresponding parts of congruent 
triangles, or that they are sides or angles in an isosceles 
triangle. It sometimes happens that they cannot imme- 
diately be proved equal. A process for discovering with 
what step to begin a proof is called an analysis. 

The steps of an analysis may be expressed symbolically 
as follows: If A is to be proved, reason thus: A will be 
true if B can be proved true; B will be true if C can 
be proved true; C follows if D can be proved true; but 
D is given true; hence begin by proving that C is true. 

Read carefully the analysis of the following exercise. 


Given: AC = BC, Ois any point such that AO = BO. 
To prove: COD 1 AB. 


Analysis: 1. CD willbe 1 ABif ZCDA = ZBDC. 

2. ZCDA will be equal to ZBDC if Cc 
AADO = ABDO. 

3. AMADO will be congruent to ABDO 
if 21 = 22. 

4. Z1 will be equal to 22if 23 = £4 Az 
(§ 40). 

5. Z3 will be equal to 24 if AAOC ~ ABOC. 

6. But AAOC = ABOC. (s.s.s. = 8.8.8.) 

Now reverse the steps and, beginning with 6, prove 
AAOC = ABOC, thus making 23 = 24. Then show 
that 21 = Z2and hence AADO ~ ABDO. 

85. Tool VI. If sufficient data are not given to prove 
two triangles directly congruent, prove the congruence of 
another pair which will give the needed data. 
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to) 
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EXERCISES 
1. Given: AP = PB, AQ = QB. 
To prove: AR = RB. 


Succestions. — Think: “1. I can prove AR= 4 
RB if I can prove AARP = ABRP. 
2. Ican prove AARP ~ABRP if I can prove 
23 = £4, 
3. Ican prove 23 = 24 if Ican prove AAPQ ~ ABPQ.” 
Reverse the steps and write the proof by first proving AAPQ ~ ABPQ. 
Write out an analysis of the follewing: 


2. Given: AC = BC, AD= DB, O is any point Cc 


on CD. 
To prove: AO = BO. A 


Succgstions. — 1. Will AO equal BO if AADO~ 4 D = 
ABDO? 

2. Will AADO be congruent to ABDO if Z1 = 22? How can you 
prove Z1 = £2? 

3. Given: AD = BC, AB= DC, AM = MC 
EF and AC straight lines. 


Toprove: EM = MF. a 


Succestions. — Think: “1. EMwillequal MF A F 
if Ican prove AAMF ~ ACME. 
2. These A will be congruent ifIcan prove 41 = 22. 
3. £1 will equal 22 if what triangles are congruent?” 
4. Given: AC = BC, AE = DB. 
To prove: ADCE isosceles. 


Lb, 
Vv 


ye 


ry 


5. Inthe same figure: 
Given: AC = BC, Z1= Z2. 
To prove: AE = BD. 

6. Given: Z1= 22,AE= DB. 
To prove: 23 = 24. 

7. Inthe same figure: 
Given: AC = BC, Z1= Z2. 
To prove: AD= BE. 
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8. In the same figure: 
Given: AC = BC, AE bisects Z A and BD bisects ZB. 
To prove: AD= BE. 


B 

9. Given: AM = MB, CM = MD; AB, CD, < M~ |, 

and EF are straight lines. 'D 
A 


To prove: EM = MF. 

*10. Given: AE = AD, AB= AC; BDand CE are straight lines, 
To prove: Z1= 22. A 

*11. In the same figure: 


Given: AB= AC, BF = FC, and BD and &£ 
CE are straight lines. F 


To prove: AE = AD. B ¢ 
*12. Given: AD = BC, BD= AC. 
A B 


To prove: ADEC is isosceles. 
*13. In Ex. 12 interchange “AD = BC” pga 
with ‘ ADEC is isosceles”’ and prove the C 


converse thus formed. . 
THEOREMS ABOUT PERPENDICULARS AND PERPENDICULAR 
BISECTORS 
86. The next theorem is: If two points are each equi- 
distant from the ends of a segment, they determine the per- 
pendicular bisector of the segment. 


Given: Segment AB; points P and Q with PA = PB 
and QA = QB, PQ intersects AB at R. 


To prove: AR = RB, and PR 1 AB. 


Analysis: Think: “1. AR will be P 
equal to RB, and Z1 = 22 if I can 3|4 
prove AARP = ABRP. 

2. Ican prove AARP = ABRP, , 112 B 
if I can prove 23 = Z4. 

3. I can prove 23 = 24 if I can Q 


prove AAPQ = ABPQ.” 
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ProposiTIon 7. THEOREM 
87. If two points are each equidistant from the ends of a 


segment, they determine the perpendicular bisector of the 
segment. 


Given: Segment AB; P and Q with PA = PB,QA = 
QB; PQ intersects AB in FR. 
Toprove: AR = RB, PQ 1 AB. 





Plan: 
1. Prove AAQP ~ ABQP. 8.8.8. = 8.8.8. 
2. Why does 23 = 24? § 58. 


3. Prove AARP=2 ABRP. _ 5.a.s. = 8.4.8. 
4. If Z1 = 22,isPR1 AB? 

Why? 
Write the proof in full. 


Discussion: Could the figure at the right Lv 
be used in the proof? Why is AAQP& 
ABQP? Then what angles are equal? Jen 


Give the proof. 
88. Tool VII. Prove two angles are right angles by 
showing that they are equal supplementary adjacent angles. 
Tool VIII. Prove that a line 1s the perpendicular bisector 
of a segment by proving that two of its points are equidistant 
from the ends of the segment. 
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Nearly every new proposition will give you an addi- 
tional tool that you can use in solving original exercises. 
Make a list of them as you study geometry. 


EXERCISES 
1. Given: In the figure AC= BC, and AD= BD. %s 
To prove: CD produced is the perpendicular 
bisector of AB. UN 
2. Complete the theorem proved in Ex. 1: If 4 B 
two isosceles triangles are constructed on the same 


base, the line joining their vertices . . 


3. Given: AB = BC = CD= DA. 


To prove: AC L bis. of BD. 7, m 
BD 1 bis. of AC. 
4, Complete the theorem for Ex. 3: If the sides 4 'B 


of a quadrilateral are equal, each diagonal is the... 






5. Write a theorem about the diagonals of the kite 
at the right, then prove it. 


GEoMETRIC DesiGcns In Woop CaRVING 
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PROPOSITION 8. THEOREM 


89. a. Any point on the perpendicular bisector of a seg- 
ment vs equidistant from the ends of the segment. 


Given: P, any point on PV the perpendicular bisector 
of AB. 


To prove: PA = PB. 





Plan: Prove AAPM =~ ABPM. 
Proof: Write the proof. 
b. (Conversely). Any point equidistant from the ends of 
a segment is on the perpendicular bisector of the segment. 
Given: ABand point P, PA = PB. 
Toprove: Pisonthe bis. of AB. 
Plan: 
Think: ‘I can prove P is on the perpen- 
dicular bisector of AB by drawing PAT to 
the mid-point of AB and using the theorem, 
If two points are each equidistant from the 
ends of a segment...” A M B 
Proof: Write in full. 


EXERCISES 


1. Draw a segment AB. Mark a point that is the same distance 
from A and B. Ina similar way mark four other points, some above 
and some below AB. On what line do they lie? 
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2. A robber hid some treasure by the side of a road and equidistant 
from two trees. Show how to find it. 


3. How many isosceles triangles can you draw having the same 
base? Where will the vertices lie? Draw a sketch showing positions 
of the vertices, four above and four below AB. 


4. Find a point on side AC (or AC extended) of A ABC, equidistant 
from A and B. Find such a point also on side BC. 


6. The perpendicular bisector of side AB of AABC intersects AC 
in D, and BC produced in £. Prove that EB = EA and that BD = 
DA, 


MISCELLANEOUS EXERCISES 


1. Are all the bisectors of the angles of an equilateral eae 
equal? Prove it. 


2. If AC = BC, and D, E, and F are the mid- 
points of the sides, prove FD = FE. 


3. Why is a roof sufficiently braced by a board A 


nailed across each pair of rafters? 


4, Why is a span of a bridge in which 
the supporting frame is made as shown in 
the drawing, sufficiently supported? 





6. The drawing shows a part of a bridge, called an inverted king- 
post truss. AB and CD are steel bars 
resting on a plate M. The plate M is 
supported by wire cables EA and ED. 
Why will this structure support a heavy 
weight? 





6. A ABC and A’B’C’ have AC = A’C’, AB = A’B’, and median 
CM = median C’M’. Prove that AABCS AA’B'C’. 


Hint. — First prove A AMC and A’M’C’ congruent. 
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7. How would you construct a line through a given point within 
a given acute angle, so as to form an isosceles triangle with the sides of 
the angle? 


Hint. — First bisect the given angle. What relation would the re- 
quired line have to the bisector? 


90. An exterior angle of a 
polygon is an angle formed by 
one side produced and the ad- 
jacent side. A triangle thus has 
six exterior angles which are 
equal in pairs. 





4 BAC and ACB are spoken of as the interior angles op- 
posite the exterior angles at B. Do vou think ZEBC is 
greater than (>) either Z BAC 
or Z ACB? 

In AABC, if M is the mid- 
point of BC and AM = MD, 
why is AAMC ~ ABDM? 
Why is Z1 = ZC? 

If AB is produced to £, an exterior angle EBC is formed. 
Whyis ZEBC >2Z1 (Ax.6)? 

Thenis ZEBC > ZC (Ax.7)? 


eo 


Grometric Drssicns IN LINOLEUM 
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PROPOSITION 9. 


THEOREM 


91. B. Anecxterior angle of a triangle is greater than either 


opposite interror angle. 


Given: AABC, with exterior angle EBC. 
To prove: ZEBC > ZAand ZEBC > ZC. 





Plan: Prove AACM = ABDM and then compare Z EBC 


with Zland ZC. 
Proof: 


STATEMENTS 


1. Let AMD bisect CB; make | 1. 


AM = MD. 

Draw BD. 
2. AM = MD,CM = MB. 
3. Z2= £3. 
4. AACM =~ ABDM. 
5. Z1= ZC. 
6. But ZEBC > 21. 
7. «.ZEBC > ZC. 


Sa er es 


REASONS 
Post. 8. 


Construction. 
§ 46. 

S.0.8. = 8.0.8. 
§ 58. 

Az. 6. 

Az. 7, 


In the same way, by drawing a line from C through the mid- 
point of AB, prove that ZABF > ZA. Then, since ZABF 
= ZLEBC, ZEBC > ZA. Write the proof in fuil. 
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EXERCISES 


1. In the figure name an exterior angle of 


AABC; of ADBC; of AADB. A 

2. Compare ZDABand ZACB; ZDBE_ c 
and Z BDA. B 

8. Name an exterior angle of AABD; Cc 
of ADBC. 


4. Compare Z2and ZA; Z3and ZC. 


6. If DC = BC, show that Z1>Z4A4. 4 B 


CONSTRUCTIONS 


In Unit I you made several geometric constructions. 
We shall now prove that these constructions are correct. 


Construction I 


92. To construct the perpendicular bisector of a segment. 

Given: Segment AB. 

Required: Construct L bis. of AB. 

Construction: 1. With A as a center and 
with any radius more than half AB, draw 
an arc. 

2. With B as a center and with the 
same radius, draw an arc intersecting this 
arc in P and Q. 

3. Draw PQ intersecting A Bin M. 

4. PQ is the required line. 





Proof: 
STATEMENTS REASONS 
1. PA = PB,QA = QB. 1. Equal circles have equal radii. 
2. PQisthe L bis. of AB. 2. If two points are equidistant from 


the ends of a segment they de- 
termine the perpendicular bi- 
sector of the segment. 
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Of course this construction includes the construction studied 
in § 21: To bisect a line segment. 

In a similar way prove the correctness of the constructions 
below. 


Construction II 
93. To construct an angle equal to a given angle. 


In § 24 a construction is given for copying an angle equal 
to a given angle. To prove that ZA’ = ZA, draw PQ and 
P’Q’ and prove that APAQ = AP’A’Q’, and hence that 
ZA’ = ZA. (See figure in § 24.) 


Construction III 


94. To construct a perpendicular to a line at a given point on 
the line. 


Given: Line 1; point P on l. 

Required: Construct a | tolat P. 

Construction: 1. With P as center 
and any radius draw an arc inter- 
secting | at Q and R. 

2. With Q and R as centers and 
any radius more than half QR draw arcs intersecting at S. 

3. Draw SP. 

4. SP is the required perpendicular. 

Write the proof. 


Hint. — Use § 87. 





ConstrucTION IV 


95. To construct a perpendicular to a given line from a given 
outside pornt. 


Given: Line AB and outside point P. 
Required: To construct a perpendicular from P to AB. 
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Construction: 1. With P as center and any radius sufficiently 
great, draw an are cutting AB at X and Y. 

2. With X and Y as centers and any 
radius more than half XY draw arcs 
intersecting at Q. 

3. Draw PQ. 

4. Then PQ is the required perpen- , 
dicular. 

Proof: Use § 87. 

Write the proof in full. 





CONSTRUCTION V 
96. To construct the bisector of an angle. 
Prove that the construction given for bisecting an angle 
(§ 33) is correct. 
Succestion. — Draw QS and RS and then prove APQS = APRS. 


The following theorem is based on Proposition 9 and Con- 
structions III and IV: 


97. B. One and only one perpendicular can be drawn to a 
given line through a given point. (Prop. 10.) 

Proof: Let PQ be 1 l and PR be any other line through P. 
Then in Fig. 1, Z1 > Z2 ($91). But Z1 = 90° (PQ 1 Il). 
Therefore P£ is not perpendicular tol. (§ 26.) 


P R 


l 1 l 
R Q 
Fic. 1 Fic. 2 
In Fig. 2, Z1> 22 (Ax. 6). But 21= 90° (§ 26.) 
Hence PR is not perpendicular tol. (§ 26.) 
There follows from these a fifth congruence theorem. The 
proof is by superposition. Read it carefully. 
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98. B. Two right triangles are congruent if the hypotenuse and 
adjacent angle of one are equal, respectively, to the hypotenuse 
and adjacent angle of the other. (Prop. 11.) 

Given: AABC and A’BC’; B B’ 
4C and C’ right angles; AB = 
A'B’; LA= LA’. 

Toprove: AA’B’C’ = AABC. 

Plan: Superposition. 


7 


A C A Cc 


STATEMENTS REASONS 
. Place AA’B’C’ on AABC so that | 1. Pose. 7. 
ZA’ coincides with its equal ZA, 
A’C’ falling along AC and A’B’ 


—_ 


along AB. 
2. B’ willfall on B. 2. A’B’ = AB, given. 
3. B’C’ will fall along BC. 3. § 97. 
4. C’willfallonC. 4. Post. 2. 
5. AA’B'C’ = AABC. 5. § 54. 


99. By the distance from a point to a line we mean tht dis- 
tance measured on the perpendicular from the point to the line. 


It is not possible to find in all geometry more difficult 
and more intricate questions or more simple and lucid 
explanations than those given by Archimedes. Some 
ascribe this to his natural genius; while others think that 
incredible effort and toil produced these, to all appearance, 


easy and unlaboured results. No amount of investigation 
of yours would succeed in attaining the proof, and yet, 
once seen, you immediately believe you would have dis- 
covered it; by so smooth and so rapid a path he leads you 
to the conclusion required. — Plutarch 

Life of Marcellus (Dryden) 
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PROPOSITION 12. THEOREM 


100. a. Any point in the bisector of an angle is equi- 
distant from the sides of the angle. 


R 
P 


y Q 


Given: ZA, P any point on AP the bisector of ZA; 
PQ 1 AQ, PR 1 AR. 
To prove: PQ = PR. 





Plan: Prove AAPR & AAPQ. 

Proof: Write in full. 

b. (Conversely.) Any point equidistant from the sides of an 
angle is on the bisector of the angle. 

Given: 2 A,and point PwithPR L AR 
and PQ L AQ, PR = PQ. 

To prove: P lieson the bisector of ZA. 

Plan: Draw AP and prove the triangles 4 
congruent. 





EXERCISES 
1. Draw a large acute triangle and construct its three altitudes. 
2. Draw a line AB on your paper and *P 
from a point P placed as at the right construct 
a perpendicular to AB. A———_——--B 


8. Draw a large obtuse triangle and construct its three altitudes. 
Do the altitudes from the vertices of the acute angles meet the opposite 
side, or the opposite side produced? Do the altitudes seem to be con- 
current? 
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4. Draw aright triangle. Construct the altitude from the vertex 
of one of the acute angles. Where does it fall? 


6. Draw an angle and construct an angle equal to it. 

6. Draw an angle and construct lines dividing it into four equal 
parts. 

7. Draw a large triangle and construct the perpendicular bisectors 
of its sides. 


8 Construct the medians of a triangle. Do they seem to be con- 
current? 


9. If a carpenter wishes to mark a line that 
will cut two converging boards at equal angles, 
he places two steel squares against the boards, 
as shown in the drawing, and adjusts them so that 
AC = BC. Prove that the line AB then makes 
equal angles with the edges of the two boards. 

10. A carpenter can bisect an angle BAC with 
his steel square by marking off AC and AB of 
equal length on the sides of the angle, and 





then piacing his square so that MC = MB, c 
as shown in the drawing. Then he marks a M 
the point M at the heel of the square, and 


draws AM. Provethat AM bisects Z BAC. B 


’ 11. The accuracy of the right angle of 
a triangle can be tested by drawing a per- 
pendicular to a line AB, using position I as 
in the figure, then turning the triangle over 
to position II to see if the perpendicular 
coincides with the edge of the triangle in its new position. Why 
should they? 





INDIRECT PROOF 


101. In the direct proof, which we have used thus far, 
we have put together known truths, (the hypothesis, 
definitions, axioms, previously proved theorems, etc.) 
and have thus, step by step, developed a proof. 
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The indirect method of proof is a kind of proof that 
we frequently use in everyday reasoning. See how it is 
used in the following example: 


Charles and Jack were playing ping-pong. Charles claimed 
that a ball that he served hit the further edge of the table top. 
The boys agreed that the ball passed over the center of the net 
and did not touch it. Charles used the indirect method of 
proof in showing that his contention was correct: 


Charles: The ball either hit the table top, or else it did not. 

Jack: Those are the only possibilities. 

Charles: You claim that it did not. Let us suppose that 
you are right and that the ball did not touch the table on your 
side. Then it would have gone straight until it hit the wall 
or floor. 

Jack: I must admit that. 

Charles: But it did not go straight. It was sharply de- 
flected to the left. Hence it must have been deflected by 
something. You agree that there was nothing but the table 
top to deflect it. 

Jack: Youwin! It’s your point. 


102. Charles used three important features of the 
method of indirect proof. 

When he said: “‘ The ball either hit the table top or it 
did not ” he used the principle: 


1. Of two contradictory propositions, one must be true 
and the other must be false. ‘There is no middle ground, no 
third possibility. In logic this is called the law of eax- 
cluded middle. 

2. When he said: ‘‘ Let us suppose that you are right ”’ 
he was assuming, temporarily, the truth of a statement he 
felt to be false. 
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Finally he showed that Jack was wrong by the principle: 


3. If the conclusion of a correct line of reasoning 1s shown 
to be false, then the hypothesis from which the conclusion 
follows must be false. 


Thus, from the hypothesis that the ball did not touch 
the table we have the conclusion: then it must have gone 
straight. But this conclusion is known to be false. 
Hence the hypothesis must be false. 


Euclid (330~-275 3B.c.) was the first author of a text- 
book on geometry, which was a part of a book called 
The Elements. He used the indirect proof in proving 


-his sixth proposition, which was, “If two angles of a 
triangle are equal, the sides opposite are equal.” 





103. Indirect proof in geometry. T'wo lines perpen- 
dicular to the same line do not intersect. 


Given: 1 1 é,l’ 11. t 
To prove: / does not intersect l’. l weit 
Plan: Indirect method. Uf pee 
Proof: 

STATEMENTS REASONS 


1. Either 2 does not intersect l’ or 1} 1. § 102 (1). 
intersects l’. 

2. Assume that I intersects l’ at P.| 2. §97. 
Then from P there are two per- 
pendiculars to é¢. But this is im- 
possible. 

3. Hence the hypothesis ‘“ 1 intersects l’” | 3. § 102 (3). 
is false. 

4. Therefore / does not intersect l’. 4. § 102 (1). 
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EXERCISES 
Prove the following by the indirect method. 
1. If two angles of a triangle are un- Cc 
equal the sides opposite are unequal. 
Given: AABC; ZA# ZB. 
To prove: AC ¥ BC. A B 


Hint. — Either AC = BC, or AC ~# BC. Show that the assumption 
“AC = BC” leads to a contradiction of the given fact, ZA ~ ZB. 


2. If two sides of a triangle are unequal, the angles opposite are 
unequal. 


3. A triangle cannot have two right angles. 


Hint. — It either has two right angles or it has not. Show why the 
first possibility contradicts § 97. 


4. A base angle of an isosceles triangle cannot be a right angle. 

5. If one angle of a triangle is 100°, the other angles must each 
be less than 80°. (Draw the exterior angle at the vertex of the 100° 
angle and use § 91.) 

6. If M is the mid-point of AB and PM 
is not | AB, prove PA is not equal to PB. 
(Draw PA and PB and suppose they are 
equal. Then show by congruent triangles 
that your hypothesis is contradicted.) 

7. Given: AB = AC. 

BP is not equal to PC. 


To prove: AP does not bisect Z A. 
8. If a triangle has one obtuse angle, 4 


the other angles are acute. (Assume that 
it has two obtuse angles and use § 91.) 





9. If a triangle is not isosceles, the bisector of an angle is not 
perpendicular to the opposite side. 
10. If the median to the base of a triangle does not meet the base 
at right angles, the other two sides are not equal. 
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11. If two sides of one triangle are equal, respectively, to two 
sides of another triangle, prove that, if their included angles are not 
equal, then their third sides are not equal. 

*12. Prove the theorem in § 76 by the indirect method. 


Suacestions. — Either CA = CB or CA # CB. If CA + CB, either 
CA<CB or CA >CB. If CA < CB, take CX on CB =CA. Then 
what do you know about 4 VAC and CXA (§69)? About 4 CXA and 
CBA (§91)? Then what contradiction is involved in the comparison of 
ZXAC and ZBAC (Ax. 6)? 


*13. See if you can figure this out: Three students, A, B, and C sat 
talking. Two were sophomores and one was a freshman. The follow- 
ing conversation took place: 


A. (Makes a remark that B does not hear.) 
B. (Speaking to C) ‘‘ What did A say?” 
C. “A said that he was a freshman.” 


Assuming that the sophomores always tell the truth and that the 
freshman never does, which of the three was a freshman? 


104. Parallel (||) lines are lines that lie in the same 
plane and do not meet however far produced. 

There are lines which do not meet and still are not 
parallel. Thus, the line between the front wall of a room 
and the floor, and that between the side wall and ceiling 
do not meet and are not parallel. But, of course, they 
are not in the same plane. Can you hold two rulers so 
that they will not meet (even if produced), and are not 
parallel? 


105. PosruLate 11. Two lines in the same plane must 
either be parallel or they must intersect. 


106. PostuLaTE 12. Through a given outside point 
there can be one and only one parallel to a given line. 


Nots. — The words, in the same plane, are always understood in plane' 
geometry. 
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PROPOSITION 13. THEOREM 


107. Two lines in the same plane perpendicular to the 
same line are parallel. 


A 


Cc 


E 


B 


Given: CD 1 AB; EF 1 AB. 
To prove: CD || EF. 





Plan: Use the indirect method. 











Proof: 
STATEMENTS KEASONS 

1. CD and EF either meet or are .. 1. $105. 

2. Suppose they meet at point P. | 2. Given,CD 1 AB, 
Then from P there are two per- EF 1 AB. 
pendiculars to AB. 

3. But this is impossible. 3. $97. 

4. «.CD || EF. 4. $105. 


108. The next theorem is the converse of the one above. 


PROPOSITION 13 CONVERSE 
Given: CD 1 AB Given: CD 1 AB 
EF | AB CD | EF 
To prove: CD || EF. Toprove: EF | AB 


In proving this converse use the indirect method. 
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Proposition 14. THEOREM 


109. If a line is perpendicular to one of two parallel lines, 
it is perpendicular to the other also. 


Given: CD || EF; CD 1 AB. 
To prove: EF | AB. 





Plan: Indirect method of proof. 
Proof: 





STATEMENTS REASONS 
1. EF iseither | ABoritisnot 1 AB. | 1. Only two possibili- 


ties. 


2. If EF is not 1 AB, suppose that EX | 2. §97. 
1 AB. 
3. Then EX || CD. 3. § 107. 
4. But EF || CD. 4. Given. 
5. It is impossible for both EF and EX | 5. § 106. 
to be || CD. 
6. Hence our assumption that EF is | 6. § 102 (3). 


not | AB is wrong, and the only 
other possibility, EF t AB must 
be true. 


Discussion: You have now seen several examples of the use 
of the indirect method of proof. The method really consists of 
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supposing that the theorem is not true and then proving that 
the supposition leads to a contradiction of a known truth. For 
this reason this method of proof has been called by the Latin 
term, reductio ad absurdum, meaning reduction to an absurdity. 


110. Summary of the work of Unit Two. In Unit Two 
you have learned: 


I. You can prove two triangles are congruent by 
proving that: 


IT. 


1. 


They have two sides and the included angle of 
one equal, respectively, to two sides and the 
included angle of the other. 


They have two angles and the included side of 
one equal, respectively, to two angles and the 
included side of the other. 


They have the sides of one equal, respectively, to 
the sides of the other. 


They are right triangles having the hypotenuse 
and a side of one equal to the hypotenuse and a 
side of the other. 


They are right triangles having the hypotenuse 
and an adjacent angle of one equal to the hy- 
potenuse and an adjacent angle of the other. 


You can prove any two segments are equal by 
proving that: 


1. They are corresponding sides of congruent 


jigures. 


2. They are sides opposite equal angles in the 


same triangle. 


108 
III. 


IV. 


VI. 
VII. 
VIII. 
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You can prove any two angles are equal by prov- 
ing that: 


1. 


~ 


They are corresponding angles of congruent 
figures. 

They are complements or supplements of equal 
angles. 

They are base angles in an isosceles triangle. 
They are vertical angles. 

They are equal to a straight angle, or a right 
angle. 


You can prove any two lines are parallel by prov- 
ing that: 


1. 


They are perpendicular to the same line. 


To prove that the methods used in Unit One for 
making the following constructions are correct: 


1. 


2. 
3. 


4. 


5. 


To construct the perpendicular bisector of a 
segment. 

To construct an angle equal to a given angle. 

To construct a perpendicular to a line at a given 
pornt of the line. 

To construct a perpendicular to a given line 
from a given outside point. 

To construct the bisector of an angle. 


The meaning of converse theorems. § 74. 


The use of geometric analysis. § 84. 


Indirect proof and how to use it. §§ 101-102. 
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REVIEW OF THE SECOND UNIT 


See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference is made. Then study 
that section before taking the tests. The references given ure those most 
closely related to the exercise. 


1. Write the five theorems which may be used to prove triangles 
congruent. §§ 64, 65, 80, 83, 98. 

2. Which of the theorems that you have had can be used to prove 
two angles equal? List them and then consult the following sections 
to see if you have them all: §§ 64, 65, 69, 80, 83, 98. 

3. What theorem can be used to prove angles unequal? § 91. 

4. See if you can list seven theorems to prove that two line seg- 
ments are equal. §§ 64, 65, 76, 80, 83, 89, 98. 

5. Of what does a demonstration consist? § 63. 

6. See how many of the study aids given in § 66 you can write out. 
Read the section over again and correct your list. 

7. What is meant by a geometric proof? § 63. 

8. What is the side opposite the right angle in a right triangle 
called? What are the other sides called? § 81. 

9. What are the legs of an isosceles triangle? § 14. 

10. Draw a triangle and construct one of its medians. How many 
hasit? § 73. 

11. Draw an obtuse triangle and construct its three altitudes. 
§ 95. 

12. How many conditions can you impose on an auxiliary line 
that you construct? § 68. 

13. State four pairs of conditions such that any one of the pairs 
may be imposed on an auxiliary line. 

14. Write out the methods that may be used to prove segments 
and angles equal. Consult § 110, II, III, to see if you have them 
all. 

15. Write out the theorems about perpendiculars. §§ 87, 97, 107, 
109. 

16. Tell how an analysis of an exercise is made. How do you 
obtain a proof from an analysis? § 84. 

17. What are the three general steps in an indirect proof? § 102. 

18. How does an indirect proof differ from a direct proof? § 101. 
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19. On what two principles does an indirect proof depend? § 102. 

20. Write the two postulates about parallel lines. §§ 105, 106. 

21. First, write each theorem indicated, in the form using “ if ” 
and “then.” Second, indicate the hypothesis and conclusion. Third, 
write the converse or converses of the theorem. 


a. The theorem in Ex. 11, page 112. 
. The theorem in Ex. 12, page 112. 
The theorem in Ex. 13, page 112. 
. A statement whose converse is true. 
A statement whose converse is false. 


Oo 


ef Ao 


Complete the following : 


22. An exterior angle of a triangle........ § 91. 

23. One and only one perpendicular ......... § 97. 

24. An equiangular triangle is also ......... § 77. 

25. If two angles of a triangle are equal ......... § 76. 
26. A corollary is a theorem ......... § 70. 


27. Can you draw one straight line through any three points? § 68. 

28. From any given point P can you draw a line bisecting a given 
angleC? Why? §68. 

29. Can you construct from any given point P the perpendicular 
bisector of a given segment AB? Why? §68. 


For Ex. 30-32, see § 107. 


mer AA 


30. What geometric principle is used in drawing parallel lines by 
means of a T-square? 

31. What principle does a carpenter use when he marks off parallel 
lines on a board by moving one blade of his square along an edge and 
marking along the other? 

32. Explain how parallel lines may be drawn with a drawing 
triangle. Why are the lines drawn parallel? 
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MAINTAINING SKILLS IN MATHEMATICS 


(See Review of Arithmetic and Algebra, pages 450-467.) 


1. The length of a rectangle is 14.7 and the 


width is 7.92. Its area is 
2. 5% lb. = OZ. 





3. What per cent of the square is marked A? 
What per cent is marked B? What per cent is not 


marked? 
Solve for x: 
4. .3x = 30 5. 
7. 3x = 16 8. 
Find: 
10. (— 2a)? (4ab?) 11. 
13. (tc — 4) (@— 2) 14. 


16. (8c — 4) (2x — 1) 
18. (4x — 5) (4x + 5) 


Factor: 


20. 
22. 
24. 
26. 
28. 
30. 


32 — £ 

— 4+ 2 
m2 — n2 

x2? + 2x — 15 
on? — 19n — 4 
6a2-+- a— 2 


Reduce to lowest terms: 
3 (a+ b) 
"9 (a+ bd) 
re 4x + Ay 
6x — by 
v—4r+ 3 
z— 34+2 


32 





36. 








1.4% = .98 6.4% = 7-2 
5x = 1.6 9,12 = 7.5 
— 2a? (462) 12. — 3xry? (— 2y) 


(e+ 1) (@@+3) 15. (x — 2) (e+ 3) 
17. (2x + 1) (2x + 3) 
19. (x? — 1) (42+ 1) 


21. 4a? — 2a 

23. x2 ++ 14txr-} 48 
25. + 
27. 22 — 2x — 15 

29. a + a? — 20a 

31. (a — b)?— 3 (a — Bb) 


— 72 


(= b)s 
(a — b) (a+ 6) 
n2— 9 
nt — 6n-+ 9 
n§ — 2n2+ 1 
ni— ne 


33. 


35. 


37. 
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GENERAL EXERCISES 

1. If the equal sides AC and BC of an isosceles triangle are pro- 
duced through the vertex C' to points D and E, respectively, so that 
CD = CE, prove that DB = EA. Cc 

2. If A ABC is equilateral, and 4P = BR= 
CQ, prove that APQR is equilateral. 

3. In the same figure, if APQR is equilateral, =p 
and ZPRA = ZRQB = ZQPC, prove that 
AABC is equilateral. a Rr 2 

4. Two right triangles are congruent if the legs of one are, re- 
spectively, equal to the legs of the other. 

5. Prove that the bisectors of the exterior angles at the base of an 
isosceles triangle form with the base an isosceles triangle. 

6. If the diagonals of a quadrilateral bisect each other, the opposite 
sides are equal. 

7. Corresponding medians of congruent triangles are equal. 

8. The perpendicular bisectors of sides AB and BC of A ABC meet 
in O. Show that OA = OB = OC. 

PRACTICE TESTS 

Try to do the exercises without referring to the text. If you miss 

any question look up the reference and study it before taking other tests. 


Q 


TESTS ON UNIT TWO 
TEST ONE 


Numerical Exercises 


1. One angle of an equilateral triangle is 60°. How many degrees 
in each of the other angles? § 71. 

2. ABC is an isosceles triangle with AB = AC. If ZB is 50°, how 
many degrees in the supplement of ZC? § 69. 

3. Three towns, A, B, and C, are so situated that C lies on the 
perpendicular bisector of the segment joining 4 and B. If C is 8 miles 
from A, how far is it from B? § 89. 

4. An angle of a triangle is 36°. How large is the exterior angle at 
this vertex? § 91. 

5. In AABC, AB = 12 in., ZB = 55°, and AC = 12 in. How 
large is ZC? § 69. 
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6. In AABC, AB = 12 in., AC = 6 in., ZA = 35°, BC = 8 in. 
In ADEFP, FE = 12 in., DE = 8 in., and DF = 6 in. How large is 
ZF? §80. 

7. The angles of a triangle are 40°, 60°, and 80°. How many 
degrees in the largest exterior angle? § 91. 


8. i||v’. Howlargeis 21? § 109. 90° | 


9. In AABC, ZA = 75° and ZC = 60°.. The number of degrees 

in the exterior angle at B must be greater than what number? § 91. 
10. Triangle ABC has AB = 14 in., ZB= 45°, BC = 10 in, 
and ZC = 90°. Triangle DEF has Z D = 90°, Z E = 45°, and EF = 
14in. Howlongis DE? $98. 5 ” 


11. AB= BC=CD= AD. If DO=6 in., o 
how long is DB? § 87. ax 


A B 


12. Cison the perpendicular bisector of line segment AB. If AC = 
15in., howlongis BC? § 89. 


TEST TWO 
Supplying Reasons 


Supply axioms, postulates, definitions, or theorems as reasons for the 
statements below. 


1. Triangles ABC and DEF are right triangles and AB and DE, 
the hypotenuses, are equal. If AC = DF, the triangles are con- 
gruent. § S83. 

2. In A ABC, 4 A and B each are complementary to 50°. There- 
fore triangle ABC isisosceles. § 76. 

3. In AABC, with BC = AC, AM and BN are medians. Then 
BM= AN. Ax. 5. 

4. If A ABC and ABD have AC = AD and BC = BD, they 
arecongruent. § 80. 
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5&. Given: MA = MB, NA=WNB. Conclusion: MN 1 AB. 
§ 87. Cc 


6. Inthe figure, Z1> 22. §91. D 


7. Inthe same figure: Given: 22 = ZB. 
Conclusion: AD= BD. § 76. A B 


8 Given: AABC; AC= BC; AEL BC, BDL AC. Con- 
clusion: AABD™ AABE. §98. 
9. Given: PAM L bisector of AB; Q is any point on PM. Con- 
clusion: QA = QB. § 89. 
10. Given: /||l’; 11 ¢. Conclusion: I’ 1 t. § 109. 
11. Given: 1/1 ¢,l’ 1 ¢. Conclusion: {| i’. § 107. 
12. Given: PM 1 MR. Conclusion: PRisnot L MR. § 97. 


TEST THREE 
Multiple-Choice Statements 


From the expressions printed in italics select that one which best com- 
pletes the statement. 


1. An exterior angle of a triangle is an obtuse angle, supplementary 
to an opposite interior angle, greater than an opposite interior angle. 
§ 91. 

2. The perpendicular to a segment at its mid-point ts an altitude, 
contains all points equidistant from the ends of the segment. § 89. 

3. In an obtuse triangle, one, two, three altitudes always lie outside 
the triangle. 

4. In an isosceles triangle the angles opposite the equal sides are 
supplementary, complementary, equal. § 69. 

5. The triangle is much used in constructing buildings, bridges, 
etc., because it is easy to make, a rigid figure. § SO. 

6. The line from any vertex of a triangle to the mid-point of the 
opposite side is called the perpendicular bisector, median, altitude. § 73. 

7. If the bisector of an angle of a triangle is perpendicular to the 
opposite side, the triangle is zsosceles, a right triangle. § 65. 

8. If the opposite sides of a quadrilateral are equal, a diagonal 
bisects two angles of the quadrilateral, divides the quadrilateral into two 
congruent triangles, 1s perpendicular to the other diagonal. § 80. 
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9. The number of converses a given theorem can have is one, 
more than one, as many as you please. § 74. 
10. If a theorem is true, a converse of it may, must be true. § 7-4. 
11. A point not on the perpendicular bisector of a segment may be, 
is not equidistant from the ends of the segment. § 89. 
12. In an indirect proof a statement that contradicts the hypothesis 
is shown to be false, true. § 102. 


CUMULATIVE TESTS ON THE FIRST TWO UNITS 
TEST FOUR 
Numerical Exercises 


1. Triangle ABC has AB = 16 in., BC = 7 in., CA = 14 in., and 
ZC = 93° If ADEF has DE = 7 in., Z E = 93°, and EF = 14in., 
how large is DF? § 64. 

2. If 4 x and y are complementary, and Zz — Zy = 35°, how 
largearexand y? § 38. 

3. Four angles make up all the angular magnitude about a point. 
If the first is half the second, the third is 20° more than the second, and 
the fourth is 50° less than three times the third, how many degrees 
ineachangle? § 34. 

4. Through how many degrees does the minute hand of a clock 
revolveinonehour? § 34. 

6. How many straight lines can be drawn through two points? 
Post. 3. 

6. How large is an angle which equals its complement? § 38, 

7. How large is an angle which is 11 times its supplement? § 38. 

8. If one of the four angles about a point made by two intersect- 
ing lines is 114° 48’, how large is each of the others? §§ 46, 38. 

9. How many degrees in the angle formed by the hands of a 
clock at 6 o’clock? § 34. 

10. A certain angle contains a degrees. Give a formula for the 
number of degrees in itssupplement. § 38. 

11. What kind of an angle is less than itssupplement? § 29. 

12. Of two supplementary angles one is 6° less than twice as large 
astheother. Howlargeiscach? § 38. 
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TEST FIVE 
Completing Statements 
Complete the following statements. 


1. A line drawn from a vertex of a triangle to the mid-point of the 
opposite side is a —————— of the triangle. § 73. 


2. To construct a perpendicular to a segment at its extremity, 
I would firsts —--———— the segment. § 94. 


3. T:wo lines in the same plane can be proved parallel if they are 
to thesameline. § 107. 


4, An ————— angle of a triangle is an angle formed by one 
of a triangle and another side —————.._ § 90. 


6. In studying a theorem in geometry I should attempt to write 
out the proof with the aid of the plan given, and without consulting 
the proof in the book. If I cannot do so, I should read over the 


and try to supply the —————- without looking them up. 
§ 66. 
6. If two straight lines intersect, the —-————— angles are equal. 
§ 46. 
7. An ———-—— triangle is a triangle having two equal 
§ 14. 
8. If two adjacent angles are —————,, their exterior sides lie in 


astraight line. § 51, 6. 


9. Two lines in the same plane must either be —--——— or they 
must intersect. § 105. 


10. If a line is perpendicular to one of two parallel lines, it is 
totheother. § 109. 


11. Jf one of the facts in the hypothesis of a theorem is inter- 
changed with one of the facts in the conclusion, the resulting theorem 
is a ————— of the original. § 74. 


12. If the conclusion of a correct line of reasoning is shown to 
be false, then the hypothesis from which the conclusion follows must 
be ————._ § 102 
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TEST SIX 
True-False Statements 


If a statement is always true, mark it so. If it is not, replace each 
word in italics by a word which will make the statement always true. 


1. The sum of any two sides of a triangle is greater than the third 
side. Post. 4. 


2. Two triangles are congruent if two sides and the acute 
angle of one are equal, respectively, to two sides and the acute 
angle of the other. § 64. 


3. A straight line is determined by two points. Post. 3. 


4, Any point not on the perpendicular bisector of a line segment 
is not equidistant from the extremities of the segment. § 89. 


5. If two triangles have their sides, respectively, equal, their 
corresponding angles areequal. § 80. 


6. If two lines intersect and form right angles, they are per- 
pendicular to each other. § 26. 


7. An equiangular triangle is isosceles. § 76. 


_ 8 We may prove two segments or angles equal by showing that 
they are corresponding parts of congruent triangles. § 58. 


9. In an isosceles triangle, the base angles are supplementary. 
§ 69. 


10. In an isosceles triangle the exterior angle formed by one of 
the equal sides and the base produced is equal to one of the opposite 
interior angles. § 91. 


11. Lines perpendicular to the same line are equal. § 107. 
12. Three of the medians of an equilateral triangle are equal. § 79. 


13. A line drawn from a vertex of a triangle perpendicular to the 
opposite side is called a median. § 72. 


14. A line, no part of which is straight, is called a broken line. § 9. 
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MERCHANDISE Mart, CuHicaco 


Various kinds of geometric figures are combined in the design of this 
modern building. 


UNIT THREE 


PARALLELS AND THE ANGLES FORMED BY THEM; 
‘PARALLELOGRAMS 


111. A transversal of lines. A straight line which in- 
tersects two or more straight lines is called a transversal of 
those lines. Thus FF is a transver- 


salof ABandCD. Eight angles are aie 
formed and are classified as follows: 4 aN 

Z3, 24, 25, and Z6 are called in- : Z 
terior angles, and 21, 22, 47, and ° 3 

Z8 are called exterior angles. F 


Two angles such as 41 and Z5, one interior and one 
exterior, on the same side of the transversal, are called 
corresponding angles. 

Two interior angles such as Z3 and Z5, on opposite 
sides of the transversal, are called alternate interior angles. 

Two angles such as 22 and Z8 are called alternate 
exterior angles. How many pairs of alternate exterior 
angles are there? Name them. 


EXERCISES 


1. In the figure of § 111, what angles are equal? Why? 

2. What angles in the same figure are supplementary? 

3. If 23 is 90° and AB || CD, how many degrees in each of the 
other angles? Explain. 

4. Make a large copy of each of the following capital letters: 
A, E,F,H,N,W,Z. (a) Indicate the transversalineach. (6) Indicate 
the alternate interior angles. (It will be necessary to produce some of 
the lines.) (c) Indicate the corresponding angles. 
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I II Iil 

6. In I, what kind of angles are 1 and 4? 2 and 3? 

6. In II, what kind of angles are6 and 7? 5 and 8? 

7. In III, what kind of angles are 11 and 15? 12 and 14? 9 and 
15? 

8 Draw a figure like that in §111 making 24 = 46 = 50°. 
How large is each of the other angles? What kind of lines do AB and 
CD seem to be? 

9. Repeat Ex. 8 making Z3 = 25 = 70°. 

10. Draw AB || CD and cut by transversal EF. Which of the pairs 
of angles, named as in § 111, seem to be equal? 


11. Ifaandb are cut by transversal 
c, name the alternate interior angles; 
the corresponding angles. 

12. In the same figure, if c and d are 
cut by transversal a, name the alternate 
interior angles; the corresponding angles. 

*13. In the figure of § 111, if ABisnot 
parallel to CD, and if 24 = 50°, can 
Z6= 50°? Why? 

*14. Show by the indirect method that, if AB is parallel to CD, 
a triangle cannot be formed by AB, CD, and a transversal EF. 





112. Alternate interior angles. If line k is parallel to l, 
and transversal ¢ intersects k at A and 1 at B, do you think 
Z1 = 22? If AB is bisected at M, and 
MC is drawn perpendicular to k, and in- 
tersects lat D, why isC'D 1 I? 

Why can you not say: “ Draw MC 
1 kandl’? Do you think the right 
& ACM and BDM are congruent? 
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PROPOSITION 1. THEOREM 






113. If two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 










Given: Parallels k and 1 intersected by transversal ¢ in 
points A and B. 


To prove: Z1= 22. 


Plan: Bisect AB at M and draw MC 1 k. Prove AACM 
~ ABDM. 


Proof: 


STATEMENTS REASONS 
1. From M, the mid-point of AB, draw | 1. § 109. 
MC L k, intersecting lin D. 


CD Ll. 
2. ZAMC = ZBMD. 2. § 46. 
3. AM = MB. 3. Constructed so. 
4. AACM ~ ABDM. 4. § 98. 
Oo Zi S22: 5. § 58. 


114. Corouuary 1. If two parallel lines are cut by a 
transversal, the corresponding angles are equal. 

Hints. — In the figure of § 118, why is Z1 = 22? Whyis 22 = 23? 
Write the proof in full. 

115. Coro.uary 2. If two parallel lines are cut by a 
transversal, the interior angles on the same side of the trans- 
versal are supplementary. 
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116. B. Corotuary 3. If two c 
angles have their sides respectively 
° / 
parallel, they are either equal or te 
supplementary. a 7 ere aaa 
Cc’ 
Hint. — Produce the sides of the angles 
until they intersect, forming 24. ; 
\Z2 = £4 = £1. Why? A B 
Z3 is supplementary to 22, hence to 21. Se) 
Why? D 


117. Initial and terminal sides of an angle. You 
know that the size of an angle is determined by how 
much one side must revolve to take the position of the 
other side. It is convenient to think of one side always 
revolving in a direction opposite to the hands of a clock, 
or counterclockwise, as indicated in the illustration. 
We may, then, call the original position of the side, the 
initial side of the angle, and the final position of the 
revolving line, the terminal side. 

In the figure for § 116, AB, the initial side of Z1 is 
parallel to A’B’, the initial side of 22 and AC, the ter- 
minaliside of Z1 is parallel to A’C’, the terminal side of 
22. Here the angles are equal. 

In angles 1 and 3: AB, the initzal side of 21 is parallel 
to A’B’, the terminal side of 23 and AC, the terminal 
side of Z1 is parallel to A’D, the initial side of Z3. 
Here the angles are supplementary. 


EXERCISES 


1, Draw a triangle and mark with an arrow the counterclockwise 
direction of each angle. Name the initial and terminal sides of each. 

2. Draw a quadrilateral and mark with an arrow the counterclock- 
wise direction of each angle. Name the initial and terminal sides of 
each. 
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3. In graphical work in algebra you have seen how positive and 
negative lines are defined. Can you explain how we can define 
positive and negative angles? 


4. If, in the figure of § 113, & || 2 and Z1 = 40°, find the number of 
degrees in each of the other seven angles. 


5. Draw a diagram to represent the rails of two railroads which 
intersect at an angle of 70°. Give the value of each angle. 


D Cc 
6. Given: AB|| CD, AD || BC, ZA = 90°. 
To prove: 4 B, C, and D are 90°. 
AU B 
7. In the figure of § 113, if & || 2 and Z1 is half the adjacent angle 
at A, how many degrees in each of the eight angles? 
8. Ifa || b and c || d, prove: 
(aj Z1= 22, 
(6) Z3= Z4. 
(c) Z1+ 25 = 180°. 
9. Prove that if a line is drawn through a 


point on one side of a right angle, parallel to the other side, it is 
perpendicular to the side through which it is drawn. 





10. If DBC is an exterior angle of A. ABC, and Cc a 
BE || AC, prove that Z DBC equals ZA + ZC. 

11. In the same figure, prove ZA + ZB + r 2/3 D 
ZC = 180°. B 

Hint. — Z14+ 2424+ 238 =? 2Z22=? Z3=? 

12. If XY || AB, prove ZA+ ZB+2ZC= y c Y 


180° j : 
13. Ifa transversal cuts two parallel lines, making 4 B 


one of two consecutive interior angles equal to 
three times the other, how many degrees in each of the eight angles? 


14. A line parallel to the base of an isosceles triangle and intersect- 
ing the equal sides, forms another isosceles triangle. 


15. If a line is drawn through any point in the bisector cf an angle, 
parallel to either side of the angle, an isosceles triangle is formed. 
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PROPOSITION 2. THEOREM 


118. If two lines are cut by a transversal so that a pair 
of alternate interror angles are equal, the lines are parallel. 


Given: k& and 1 cut by transversal ¢ in points A and B, 
so that Z1= Z2. 


To prove: k || 1. 





Plan: Bisect AB and draw WC 1 k. Then prove that the 
triangles so formed are congruent, and that each is therefore a 
tight triangle. 

Proof: Write the proof in full. 

119. Coro.uary 1. If two lines are cut by a transversal 


so that a pair of corresponding angles are equal, the lines are 
parallel. 


120. CoroLuary 2. If two lunes are cut by a trans- 
versal so that two interior angles on the same side of the 
transversal are supplementary, the lines are parallel. 


121. Coro.tiary 3. Two lines parallel to a third line 


are parallel to each other. é 
Given: I’ || 1, W” || 1. p : z, 
To prove: 1’ || 1”. 1’ i 





Plan: Draw transversal f. Then Z1= =” 
Z2and Z1=3. (Why?) Hence 22= 23 LA 
and I’ ||’. (Why?) oo 
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Construction VI 
122. To construct a parallel to a given line through a given point. 
Given: Line / and point P. 


Required: Through P construct a_ line 
parallel to l. 

Construction: 1. Through P draw any line 
cutting 1 at P’. 

2. At P construct an angle equal to ZP’. Let l’ be a side 
of this angle. l’ is the required line. 


Proof: Use § 119. 





EXERCISES 
1. Construct quadrilateral A BCD as follows: 


AB=2 in, ZA = 45°, AD=1 in, ZD= 
135°, DC = 2 in., and ZC = 45°. Show that 4 is 


AB || DC and AD || BC. 


Hint. — To construct an angle of 45°, construct a right angle and bisect 
it. 135° = 90° + 45°. 


2. Construct quadrilateral ABCD as follows: AB=2 in,, 
ZA= 45°, AD=1 in. DC!| AB, BC || AD. How large ‘are 
angles B, C, and D? , 4 

3.’ Draw any triangle ABC. Through A, 
B, and C construct parallels to BC, AC, and 
AB, respectively. If ZA= 60°, ZB= 50°, B C 
and ZC = 70°, find 4 A’, B’, and C’. 

4. To determine a line 7 through P parallel A’ 
to a given line AB a surveyor proceeds as 
follows: He measures off a line from P to a 1? Q 


point N in AB, and locates O, the middle 
point of this line. Then from Af, a second 0 
point in AB, he runs a line through O, and 4 B 


extends it to a point Q so that OQ = JO. a a 
Show that QP || AB. 





B’ 


126 PARALLELS AND PARALLELOGRAMS 


5." If a represents the top of an ironing board, 
and 6 the floor, and if AO = OB, CO = OD, prove 
that a is always || b. 





6. Given: AB || DE, BC || EF. C 
To prove: ZB= ZE. D E 
A B 


7. A small triangle A’B’C’ is situated inside a larger one, ABC, 
with A’B’ || AB, BC’ || BC,C’A’ || CA. Prove that ZA = ZA’, 
ZB=ZB,20= £C. 


8. In the figure for Ex. 6, if AB || DE, BC || EF, AD = CF, prove 
that AB = DE. 








9. If the consecutive angles of a quadrilateral are supplementary 
its opposite sides are parallel. 


10. If two parallel lines are intersected by a transversal what re- 
lation exists between the bisectors of the corresponding angles? 
Prove it. 


11. Prove that if two parallel lines are intersected by a transversal, 
the bisectors of the alternate interior angles are parallel. 


*12. In surveying, a method of extending a line AB beyond an ob- 
stacle is as follows: A line BE is run 
perpendicular to AB, then EF is 
run perpendicular to BL, then FC is 
run perpendicular to EF and equal to 
BE, then CD is run perpendicular to 
FC. Prove that CD and AB lie in 
one straight line. 


*13. In Ex. 3, prove that the altitudes of A ABC are the perpen- 
dicular bisectors of the sides of A. A’B’C’. 
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Proposition 3. THEOREM 


123. The sum of the angles of a triangle is equal to a 
straight anale. 


A 


Given: AABC. 
Toprove: ZA+ ZB+ ZC = 1st. Z. 





Plan: Form the exterior angle at B and draw BD || AC. 
Use parallel line theorems. 


Proof: 
STATEMENTS REASONS 
1. Produce AB to E and draw BD || AC. | 1. § 122. 
2. Z2= ZC, Z3 = ZA. 2. §§ 113, 114. 
38. Z14+ 224+ 23 =1st. Z. 3. § 27. 
4. ZA+ Z2B+ ZC = 1st. Z. 4. Ax. 7. 


124. Corotiary 1. A triangle can have but one right 
angle or one obtuse angle. 

SuGcEstion. — Suppose it had two right angles or two obtuse angles; 
then apply § 123. 

125. Corotuary 2. The acute angles of a right tr- 
angle are complementary. 


126. Corotiary 3. If two angles of one triangle are 
equal, respectively, to two angles of another triangle, the 
third angles are equal. 
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127. Corotuary 4. If two triangles have a_ side, 
an adjacent angle, and the opposite angle of the one equal, 
respectively, to the corresponding parts of the other, the 
triangles are congruent. 


128. Coroututary 5. An exterior angle of a trangle 
is equal to the sum of the two opposite interior angles. 


EXERCISES 
1-8. Prove the theorem in § 123 by the methods suggested by 
the following figures. In Fig. 1, XA|| BC; in Fig. 2, PQ|| AB, 
PR || AC; in Fig. 3,1 || m || n. 


A A 
ame 





B Cc 


Fia. 1 Fic. 2 Fig. 3 


4, If the three angles of a triangle are equal, show that each 
contains 60°. 
5. If one angle of a triangle is 38° 40’, and the other two angles 
are equal, find the size of each of the equal angles. 
6. If one angle of a triangle is 64° 25’ and another is 45° 30’ 30”, 
find the third angle. 
7. Prove that if the angle at the vertex of an isosceles triangle 
is 60°, each of the other angles is 60°. 
8 One of the angles at the base of an isosceles triangle is 45°. 
Find the size of each of the other angles. 
9. The vertex angle of an isosceles triangle is 70°. How large 
is each base angle? 
10. How large is each acute angle in an isosceles right triangle? _ 
11. One of the angles at the base of an isosceles triangle is 37° 35’, 
Find the size of each of the other angles. 
12. Of the three angles of a triangle the second is twice as large 
as the first, and the third is three times as large as the first. How 
many degrees are there in each? (Form an equation.) 
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13. If one angle of a triangle is a right angle, and one of the acute 
angles is four times the other, how many degrees are there in each? 

14. Construct an equilateral triangle and thus construct an angle 
of 60°. 

15. Construct an angle of 30°. 


16. The angle at the vertex of an isosceles triangle is three times 
as large as either of the other angles. Find by an equation the num- 
ber of degrees in each angle of the triangle. 

17. The angle at the vertex of an isosceles triangle is 20° more 
than the sum of the other two angles. Find by an equation the 
number of degrees in each angle. 

18. Given two angles of a triangle, with compasses and straight 
edge construct the third angle. Base the con- 
struction on § 123. a 

19. In this figure, Za equals the sum of what 
two angles? 2b? Zc? From these equa- 
tions find the number of degrees in Za-+ b 
Zb+Ze. 

*20. If one of the equal sides of an isosceles triangle be produced 
through the vertex its own length, the straight line 
joining its extremity to the nearer extremity of the 
base is perpendicular to the base. 


Succrstion. — Show that ZDBA = one half of the 
sum of the angles of AABD. 


*21. The angle made by the bisectors of 
the base angles of an isosceles triangle is 
equal to an exterior angle at the base. 
(Prove Z ADB = Z EBC.) A B 


Suacestion. — Show that each angle is a supplement of ZABC. 


*22. Prove that if AD bisects Z A of AABC, D 
and BD bisects Z EBC, the exterior angle, then 
ZD=3 ZC. 

Suacestion. — Express the sum of the angles 


of AABD in terms of ZD, ZA, ZB, and ZC, A B 
Set this equal to ZA + ZB + ZC. Why? 


D 


an 


K 
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PrRoposiTIon 4. THEOREM 


129. B. If two angles have their sides, respectively, per- 
pendicular, they are either equal or supplementary. 


Given: 41 and 2 with initial sides 7 and J, and termi- 
nal sides ¢ and T, respectively: 7 1 J andtt T. Also, 

Given: 2Z3 with initial side J’ 1 ¢ and terminal side 
Das 

Toprove: Z1= Z2and41+ 23 = 1st. Z. 





Plan: Compare 44and 5,and 46and7. Then use § 126. 
Proof: 





STATEMENTS REASONS 
1. Produce the sides of the angles until | 1. § 46. 
they meet: 24 = Z5. 
2. 26 =. 27. 2. Post. 9. 
See eZ. 3. § 126. 
4, Z2issupp.to 23. 4. § 38. 
5. .. Zlissupp.to Z3. 5. § 40. 


Discussion: Restate the theorem (§ 129), telling when the 
angles are equal and when supplementary. Also prove the 
theorem using different figures. 
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PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. In order to determine the distance from A 
to the inaccessible point B, a line AC is measured 
off at right angles to AB, and a point C found in 
this line at which Z BCA = 45°. Prove that 
AB = AC. 

2. The distance BL from his ship to a lighthouse L may be 
determined by a sailor as follows: 
When the ship is at any point A, he 
observes 2x, the angle which L makes = 
with the course AB of the ship. Then —< 
he observes when ZL makes an angle 
just twice as large with the course of 
the ship, i.e. when Zy = 2Z2. From 
the ship’s log he knows how far the ship has traveled from A to B. 
Prove that this equals the distance from B to L. 

8. It is a law of physics that when a ray of light strikes a plane 
mirror, it is reflected in such a direction 
that the striking ray and reflected ray make - 4 
equal angles with the mirror. Thus, if J 1 2 
is an edge view of the mirror and a ray AB cal B 
is reflected in the direction BC, Z1 = 22. 

If a ray of light strikes first one mirror and 
then another, such that the path of the ray'forms 
a triangle with all of its angles equal, what is 
the angle between the mirrors? 











Succestions. — How many degrees are there in 
each angle of the triangle? 

4. In running a straight line AB, surveyors ran into an obstacle. 
Prove that they may pass the obstacle and continue the line CD 
in line with AB as follows: Measure off an angle 
of 60° at B, and run the line BE sufficiently long 4 athe D 
to clear the obstacle. At EF construct an angle 
of 60° as in the diagram, and measure off EC = 60/ 

BE. Then at C turn off an angle of 60°, and 
establish the line CD. CD isa prolongation of AB. 
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130. A polygon is a closed plane figure having three 
or more sides. The polygon is convex if each of its 
angles is less than a straight angle. Otherwise it is 
concave. The vertices are the intersections of the 
sides. Only convex polygons are studied in this course. 

A diagonal is a line joining two non-consecutive ver- 
tices of the polygon. 


131. A polygon of three sides is a triangle; of four 
sides a quadrilateral; of five sides a pentagon. The 
others in order are hexagon, heptagon, octagon, nonagon, 
decagon, etc. 


Ex. 1. Draw each of the eight figures named. 

Ex. 2. Draw a quadrilateral ABCD and a diagonal from vertex A. 
How many triangles are formed? How is the sum of the angles of the 
triangles related to the sum of the angles of the quadrilateral? What 
is the sum of the angles of a quadrilateral? 


132. The sum of the angles of a polygon. How many 
diagonals can you draw from one vertex in a 
quadrilateral? How many in a pentagon? A 
hexagon? An octagon? 

Into how many triangles is the quadrilateral 
so divided? The pentagon? The hexagon? 

The octagon? 

If a polygon has 10 sides, it can be divided into 
angles by diagonals from one vertex. 

If a polygon has n sides, it can be thus divided into n — 2 
triangles. 

Do the angles of these triangles make up all the angles of 
the polygon? What is the sum of the angles of a triangle? 

Then what is the sum of the angles of a quadrilateral? Of a 
pentagon? Of a hexagon? Of a polygon having n sides? 

See if you can prove the next theorem. 





tri- 
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PRoposiITion 5. THEOREM 


133. The sum of the angles of a polygon of n sides ts 
(n — 2) straight angles. 


E D 


A B 


Given: Polygon ABCDEF with n sides. 
Toprove: Thesumofthe 4 = (n — 2)st. &. 





Plan: Divide the polygon into triangles by diagonals from 
any vertex. There will be a triangle for each side of the 
polygon except the two sides adjacent to the vertex selected. 


Proof: Write the proof in full. 


134. Corouuary. The sum of the exterior angles of a 
polygon made by producing each of the sides in succession 
as two straight angles. 

Suacestion. — If the polygon has n sides, there are 
n straight angles in the sum of the interior and exterior 
angles, since there is one straight angle at each vertex. 


What is the sum of the interior angles? Then what is 
the sum of the exterior angles? 


135. A regular polygon is a polygon 
whose sides are all equal and whose angles are all equal. 


EXERCISES 
1. What is the sum of the angles of a quadrilateral? Of a penta- 
gon? Of a hexagon? Of an octagon? Of a decagon? Of a poly- 
gon with 12 sides? Of a polygon with 22 sides? 
2. How many degrees has each angle of a regular pentagon? Of 
a regular hexagon? Of a regular octagon? Of a regular decagon? 
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3. Show that each angle of a regular polygon of n sides equals 
n= 2 1509, 
n 





4, The angles of a hexagon are x, x, 1} x, 14 x, 22, and 2 x degrees. 
How many degrees are there in each? 
5. If two angles of a quadrilateral are supplementary, show that 
the other two angles must be supplementary also. 
6. How many degrees in each exterior angle of a regular hexagon? 
Of a regular octagon? Of a regular decagon? 
7. How many sides has a polygon the sum of whose angles is 14 
right angles? 
8. How many sides has a regular polygon each of whose angles 
is 150°? 
Hint. — How large is each exterior angle? 
9. How many sides has a regular polygon if each angle is 108°? 
10. How many sides has a regular polygon each of whose angles 
is 1% right angles? 


73 

11. If a line which bisects an exterior angle of a triangle is parallel 
to the opposite side, the triangle is isosceles. 

12. The equal sides of an isosceles triangle are produced through 
the vertex and a line is drawn intersecting these sides produced, and 
parallel to the base of the triangle. Prove that the triangle so formed 
is isosceles. 

*13. Prove the theorem in § 133 by drawing lines from any point O 
within the polygon to all the vertices. 


SuGcEstion. — What angles must be subtracted from the sum of the 
angles of the 7 triangles to obtain the sum of the angles of the polygou? 


PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. In the adjoining figure the tiles 
of the floor are all regular hexagons 
and equilateral triangles. Will two 
such hexagons and two such triangles 
completely cover the angle about a 
point? Explain. 
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2. In this linoleum pattern, only 
regular octagons and squares are used. 
Prove that two such octagons and a 
square completely cover the angle about 
@ point. 

3. Make drawings of other tile floors 
and linoleum patterns, of parquet flooring, ete., which you have seen, 
and show how regular polygons are employed in designing them. 

4. Show that a floor can be laid by 
use of tiles in the form of regular hexa- 
gonsalone. How many such tiles may 
be placed so as to completely cover 
the angle about a point? 

5. Tiles of the forms of what 
other regular polygons may be used 
alone for laying floors? Explain why. Why cannot a floor be laid 
entirely of tiles that are regular pentagons? Regular octagons? 

6. What advantage has the bee in always building the cells of its 
comb in the form of a regular hexagon? Is there any waste space? 

7. How may asix-pointed 


star be constructed from a \ 4 oy 





regular hexagon? Howmany 
degrees in each point of the 
star? 

8& How may a five- 
pointed star be constructed 
from a regular pentagon? How many degrees in each point of the star? 





Nors. — Star polygons, such as those in Ex. 7 and Ex. 8, are used 
extensively in modern ornament. Almost every piece of cut glass con- 
tains one or more of them. The five-pointed star in Ex. 8 is the one used 
in the American flag. The use of star polygons dates back to ancient 
times. The five-pointed star was used as a symbol of recognition by the 
members of the Greek school or secret society founded by Pythagoras. 

9. If a ray of light is reflected first by one 
mirror and then by another, so that it leaves the 
second mirror along a line parallel to its path ae 
before it struck the first one, what is the angle 
between the mirrors? (See Ex. 3, page 131.) 
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SPECIAL QUADRILATERALS 


Ltt is oo 


PARALLELOGRAM RHOMBUS RECTANGLE SQUARE TRAPEZOID 


136. A parallelogram (2) is a quadrilateral whose 
opposite sides are parallel. 
Any side of a parallelogram may be taken as its base. 


The altitude of a parallelogram is the segment perpen- 
dicular to the base from any point in the opposite side. 


137. A rhombus is a parallelogram having two ad- 
jacent sides equal. 


In general, the angles of a rhombus are not right angles. 
We shall prove that all the sides of a rhombus are equal. 


138. A rectangle is a parallelogram one of whose 
angles is a right angle. 


From the definition of a parallelogram and the relation 
between the interior angles on the same side of a transversal 
cutting two parallel lines, what can you say about the other 
angles? 


139. A square is a rectangle having two adjacent sides 
equal. 


We shall prove that a square has all its sides equal. 


140. A trapezoid is a quadrilateral having two and 
only two of its sides parallel. 

The parallel sides of a trapezoid are its bases. 

The altitude of a trapezoid is the segment perpendicular 
to one base from any point in the other. 
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PROPOSITION 6. THEOREM 


141. The opposite sides of a parallelogram are equal and 
the opposite angles are equal. 


D Cc 


A 


Given: C/ABCD. 
To prove: AB = DC, AD= BC, ZA = ZC, ZB 
= ZD. 





Plan: Draw a diagonal and prove that the triangles are con- 
gruent. 


Proof: The proof is left for you to work out. 


142. Corotitary 1. A parallelogram is divided into 
two congruent triangles by either diagonal. 


143. CorRoLLaRy 2. Segments of parallel lines cut 
off by parallel lines are equal. 


144. Distance between parallel lines. The distance 
between two parallel lines is the length of the perpen- 
dicular from any point in one of the lines to the other. 


145. CoroLuary 3. Two parallel lines are everywhere 
equidisiant. 

146. Corouuary 4. If the opposite angles of a quadri- 
lateral are equal, it is a parallelogram. 


Hint. — How can you prove that a quadrilateral is a (7 (§ 136)? How 
do you prove lines are || ($§ 118-120)? 
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PROposITION 7. THEOREM 


147. The diagonals of a parallelogram bisect each other. 


NA] 
bee. 


D Cc 


A B 


Given: (J ABCD, diagonals AC and BD intersecting 
at O. 
To prove: AO = OC and BO = OD. 





Plan: Prove the triangles congruent. 
Proof: Left for you to give. 


Hint. — Why is 21 = 22? 23 = 24? 
148. Coroutuary. If the diagonals of a quadrilateral 
bisect each other, the quadrilateral is a parallelogram. 


SuacEstTion. — Since the triangles formed are congruent, what angles 
pre equal? Then why are the opposite sides parallel? 





Ex. 1. Each diagonal of a rhombus is the perpendicular bisector 
of the other. 

Ex. 2. Carpenters use a tool called a gauge for marking a line 
parallel to the edge of a board. The part A 
carries a marking point P. The part B may 
be adjusted on the part A at any required 
distance from point P by means of a thumb- 
screw. By placing the tool as shown in the 
figure, with the part B against the edge of a 
board, and moving the gauge, the point P marks a line on the board 
parallel to the edge. Why? 

Ex. 3. Aline through the intersection of the equal sides of an isosceles 
triangle, parallel to the base, bisects the exterior angle at that vertex. 
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PROPOSITION 8. THEOREM 


149. If the opposite sides of a quadrilateral are equal, 
the quadrilateral 1s a parallelogram. 


D C 


A B 


Given: Quadrilateral ABCD, AB = DC, AD = BC. 
Toprove: ABCDisaZ. 





Plan: Prove the A congruent, and thus show that the alter- 
nate interior angles are equal. 


Proof: 

STATEMENTS REASONS 
1. Draw AC. AD = BC, AB = DC. 1. Given. 
2. AC = AC. 2. Same line. 
3. AADC = AABC. 3. $.5.8. = 8.8.8. 
4, Z1= 22,23 = 24. 4. § 58. 
5. AD || BC, AB || DC. 5. § 118. 
6. ABCDisa parallelogram. 6. § 136. 


Ex. 1. The figure shows an instrument called a parallel ruler, used 
for drawing parallel lines. It consists of two rulers, AB and CD, 
which are connected by two cross- 
pieces, AC and BD. The four parts 
work on pivots at A, B, C, and D, so 
that by revolving AC and BD the 
rulers may be brought closer together 
or placed farther apart. AB= DC and AC = BD. Prove that fer 
all positions, AB ||CD. Explain how the instrument may be used 
for drawing parallel lines. 
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PROPOSITION 9. THEOREM 
ee 
150. If two sides of a quadrilateral are equal and parallel, 
the quadrilateral is a parallelogram. 


D Cc 


A B 
Given: Quadrilateral ABCD, AD = BC, AD || BC. 


To prove: ABCD isa CZ. 





Plan: Using congruent A show that the alternate interior 
angles are equal. 


Proof: 
STATEMENTS REASONS 
1. Draw AC. AD = BC,and AD || BC. | 1. Given. 
2. Hence Z1 = 22. 2. § 113. 
3. AC = AC. 3. The same line. 
4, AADC & AABC. 4, 8.0.8. = 8.0.8. 
5. 23 = ZA. 5. § 58. 
6. AB|| CD. 6. § 118. 
7. .«. ABCD isa parallelogram. 7. § 136. 


EXERCISES 


. The consecutive angles of a parallelogram are supplementary. 
All the sides of a rhombus are equal. 

. All the sides of a square are equal. 

. Each angle of a rectangle is 90°. 

. Each angle of a square is 90°. 

. If the diagonals of a parallelogram are perpendicular to each 
other, the parallelogram is equilateral. 


O om Oo BO be 
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“9. ABCD is a parallelogram and BE and DF 5 = 

are perpendicular to AC. Prove BE = DF. Lea/ 
8. A line drawn through the point of intersec- 

tion, O, of the diagonals of a parallelogram, and ft ? 

terminated by two opposite sides, is bisected by O. 

~9, The line joining the mid-points of two opposite sides of a 
parallelogram is parallel and equal to the other sides. 

10. If ABCD is a parallelogram, and EF and F the middle points 
of DC and AB, respectively, then BEDF is also a parallelogram. 

11. If the angle at the vertex of an isosceles triangle is equal to 
one half of a base angle, the bisector of a base angle divides the tri- 
angle into two isosceles triangles. (Let the vertex angle equal 2.) 

12. If either diagonal of a parallelogram bisects one of the angles, 
the parallelogram is equilateral. 

*13. If from any point in the base of an isosceles triangle parallels to 
the sides are drawn, the parallelogram thus formed has the same 
perimeter for all positions of the point. 


PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. If two forces are exerted in different directions upon the same 
object at A, they have the same effect 
as a single force called their resultant. 
If the directions and magnitudes of 
the two forces are represented by the 
line segments AB and AD, the direc- 
tion and magnitude of the resultant 
will be represented by the line segment AC, diagonal of the parallel- 
ogram ABCD. 

A force of 100 lb. and another of 200 Ib. are exerted upon an object 
at an angle of 45° with each other. Representing 100 lb. by a line 
segment 2 in. long, draw the forces to scale and find the resultant. 
(Measure diagonal with ruler and compute resultant in pounds.) 

In the same way, compute the resultant force if Z BAD = 60°. 

2. Two forces are exerted upon an object at right angles with 
each other. One force is 400 lb. and the other 600 lb. Construct 
and compute their resultant as in Ex. 1. 

3. The parallel ruler is used by sailors in determining the courses 


D Cc 


B 
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of their ships in sailing from one port to another. Thus, to deter- 
mine the course or direction from Galveston to Key West, in the Gulf 


Mobile g 
New Orleans 


Jacksonville o 





of Mexico, the parallel ruler is placed so that one ruler connects these 
two points on a navigator’s map. Explain how the other ruler may 
then be placed so as to read the required direction on the mariner’s com- 
pass which is printed on the map. 

4. An adjustable bracket is 
fastened to the wall at A, and 
carries a shelf B. Explain why 
the shelf B remains horizontal 
in all positions when the shelf is 
raised and lowered. 





151. Segments intercepted by parallels. Mark 
a segment AB = 13 in. on the edge of your paper, 
and place it on a piece of ruled paper (with the 
parallel lines equally spaced), so that the first 
line passes through A and the fifth line through 
B. Into how many equal parts is AB divided? 






In the next figure, if a, b, 
and c are parallel, and are in- 
tersected by transversals d and 
e, and if PS and QT are drawn 
parallel to d, can you prove 
ZSPQ = ZTQR, and ZPQS = ZQRT? If PQ =QR, why 
are the triangles congruent? Why isMJN = NO? Prove that 


If three or more parallels intercept equal segments on one 
transversal, they intercept equal segments on every transversal. 
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ProposiTion 10. THEOREM 
152. If three or more parallels intercept equal segments 


on one transversal, they intercept equal segments on every 
transversal. 


Given: Parallels a, b, c, cut by transversals d and e in 
the points M, N, O, and P, Q, R, respectively, so that 
PQ = QR. 

Toprove: MN = NO. 





Plan: 1. Draw ||s and prove the A formed are congruent. 
2. Then prove NP and OQ are G/. 


Proof: 


STATEMENTS REASONS 
1. Suppose PS and QT || d. Then in | 1. Given. 
A PQS andQRT, PQ = QR. 


2. PS || QT. 2. § 121. 
3. Z1= Z2,and 23 = Z4. 3. § 114. 
4. APQS = AQRT. 4. a.s.a. = 4.8.4. 
5. PS = QT. 5. § 58. 
6. NP and OQ are GB. 6. § 136. 
7. PS = MN,QT = NO. 7. § 141. 
8. .. MN = NO. 8. Az. 1. 


*Ex. 1. Prove the theorem (§ 152) in two other ways: (1) by draw- 
ing lines through M and N parallel to e; (2) by drawing a line through 
N lle. 
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153. Corouuary 1. If a line bisects one side of a tri- 
angle, and is parallel to a second side, 
at brsects the third side also. 


Hint. — If 1 is || BC, can you apply § 152? 





154. Corotuary 2. If a line con- ® 


mnects the mid-points of two sides of a Cc: 
triangle, 1t 1s parallel to the third side. MZ AN, 
SuaceEstion. — Use the indirect method. A B 


EXERCISES 


1. If lines are drawn connecting the mid-points of the sides of a 
triangle, they divide the given triangle into four 
congruent triangles. A 


Hint. — Why is MNPB a 1? Why is MNCP? Dict 
Then use § 142. B Cc 


2. In Ex. 1, if BC = 12 in., how long is MN? 

If the perimeter of A.A BC is 34 in., what is the perimeter of AM PN? 
3. In the trapezoid ABCD, M, P, Q, and N 

are the mid-points, respectively, of AD, AC, 


D Cc 
BD, and BC. Why is MP|| DC? Why is ,, SN - 
QN || DC? Why is PN || AB? ea 
4. In Ex. 3, if MP || DC, and AB || DC, why A TEN 
is MP || AB? 
5. If MP || AB and PN || AB, why is MPN a straight line? 


6. Prove that a line through the mid-point of one side of a trapezoid, 
parallel to the bases, bisects the other side also. 

7. Prove that the line connecting the mid-points of the non-parallel 
sides of a trapezoid is parallel to the bases. 


SuccgEstion. — Use the indirect method. Assume that it is not parallel 
to the bases and draw a line through the mid-point of one side parallel to 
the base. Show, by Ex. 6, that this line coincides with the first line. 


8 Prove that a line through the mid-point of one side of a trapezoid, 
parallel to the bases, bisects the diagonals of the trapezoid. 
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Proposition 11. THEOREM 


155. A line segment connecting the mid-points of two sides 
of a triangle is parallel to the third side and equal to half of it. 


Given: AABC, MN bisects AC and BC. 
Toprove: MN = 3 ABand MN || AB. 





Plan: Let P bisect AB. Draw AJP, NP. Then MNPA 
and MN BP are parallelograms (§ 154) and IN = AP = PB. 


Write the proof in full. 


156. The median of a trapezoid is a line connecting 
the mid-points of the non-parallel sides. 

An isosceles trapezoid is a trapezoid whose non- 
parallel sides are equal. 


157. CoroLuary 1. The median of a trapezoid is 
parallel to the bases and equal to half their sum. 


SuccgEstion. — Draw diagonal AC. Let M, P, 
and N be the mid-points of AD, AC, and BC, re- 
spectively. Draw WP,PN. Then MP || DC (§ 154) 
and hence to AB. Why? Also PN || AB. Why 
then is MPN a straight line? (§ 106.) Complete 
the proof by using § 155. 





EXERCISES 


1. In trapezoid ABCD, if AB = 24in., and CD = 18 in., how long 
is the median MN? 
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2. In trapezoid ABCD, MN isthe median and D Cc 


intersects AC at Pand BD atQ. IfCD=18in., — | \_~\ 
= 7 : 9 M > N 
and AB = 24 in., how long is MP? QN? PQ? [Pn 
8. Using the same figure, if AB = 16 in., and 
CD = 8 in., find MN, MP, QN, and PQ. 


4. In the same figure, if MN = 11 in., and AB = 14 in., find 
CD, MQ, QN, and PQ. 


6. In isosceles trapezoid ABCD, AD = 7 g 
CB, DR and CS are perpendicular to AB, JEN Ne 
and ZA= ZB= 45°. If AB=20 in. A B 


R Ss 
and DR = 5 in., how long is DC? 
6. In the isosceles trapezoid ABCD, if AB = 12in.,, ZA = ZB= 
45°, and DR = 3 in., how long is the median? 


7. In AABC, CM is a median and ZACB = 90°. 8 
Prove that CM = 3 AB. 
Hint. — Draw MN || CA. 


8 Using the fact that in a right triangle the 
median is equal to half the hypotenuse prove that? if 
ZB= 30°, CA = 3 AB. Cc A 
9. A perpendicular drawn to the base of an isosceles triangle 
from the mid-point of one of the equal sides cuts off on the base a 
segment equal to one-quarter of the base. 
10. If ABCD isa parallelogram, MW, N, P, and Q the middle points 
of AB, BC, CD, and AD, respectively, P 
and AP and CQ intersect at E, and AN D c 
and CM intersect at F, prove that AFCE 
is a parallelogram. 
11. Prove that the segment connect- 4 
ing the mid-points of the diagonals 
of a trapezoid is parallel to the bases and equal to half their difference. 
C 


Q N 


M B 


*12. The perpendicular bisectors of two sides of 
A ABC intersect at O, while the altitudes to the A’ 
corresponding sides intersect at H. Prove that 
OA’ = 3 AH and OC’ = 3 CH. A "eh B 


SuccEsTion. — Bisect AH at M and CH at N. Prove AMHN & 
AA‘OC". 
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158. The 30°-60° right triangle. If one acute angle of a 
right triangle is 30°, the other acute angle, by § 125 is 60°. 
This triangle is important in the solving of exercises. 


159. B. Theorem. Ina right triangle the median to the hy- 


potenuse ts equal to half the hypotenuse. (Prop. 12.) B 
Given: AABC; ZC = 90°; AM = BM. 
Toprove: CM = 3 AB. M, N 


Plan: Draw MN || AC. MN 1 BC. There- 
fore A BCM is isosceles. Why? 4 C 


160. B. Corouuary 1. In a 30°-60° right triangle, the 
hypotenuse is double the side opposite the 30° angle. 


Succestion. — Draw the median CM. Prove AACM equilateral. 


161. B. Corouuary 2. If the hypotenuse of a right tri- 
angle is double one of the sides, then the acute angle opposite 
that side is 30°, while the other one is 60°. 


Suacestion. — AC = CM = MB = AM. 


EXERCISES 
InAABC, ZC = 90°, AM = MB. B 
1. Find AM if AC = 20 in. and ZB = 30°. 
2. Find AB if AC = 12.5 in. and ZA = 60°. - M, 


3. Find AB if CM = 8 in. 
4, Find CM if AB = 30 in. 


In parallelogram ABCD, CE 1 AB. 
6 Find CE if AD = 12 in. and ZA 
ey sl saith 
6. FindCE if AD=16in.and ZB oA i 
= 150°. A 2 


9. Find BE if CE = 10 in. and ZA = 45°. 
8 Find BE if AD = 15in. and ZA = 60°. 
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Construction VII 


162. To divide a given line segment into any number of equal 
parts. ; 

Given: Segment AB. A & 2 B 

Required: To divide 
AB into three equal parts. 

Construction: 1. Draw D 
AX making any conven- xX 
ient angle with AB. 

2. With any convenient radius take AC = CD = DE. 
Draw BE. 

3. Draw through D and C ||s to BE. Then AB is divided 
into three equal parts. 

Proof: (Draw a line through A || CC’.) 





STATEMENT REASON 


1. AC’ = C’D’ = D’B. 1. § 152. 


EXERCISES 


1. Divide a given line segment into three equal parts; into five 
equal parts; into eight equal parts. 

2. A line segment AB may be 
divided into any required number of 
equal parts, say five, as follows: draw 4 B 
AC, making a convenient angle BAC, 
and draw BD || AC. Mark off five 
equal distances from A on AC and five 
distances of the same length from B 
on BD. Connect the points of division as shown in the figure. 
Prove that AB is divided into five equal parts. 

3. Using ruled paper divide a segment 4} 
in. long into seven equal parts. 

4. A board is to be ripped into three 
strips of equal width. A carpenter places his 
12-inch ruler as shown in the drawing, and 


Cc 
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marks points on the board at the inch and S-inch marks. He then 
rips the board by sawing through these points parallel to the length 
of the board. Prove that the strips are of equal width. 


5. The diagonals of a square bisect the angles of the square. 


6. If the diagonals of a parallelogram are equal, the parallelogram 
is a rectangle. 


7 ABCD is a square. On the diagonal BD, 
BM is taken equal to BC, and MN is drawn 
perpendicular to BD. Prove that DM = MN 
= NC. 

8. In the parallelogram ABCD, if E, F, G, 
and H are so taken on the sides AB, BC, CD, and 
DA, respectively, that AE = AH = CF = CG, prove that EFGH is a 
parallelogram. 

9. In the parallelogram ABCD, if 
points E, F, G, and H are so taken on 
the sides AB, BC, CD, and DA, re 
spectively, that 4E = BF = CG = DH, 
prove that EFGH is a parallelogram. 

*10. If perpendiculars AA’, BB’, CC’, and DD’ D 
are drawn to the line A’C’ from the four vertices 
of (7 ABCD, the sum of the perpendiculars AA’ ie « 
and CC’ equals the sum of the perpendiculars | 
BB’ and DD’. 


or I 


B 





A’ BOD CGC 
Suaccestion. — What is the relation of AA’ + 
CC’ to OO’? “What is the relation of BB’ + DD’ to OO’? (See § 157.) 


*11. ABCD is any parallelogram, and J and N are the mid-points 
of AB and CD, respectively. Prove that 


AN and CM trisect (cut into three equal 2? “ 
parts) DB. 
B 


SuccrEstion. — It may be shown that DE A M 
= EF by § 153 if it is first proved that EN || 
FC. It may be proved that EN || FC if it is first proved that AMCN isa 
parallelogram. Hence begin by proving that A.WCN is a parallelogram. 
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INEQUALITIES 


163. Axioms relating to inequalities. Two inequali- 
ties, such as 5 < 7 (read 6 1s less than 7) and 4 < 9, are 
inequalities in the same order; while the two inequalities 
5 <7 and 9 >4 are in the opposite order. 


164. Axiom 8. If equals are added to or subtracted from 
unequals, or if unequals are multiplied or divided by the 
same positive number, the results are unequal in the same 
order. 

Since 7 > 5, then 7+2>5+2; 7-—4>5 — 4;ete. 

165. Axiom 9. If unequals are subtracted from equals, 
the results are unequal in the opposite order. 

Thus, since 10 = 10,and3 < 8, then 10 — 3 > 10 — 8. 


166. Axiom 10. Jf unequals are added to unequals in the 
same order, the results are unequal in the same order. 


Thus, since 11 > 3and9 > 2,thenll +9>34 2. 


167. Axiom 11. If the first of three quantities 1s greater 
than the second, and the second 1s greater than the third, then 
the first is greater than the third. 


168. In § 91 we proved the inequality: 


Theorem. An exterior angle of a triangle 1s greater 
than either opposite interior angle. 


169. A triangle with unequal sides. In AABC, if AC 
> BC, on CA we can take CD = 
CB. What kind of triangle is ACDB? 
What angles, then, are equal? Z1 is D 
an exterior angle of what triangle? 
What inequality results? How doesZB 4 B 
compare in size with 72? With ZA? 


Cc 
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PROPOSITION 13. THEOREM 


170. B. If two sides of a triangle are unequal, the angles 
opposite these sides are unequal and the angle opposite the 
greater side is the greater. 


Cc 


A 
Given: AABC with AC > BC. 
Toprove: ZB> ZA. 





Plan: Take CD = CBandshowthat ZB > 22, 22 = 21, 
Z1> ZA,andhencethat ZB > ZA. 


Proof: 
STATEMENTS REASONS 

1. On CA take CD = CB. Draw DB. | 1. § 609. 
Z1= 22. 

2: LB > 22: 2. Az. 6. 

3. Hence ZB > Z1. 3. Az. 7. 

4. Z1> ZA. 4. §91. 

5. Since ZB> Z1> ZA, then | 5. Az. 11. 
ZB> ZA. 


171. B. Unequal angles in a triangle. Prove the con- 
verse of the theorem in § 170 by the indirect method. 

Given: ZB> ZA. 

Toprove: AC > BC. 

Begin: Either AC > BC or AC is not > BC. If AC is not 
> BC, there are two possibilities: either AC = BC or AC < 
BC. Consider each of these possibilities in turn and show how 
each leads to an absurdity. 
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INEQUALITIES 


163. Axioms relating to inequalities. Two inequali- 
ties, such as 5 < 7 (read 5 1s less than 7) and 4 < 9, are 
inequalities in the same order; while the two inequalities 
5 <7 and 9 >4 are in the opposite order. 


164. Axiom 8. If equals are added to or subtracted from 
unequals, or uf unequals are multiplied or divided by the 
same positive number, the results are unequal in the same 
order. 

Since 7 > 5, then 7+2>5+2; 7—-4>5 — 4;ete. 

165. Axiom 9. If unequals are subtracted from equals, 
the results are unequal in the opposite order. 

Thus, since 10 = 10, and3 < 8, then10 — 3 > 10 — 8. 


166. Axiom 10. Jf unequals are added to unequals in the 
same order, the results are unequal in the same order. 


Thus, since 11 > 3and9 > 2,thenl11+9>342. 


167. Axiom 11. If the first of three quantities is greater 
than the second, and the second 1s greater than the third, then 
the first 1s greater than the third. 


168. In § 91 we proved the inequality: 


Theorem. An exterior angle of a triangle wis greater 
than either opposite interior angle. 


169. A triangle with unequal sides. In AABC, if AC 
> BC, on CA we can take CD = 
CB. What kind of triangle is ACDB? 
What angles, then, are equal? Z1 is D 
an exterior angle of what triangle? 
What inequality results? How doesZB 4 B 
compare in size with 22? With ZA? 


Cc 
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Proposition 13. THEOREM 


170. B. If two sides of a triangle are unequal, the angles 
opposite these sides are unequal and the angle opposite the 
greater side is the greater. 


Cc 


A 
Given: AABC with AC > BC. 
Toprove: ZB> ZA. 





Plan: Take (CD = CBandshowthat 2B > 22, 22 = 21, 
Z1> ZA,andhencethat ZB > ZA. 


Proof: 
STATEMENTS REASONS 

1. On CA take CD = CB. Draw DB. | 1. 869. 
Ze £2: 

2.1203 > LZ: 2. Az. 6. 

3. Hence ZB > 21. 3. Az. 7. 

4, Z1> ZA. 4, §91. 

5. Since ZB> 41> ZA, then | 5. Az. 11. 
ZB> ZA. 


171. B. Unequal angles in a triangle. Prove the con- 
verse of the theorem in § 170 by the indirect method. 

Given: ZB> ZA. 

Toprove: AC > BC. 

Begin: Either AC > BC or AC is not > BC. If AC is not 
> BC, there are two possibilities: either AC = BC or AC < 


BC. Consider each of these possibilities in turn and show how 
each leads to an absurdity. 
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Proposition 14. THEOREM 


172. B. If two angles of a triangle are unequal, the sides 
opposite these angles are unequal and the side opposite the 
greater angle ts the greater. 


C 


A 
Given: AABC, ZB> ZA. 
To prove: AC > BC. 





Plan: Use the indirect method of proof. 
Proof: Write in full. 


Discussion: A direct proof can be given by constructing 
ZXBA = ZA so that X lies on AC. Then AX = BX and 
BX + XC > BC. Hence AX + XC > BC, or AC > BC. 


173. B. Coroutuary 1. The perpendicular is the shortest 
segment that can be drawn from a given point to a given 
line. 


174. B. Corottary 2. (Converse of Corollary 1.) 
The shortest segment that can be drawn from a given point 
to a given line is the perpendicular from the point to the line. 


SuaccrEstion. — Use the indirect method of proof, applying § 170. 


175. In § 99 the distance from a point to a line has 
been defined as the perpendicular distance from the point 
to the line. Section 174 shows that this distance is the 
shortest possible distance from the point to the line. 
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EXERCISES 


1. The hypotenuse is greater than either leg of a right triangle. 

2. Which is the greatest side of an obtuse triangle? 

8. If in A ABC, AC > BC and the bisectors of angles A and 
B meet in D, prove AD > BD. 

4. If an isosceles triangle is obtuse, the base is the longest side. 

5. Side AB of quadrilateral ABCD is greater than BC. Prove 
that Z ACB > ZCAB. 

6. ABC is an isosceles right triangle with right angle at B. Extend 
BA its own length through A to D. Prove ZBCD> Z BAC. 


7. In rectangle ABCD, AB > AD. Prove that diagonal AC 
does not bisect 4 A and C. 


SuGGEstTIon. — Use the indirect method of proof. 


8. If three sides of a triangle are unequal, all of the angles are 
unequal. 
9. Prove that the sum of two sides of a triangle is greater than the 
third side. 
10. Prove that any side of a triangle is greater than the difference 
between the other two sides. 
11. State in which cases it is possible to draw triangles with sides 
of the following lengths: 
a. 4in., 5 in., 6 in. ec. 6 in., 12 in., 20 in. 
b. 2 in., 4 in., 6 in. d. 63 in., 73 in., 13 in. 


12. The sum of the four sides of any quadrilateral is greater than 
the sum of the diagonals. 

13. The sum of the distances of any point within a triangle to the 
three vertices is greater than half the sum of the sides. 

14. The sum of the distances of any point within any polygon 
from all of the vertices is greater than one-half of the perimeter. 

16. In a certain triangle an exterior angle is twice the adjacent 
interior angle, and the two opposite interior angles are equal. How 
many degrees are there in each of the angles of the triangle? 
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*16. If the vertices of one parallelogram lie upon the four sides of an- 
other, the diagonals of both parallel- 


Ograms intersect at the same point. D g oy: Cc 
Succestion. — Draw the diagonals as 'B’ 
AC and BD, intersecting atO. Draw 
OA’, OB’, OC’, OD’, and prove A’OC’ ee 
A B 


and B’OD’ straight lines, and hence 4 
diagonals. 

176. Varying the size of an angle. Drawa circle having for 
its center the vertex C of A ABC, and for its radius, side CB. 
Let the circle intersect CA in D. With this figure you will be 
able to discover what happens to a side of a triangle as the 
angle opposite that side changes in 
size. 

Take a point between D and B, such 
as point B’, and draw B’C and B’A. 
What parts of AABC and AB’C are 
equal? How does ZACB compare 
with Z ACB’? What about sides AB. 
and AB’? 

’ Repeat the experiment, taking point B’ between B and the 
point in which AC cuts the circle. 

If, while sides AC and BC remain unchanged in size, angle C 
increases, what happens to side 4B? What happens to AB as 
ZC decreases? 

If two triangles, ABC and 
A’B’C’, have AC = A’'C’, BC = 
B'C’, and ZC > ZC’, do you 
think you can show that AB> 4 3B 
A’B’? Place AA’B’C’ on AABC 
as in the figure, and Iet CMW 
bisect Z B’CB. What triangles are congruent? 

AM + MB’ is greater than what segment? 

If you cannot prove that AB > AB’, look at the proof in 
the next section. 





Cc 
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Proposition 15. THEOREM 


177. B. If two sides of one triangle are equal, respectively, 
to two sides of another triangle, but the included angle of the 
first is greater than the included angle of the second, then 
the third side of the first 1s greater than the third side of 
the second. 


Cc 


ci 





, 


B 
Given: A ABC and A’B’'C’, AC = A’'C’, BC = BC, 
Le > ZC". 
Toprove: AB > A’B’. 


Plan: Place AA’B’C’ on AABC so that A’C’ coincides 
with AC. Bisect ZB’CB and prove AB’CM = ABCM. 
Since AM + MB’ > AB’, and WB’ = MB, AB> AB’. 


Proof: 


STATEMENTS REASONS 
- Place AA’B'C’ on AABC so that. 1. Given. 
A'C’ coincides with its equal AC. | 
Since ZC > ZC’, BC’ will fall | 
inside ZC. 
Let CM bisect 2 B’CB. Draw B’M. | 2. Post. 10. 
Now prove AB’CM ~ AMCB. | 
AM + MB’ > AB’. 
AM + MB> AB’, or AB> A’B’. 


—_ 


3. S.4.8. = S.4.8. 
4. Why? 
5. Why? 


ade ad 
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PrRoposiTion 16. THEOREM 


178. B. If two sides of one triangle are equal, respectivly, 
to two sides of another triangle, but the third side of the first is 
greater than the third side of the second, then the angle 
opposite the third side of the first is greater than the angle 
opposite the third side of the second. 

c’ 
Cc 


y ’ 
A B A B 


Given: A ABC and A’B’C’, AC = A’C’, BC = BC’, 
AB> A’B’. 
To prove: ZC > ZC". 





Succestion. — See if you can prove this by the indirect method. 
There are two possibilities: Either ZC > ZC’, or ZC isnot > ZC’. If 
ZC is not > ZC’, either ZC = ZC’ or ZC < ZC’. If £0 = LC, 
QABC = AA'B'C’ (Why?) and AB would equal A’B’. 

What is contradicted by the last statement? 

Then show that ZC cannot be < ZC’ (§ 177). Write the proof in full. 


EXERCISES 


1. Angle A of quadrilateral A BCD is less than 60°. Can diagonal 
BD be less than AB and also less than AD? 

2. Prove that a diagonal of a rectangle is greater than either side 
of the rectangle. 

3. AM is a median of AABC. “AMB is acute. Prove that 
AC > AM. 

4. Side AB of equilateral triangle ABC is produced through B 
to D. Provethat ZACD> ZADC. 
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5. Each leg of an isosceles triangle is greater than half the base. 
6. ABC and DEF are 


right triangles with right 4 in 
at Aand D. If ZC > ZF, c / 
and BC = EF, prove AB > gee | = p 
DE. cee oss! 
B m7 BE Boe 


SUGGESTIONS. — Produce 

BA to B’, making AB’ = AB and draw B’C. Also produce ED to E’, 
making DE’ = DE and draw E’F. Now show that B’B > E’E. 

7. ABCD is a rhombus and ZA is an acute angle. Prove that 
AC > BD. 

& If, in A ABC, median’ AJ makes Z AMB an acute angle, prove 
that AC > ABand ZB> ZC. 

9. ABC and DEF are right triangles with right angles at A and D. 
If BC = EF and AB> DE, prove ZC > ZF. 


Hint. — See Ex. 6. Cc 
10. In AABC, AB> ACand DB = EC. Prove AY 
BE> CD. A B 


D 


11. If two sides of a triangle are unequal, the median to the third 
side makes the larger angle with the shorter of the unequal sides. 


SuGcsstions. — Draw a triangle ABC with AC > CB; let CD be the 
median. Prove that ZDCB > ZACD. Produce CD to E, making CD = 
DE; draw AE. Compare ZDCB with ZE, and ZACD with ZE. 


12. If two sides of a triangle are unequal, the median to the third 
side forms an acute angle and an obtuse angle with that side. 

13. Using the figure drawn for Ex. 10, 
prove that CD < 3 (AB+ AC + CB). 

14. Give a direct proof that any point 
not on the perpendicular bisector of a line 
segment is not equidistant from the ends of 
the segment. 





Suaccestion. — If CD is the perpendicular 
bisector of AB, and P any point not on CD, |et P be on the same side of 
CDas B, and let AP intersect CD at E. Draw EB. Prove PB < PA, 
(PB is less than the sum of what two line segments?) 
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179. Summary of the Work of Unit Three. In Unit 
Three you have learned: 
I. Two parallel lines intersected by a transversal 
form: 
1. Equal corresponding and equal alternate in- 
terior angles. 
2. Interior angles on the same side of the trans- 
versal that are supplementary. 


II. Two lines are parallel if, when intersected by 
a transversal, they form: 
1. Equal corresponding or equal alternate interior 
angles. 
2. Interior angles on the same side of the transver- 
sal that are supplementary. 


III. That in any polygon: 
1. The sum of the interior angles is (n — 2) 180 
degrees; and hence 
2. Each interior angle of a regular polygon ts 
m—#) 180 degrees. 


3. The sum of the exterior angles is 360°. 


IV. That in any parallelogram: 
1. The opposite sides are equal. 
2. The opposite angles are equal. 
3. The diagonals bisect each other. 


V. That any quadrilateral is a parallelogram if: 
1. The opposite angles are equal. 
2. The diagonals bisect each other. 
3. The opposite sides are equal. 
4. Two sides are equal and parallel. 
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VI. In special parallelograms: 


1. The diagonals of a rectangle are equal. 
2. The diagonals of a rhombus or square are per- 
pendicular to each other. 


VII. About inequalities. These axioms and theorems 
are given in §§ 163-178. 


VIII. Constructions. 


1. To construct a parallel to a given line through 
a given point. 

2. To divide a given segment into any number of 
equal parts. 


IX. New methods of proving original exercises. 


1. You can prove any two segments are equal by 
proving that: 

a. They are opposite sides of a parallelogram. 

b. They are segments intercepted on a trans- 
versal by a series of parallels which inter- 
cept equal segments on another transversal. 

2. You can prove any two angles are equal by 
proving that: 

a. They are alternate interior or corresponding 
angles of parallel lines. 

b. They are angles whose sides are, respec- 
tively, parallel or perpendicular. 

3. You can prove any two lines are parallel by 
proving that: 

a. They are parallel to the same line. 

b. When intersected by a transversal they form 
equal alternate interior, or equal corre- 
sponding angles. 
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Cc. 


d. 


When intersected by a transversal, the in- 
terior angles on the same side of the trans- 
versal are supplementary. 

The lines are opposite sides of a parallelo- 
gram. 


You can prove any quadrilateral 1s a parallelo- 


gram by proving that: 


a. 
b. 
c. 


d. 


é. 
ji 


You can prove two segments are unequal by 


Its opposite sides are parallel. 

Its opposite sides are equal. 

A pair of opposite sides are equal and 
parallel. 

A pair of consecutwe angles are supple- 
mentary. 

The diagonals bisect each other. 

The opposite angles are equal. 


proving that: 


a. 


b. 


They are opposite unequal angles in a 
triangle. 

In two triangles having two sides of one 
equal, respectively, to two sides of the other, 
they are the sides opposite the included 
unequal angles. 


You can prove that two angles are unequal by 


proving that: 


a. 


b. 


They are angles opposite unequal sides in a 
triangle. 

They are angles which are opposite unequal 
sides in two triangles having two sides of 
one equal, respectively, to two sides of the 
other. 
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REVIEW OF UNIT THREE 


See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference 1s made. The references 
given are those most closely related to the exercise. Then study that sec- 
tion before taking the tests. 


1. Define parallel lines; exterior angles; interior angles; corre- 
sponding angles; alternate interior angles. §§ 104, 111. 


2. Define polygon (concave and convex); vertex; diagonal; 
pentagon; hexagon; octagon; regular polygon. §§ 130, 131. 


8. Define parallelogram; rhombus; rectangle; square. §§ 136- 
139. 


4. Define trapezoid; median of a trapezoid; isosceles trapezoid. 
§§ 140, 156. 


5. Draw two lines cut by a transversal. Number and name the 
anglesformed. § 111. 


6. What is meant by the distance between two points? Post. 4. 


7. What is meant by the distance between two parallel lines? 
§ 144. 


8. How many diagonals can be drawn from one vertex in a quad- 
rilateral? In a pentagon? In a hexagon? In an octagon? § 132. 


9. Into how many triangles is each of the figures in Ex. 8 divided? 

§ 132. 

10. What is the sum of the angles of a triangle? Of a parallelogram? 
Of a polygon with 10 sides? § 133. 

11. What is the sum of the exterior angles of a triangle? Of a 
quadrilateral? Ofa polygon with 12 sides? § 134. 

12. Give the two postulates about parallel lines. §§ 105, 106. 

13. Give the four axioms about inequalities. §§ 164-167. 


14. Give four ways that two lines intersected by a transversal 
can be proved parallel. §§ 107, 118-120. 


16. Give four ways that a quadrilateral can be proved to be a 
parallelogram. §§ 146, 148-150. 


16. Give four methods (learned in this unit) of showing that angles 
are equal. §§ 118, 114, 116, 129. 
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NUMERICAL EXERCISES 

1. If x = 2 y, and x = 78°, is 1|| 1’? Why? 

2. If y—2= 50° and z = 65°, is ||’? Why? 

3. What must «+ y equal to make the lines 
parallel? 

4. One acute angle of a right triangle is 36°. Find the other. 

5. One acute angle of a right triangle is ¢ the other acute angle. 
How many degrees in each? 

6. One acute angle of a right triangle is three times the other. 
How many degrees in each? 

7. One angle of a parallelogram is two-thirds as large as one 
of the others. How many degrees in each angle? 

8 One angle of a pentagon is twice as large as a second angle, 
and half as large as a third angle. It contains 36° more than a fourth 
angle. If the fifth angle is 45°, how many degrees in each angle of the 
pentagon? 

9. An exterior angle of a regular polygon is 9°. How many sides 
has the polygon? 

10. The vertex angle of an isosceles triangle is three times as large 
as a base angle. How many degrees in each angle? 

11. The vertex angle of an isosceles triangle is one-third of a base 
angle. How many degrees in each angle? 

12. How many sides has a regular polygon, each interior angle 
of which is 172°? 

SuccrEstion. — Find the number of degrees in each exterior angle and 
apply § 134. 

13. The sum of two angles of a triangle is 105° and their difference 
is 25°. How many degrees in each angle of the triangle? 

14. The bases of a trapezoid are 17 in. and 9 in. Find the length of 
the median. 

15. The median of a trapezoid is 63 in. The lower base is 8 in. Find 
the length of the upper base. 

16. In parallelogram ABCD, ZA = 30° and AD = 32 in. Find the 
length of the altitude from D to AB. 
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GENERAL EXERCISES 

1. In AABC, AB> AC and ZA = 60°. Which is the greatest 
angle of the triangle? 

2. AD bisects the base angle of isosceles A ABC with vertex at C, 
and intersects leg CB in D. Prove AD > BD. 
3. Prove that the diagonal is greater 

than a side of a square. 

4. The line segments connecting the 
middle points of the adjacent sides of any 
quadrilateral form a parallelogram. 

5. The line segments connecting the 


middle points of the opposite sides of any quadrilateral bisect each 
other. 





6. The line segments connecting the middle points of the adjacent 
sides of a rectangle that is not a square form a rhombus. 


7. The quadrilateral which is formed by joining the middle points 
of the segments into which the diagonals of a given rectangle are divided 
by their point of intersection is also a rectangle. 


8. The line segments connecting the middle points of the adjacent 
sides of a rhombus form a rectangle. (See § 148, Ex. 1.) 


9. The sum of the diagonals of any quadrilateral is greater than 
the sum of a pair of opposite sides. 


10. Any side of a triangle is less than half the perimeter. 


11. If two angles of a triangle are unequal, the bisector of the other 
angle is not perpendicular to the opposite side. (Use indirect proof.) 
*12. In any triangle the sum of two sides c 
is greater than the sum of two line seg- 
ments drawn from a point within the 


triangle to the extremitics of the third ca 
side. A B 


*13. A median of a triangle is less than half the 
sum of the two adjacent sides. 


, ¢ , B 
*14. The sum of the line segments drawn from c ’ 


‘ c 
any point within a triangle to the three vertices is VV 
less than the sum of the three sides. D 
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MAINTAINING SKILLS IN MATHEMATICS 


(See Review of Arithmetic and Algebra, pages 450-467.) 


1. One cent is what part of $1? What part of $2? 


2. What is the interest on $3000 at 3% for one year? What is the 
interest for 48 days? What is the amount in each case? 


3. 3 is what part of 4? 3 is what per cent. of 4? 


4. ais what part of b? a is what per cent of b? 


5. A man decided to contribute to a charity a dollars a week for a 
period of 6 weeks. Later he decided to decrease his weekly contribution 
by 10% and to increase the number of weeks by 10%. By what per 


cent did this change his total contribution? 


9 
6. $= ——__ 
10a + 100 
Find: 
2z _, 9y? 
8. 3y x dx 
2 
10.°- + 
y y? 


Add or subtract as indicated: 





2x — 1 32 1 
Pica 


12 3 4 


m n 
m+n m+ mn 





14. 


Solve for x: 


x , 22x 
--+t -=11 
16 4 3 1 


7. 


11. 


13. 


15. - 


a vy 
a—2 a—4 


v—- yo ety 
z+ 2zryt+y xr—-y 
2x— 1, 1— 42 
r+2° 24-2 














G0. - a=) 
a b 
Mo uv 
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PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. A surveyor extends a straight line AB beyond an obstacle as 
follows: At B he turns off any con- 
venient angle x, and runs a line to 4 
C. At C he turns off an angle equal 
to 2 x, as in the drawing, and runs a 
line to D, making CD = BC. At D 
he turns off an angle equal to z, giving the line DE. Prove that AB 
and DE are in one straight line. 

2. When a billiard ball strikes a 
side of the table, the path along which 
it rebounds makes an angle with the 
side of the table equal to that made by 
the path along which it strikes. 

A ball at A is to be driven against 
the side MN so that when it rebounds 
it will strike a given ball at B. Show that the following geometric 
construction will locate the point C at which the ball must strike the 
side MN of the table: Draw AD 1 MN and produce it to E so that 
DE = AD, and draw EB intersecting MN at C. (Prove Z1= Z2.) 

3. Prove that the path ACB is the shortest path by which the 
billiard ball can travel from A to B and strike the side MN. 

Suaccestion.—Let the ball strike MN at any 
other point P, and draw AP, PB, and PE. 
Prove AC + CB < AP + PB. 

4. Light which strikes a mirror is re- 
flected at an angle with the mirror equal to 
the angle at which it strikes it. Two mirrors, 
M and M’, are placed at an angle. Light 
from a point A travels to the point D along 
the path ABCD. Prove that ABCD is the 
shortest path that light can travel from A to ag 
D and be reflected from both mirrors. Ny 

5. Theoptical square is used in forestry for ci 
laying off right angles. It consists of a box with triangular top and 
bottom, and only two side walls, which are set at an angle of 45° with 
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each other. In these walls openings or windows, W and W’ are cut. 
Below the windows there are mirrors, .f and .f’. The observer, whose 
eye is at E, looks into the box through the open side, and holds it so 
that an object A can be seen through the window W. At the same time 





JAC OO DADE OOO RE OHEAIY APO TS TPM, 
o 


Fo 





the image of an object B is seen in mirror M, and in line with A. The 
light from B strikes mirror M’, is reflected to mirror M, then reflected 
to the eye at E. By the law of the reflection of light, Za = 2b and 
Zc = Zd. Show that Z ACB is a right angle. 


PRACTICE TESTS 
Try to do the exercises without referring to the text. If you miss 
any question look up the reference and study it before taking other 
tests. 


TESTS ON UNIT THREE 
TEST ONE 


Numerical Exercises 


1. If angle 2 is 135° and the lines are parallel, how many degrees 


is Z1? § 114. 
2. In AABC, ZC = 90°, ZA = 30°, and side . 

AB = 25 in. Find side BC. § 160. ~~ 
3. If one acute angle of a right triangle is five times the other, 


how many degrees in each? § 125. ‘ 
4. Angle 1 is 45 degrees and angle 2 is 95 ‘ > 
degrees. How many degrees in angle 3?,, § 128. ; 3 


5. One angle of a parallelogram is four times its consecutive angle. 
How many degrees in each angle? § 115. 
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6. If the vertex angle of an isosceles triangle is 30 degrees, how large 
is each base angle? § 123. 

7. An interior angle of a regular polygon is 150 degrees. How many 
sides has the polygon? § 133. 

8. In AABC, AB is bisected at M, MN || AC, N is on BC. Find 
the length of MN if AC is 10 inches. §§ 153, 155. 

9. An exterior angle of a regular polygon is 60°. How many sides 
has the polygon? § 134. 

10. The quadrilateral ABCD has its sides 2 


P 
bisected at M,N, P,andQ. If AC is 16 in. and C 
BD is 26 in., find the perimeter of MNPQ. @ Ry 
§ 155. 
11. In Ex. 10, if ZCAD is 50° and ZBAD A M B 


is 70°, how many degrees in ZBMN? §114. 
12. The side of a rhombus is 16 in. and one of its angles is 30°. 
Find its altitude. § 160. 


TEST TWO 
True-False Statements 


If a statement is always true, mark it so. If not, replace each word in 
italics by a word which will make it a true statement. 


1. If the diagonals of a quadrilateral bisect each other, the quad- 
rilateral is a rhombus. § 148. 

2. One angle formed by the bisectors of two angles of an equilateral 
triangle is double the third angle of the equilateral triangle. § 123. 

3. If the sum of the interior angles is twice the sum of the exterior 
angles of a regular polygon, the polygon has eight sides. §§ 133, 134. 

4. If a straight line intersects one of two parallel lines, it intersects 
the otheralso. § 106. 

5. The opposite angles of a parallelogram are supplementary. §141. 

6. A line which is perpendicular to one of two perpendicular 
lines is perpendicular to the other. § 109. 

7. If two angles have their sides parallel each to each, they are 
either equal or supplementary. § 116. . 

8. If a quadrilateral is a square, its diagonals intersect at right 
angles. § 148, Ex. 1. 
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9. If the opposite sides of a quadrilateral are equal, the figure is a 

rectangle. § 149. 

10. If a regular polygon has 7 sides, each interior angle has 180 
(n — 2) degrees. § 133. 

11. The bisectors of two consecutive angles of a parallelogram meet 
at right angles. §§ 115, 123. 

12. In an equiangular triangle, the line joining the mid-points of 
two sides is equal to one-sixth of the perimeter. § 155. 


TEST THREE 
Multiple-Choice Statements 


From the expressions printed in italics select that one which best com- 
pletes the statement. 
3) 


1. A hexagon has five, 6-9) , siz diagonals. § 130. 


2. If two angles have their sides, respectively, perpendicular, 
they have their vertices at the same point, are equal or supplementary, 
are complementary. § 129. 

3. The sum of the exterior angles of a polygon having 12 sides 
is one straight angle, the same as the sum of the exterior angles of a hexa- 
gon, twelve right angles. § 184. 

4. A trapezoid is a special kind of quadrilateral, parallelogram, 
pentagon. § 140. 

5. The consecutive angles of a parallelogram are supplementary, 
obtuse, equalangles. § 115. 

6. In a 30°-60° right triangle the side opposite the 30° angle 
is half the other side, half the median, half the hypotenuse. § 160. 

7. If one side of a triangle is twice a second side, the triangle is 
zsosceles, the angle opposite the smaller side vs less than the angle opposite 
the greater side, the angle opposite the greater side vs twice as large as the 
other angle. § 170. 

8. A hexagon, equilateral triangle, rhombus is a regular polygon. 
§ 135. 

9. A rectangle has the same relation to a square as a parallelogram 
has to a rhombus, polygon, quadrilateral. §§ 137-139. 
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10. If a median of a triangle is equal to half the side to which it 
is drawn, the triangle is a right triangle, a 30°-60° right triangle, an 
tsosceles triangle. § 123. 

11. If two sides of one triangle are equal, respectively, to two sides 
of another triangle, but the included angle of the first is twice the in- 
cluded angle of the second, then the third side of the first is twice, 
greater than, less than the third side of the second. § 177. 

12. If two angles have the initial side of each parallel to the ter- 
mninal side of the other, the angles are consecutive angles, equal, supple 
mentary. §§ 116, 117. 


CUMULATIVE TESTS ON THE FIRST THREE UNITS 
TEST FOUR 


Numerical Exercises 


1. Two angles are supplementary. One is 4° less than three times 
the other. Howlargeiseach? § 38. 

2. In trapezoid ABCD, if AB = 36 in., 
and CD = 20 in., and AB || CD, how long is 
the median MN? § 157. 

3. In AABC, ZC = 90°, ZA = 60°, AB 
= 12in. How large is AC? § 160. 

4. In the figure, PC _L AC, PBL AB, 
and Zx= Zy. How longis PC? §98. 

5. In the same figure, PC = PB, PC 1 AC, PBL AB, Zx= 
25°. How many degrees in Zy? § 83. D C 

6. In Ex. 5,howlongis AB? § 58. 

7. ABCD is a parallelogram. If 21 = 
110°, how many degrees in 22? §§ 113, 4 ; B 
115. 

8. One exterior angle of a regular polygon is 10°... How many sides 
has the polygon? § 134. 

9. The vertex angle of an isosceles triangle is 120°. How large is 
each base angle? § 123. a C 

10. AB is parallel to DC and M and =e . 

N are mid-points of the other two sides. uf fa 
B 


If AC is 18 in., how long is PC? §$ 153, 155. 4 
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11. Two interior angles of a triangle are 50° and 60°, respectively. 
How many degrees in the exterior angle at the third vertex of the 
triangle? § 128. 


12. In Ex. 11, how many degrees in the complement of the interior 
angle at the third vertex? § 123. 


TEST FIVE 


True-False Statements 


If a statement is always true, mark it so. If not, replace each word 
in italics by a word which will make tt a true statement. 


1. An exterior angle of a triangle is greater than either opposite 
interior angle. § 91. 

2. If the four sides of one quadrilateral are equal, respectively, 
to the four sides of another, the quadrilaterals are congruent. 

3. Ifa theorem is true, its converse is always true. § 74. 


4. The hypothesis of a theorem is the part that is given; the con- 
clusion is the part to be proved. § 67. 

6. If, in AABC, ZA=40° and ZC = 80°, the exterior angle at B 
must be equal to 120°. §§ 123, 128. 

6. If a median of a triangle is perpendicular to the side to which 
it is drawn, the triangle is equilateral. § 64. 

7. A diagonal of a quadrilateral divides it into two congruent 
triangles. § 142. 

8. If two sides of a triangle are unequal, the angles opposite are 
unequal, the greater angle being opposite the greater side. § 170. 


9. A straight line cannot be both parallel and perpendicular to 
another straight line. § 105. 


10. If three lines cut off equal segments on two transversals, they 
must be parallel. § 152. 


11. If one acute angle of a right triangle is double the other, the 
hypotenuse is double the smaller side. § 160. 


12. Of two contradictory propositions, if one is true, the other is 
usually false. § 102, 1. 


PARALLELS AND PARALLELOGRAMS 171 
TEST SIX 
Drawing Conclusions 
Give a conclusion that can be drawn from the hypothesis stated. 
1. In triangle ABC, AC = BC. $69. 
2 Za+ Zb= 180°; Zu= Ze. § 40. 
3. In A ABC and DEF, AB= DE, ZA= ZD, ZC= ZF. 
§ 127. 
4. ABand DC are parallel sides of trapezoid ABCD. MN is the 
median. § 157. 
6. In AABC, AB> AC. $170. 
6. In AABC, AB=6 in, ZA = 55°, and ZB= 60°. In 
ADEF, ZD = 60°, ZF = 55°, and DF = 6 in. §65. 
7. PM is perpendicular to AB and 4 is the mid-point of AB. 
§ 89a. 
8 InAABC,ZA= ZB. §76. 


9. M is the mid-point of hypotenuse AB of right triangle ABC 
and CM isa median. § 159. 


10. PA = PBandQA= QB. § 87. 


11. Line & passes through point P parallel to line 7. Line ¢ inter- 
sects k at P. §§ 105, 106. 


12. Z EBC isanexterior angle of AABC. § 128. 


TEST SEVEN 
Constructions 


Make the constructions required, leaving all construction lines. 


1. Through a given point on a side of a given triangle construct a 
line parallel to one of the other sides of the triangle. 


2. Divide a line 33 in. long into five equal parts. 

3. Construct an angle of 75°. 

4, Construct an isosceles triangle given one of the legs and a vertex 
angle. 

5. Construct an isosceles triangle given the base and one of the 
equal angles. 
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Gears such as these, and many other machine parts are based on the circle. 


UNIT FOUR 
CIRCLES 


Cyorps, CENTRAL ANGLES, AND ARCS; TANGENTS; 
CONSTRUCTIONS 


180. Circles. A circle (symbol ©) is a closed curve 
all points of which are equally distant from a point within 
called the center. 

A line segment from the center to the 
circle is called a radius. 

The diameter is a line segment through 
the center terminated by the circle. 

A diameter is equal to two radii. 

A chord is a line segment whose end points are on a 
circle. 

In addition to postulates 5 and 6, which refer to the 
circle, we shall need the following: 





181. PostuLaTE 13. A potnt is within, on, or outside a circle 
according as its distance from the center is less than, equal to, or 
greater than, the radius. 


182. PostuLaTE 14. a. A diameter of a circle bisects the 
circle and the surface inclosed by it, and con- 
versely 


b. If a line bisects a circle, it is a diameter. 
183. PostuuaTE 15. Two lines perpendicular to 


intersecting lines must intersect. 
173 
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PROPOSITION 1. THEOREM 


184. Through any three given points not in a straight line 
one circle, and only one, can be drawn. 


Given: A, B, C, not in a straight line. 
To prove: One © and only one © can be drawn through 
A, B, and C. 





Plan: Draw the perpendicular bisectors of the chords. 
Prove that they intersect in one and only one point. 


Proof: 


STATEMENTS REASONS 
Draw AB, BC. Construct the per- | 1. Post. 15. 
pendicular bisectors of AB and 
BC, and suppose that they inter- 
sect at O. 
2. A circle can be drawn with O as| 2. Post. 5. 
center and OA as radius. 


h— 


3. OA = OB = OC. 3. § 89a. 
4. The circle will pass through points | 4. Post. 18. 
Band C. 


5. There can be but one circle through | 5. Post. 2. 
A, B, and C. 
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185. Corotuary 1. A straight line or a circle cannot 
intersect a circle in more than two points. 


Construction VIII 


186. T'o construct a circle through three given points not 
in a straight line. 


Construction and proof: See § 184. 


EXERCISES 


1. From the measurements of a piece of broken 
wheel a new wheel is to be cast of the same size. 
Show how to find the radius of the new wheel. 


2. Draw any triangle and construct a circle which will pass through 
its vertices. 

3. Draw a circle by tracing around a coin. Locate its center. 

4, Draw two circles that have no point in common; two points 
in common; one point in common. 


5. If AB and CD are diameters of the same circle, prove that 
AC = BD. 

6. All the vertices of a polygon lie on a circle. Prove that the per- 
pendicular bisectors of the sides pass through the center of the circle. 


CENTRAL ANGLES AND THEIR ARCS 


187. A central angle is an angle formed B 
by two radii as ZBOA. You see that 
the vertex is at the center of the circle. 

Any part of a circle is called an arc. 
An arc equal to half a circle is called a 
semicircle. In speaking of the arc AB, 
the arc less than a semicircle, called a-minor arc, is 


Pee 
meant. A major arc (ACB) is greater than a semicircle. 
A quadrant is a quarter of a circle. 


C 
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188. Arcs of equal central angles. Draw two equal 
circles, O and O’. Construct ; 
central angle AOB equal to . . 
central angle A’O’B’. It can “@ 
be proved by superposition that ; 


oo — 

A'B' = AB. Conversely, if, in 
FE ~— 

the equal circles O and O’, A’B’ = AB, it can be proved 

that ZA’O’B’ = ZAOB. 


We shall assume: 


A A 


189. PosruuaTe 16. In the same circle or in equal circles 


(a) equal central angles have equal arcs; and conversely 
(b) equal arcs have equal central angles. 


EXERCISES 

1. Draw a circle and illustrate a central angle; a minor arc; a major 
arc. 

2. Construct a central angle of 90°; of 45°. 

8. Divide a circle into four equal parts. 

ScGcestion. — Draw two perpendicular diameters. Are the central 
angles equal? Why, then, are the arcs equal? 

4, Explain how to divide a circle into eight equal arcs. 


5. Is the arc of a 45° central angle half the arc of a 90° central angle? 
Is it twice the arc of a 223° central angle? Prove it. 


190. Equal arcs and chords. Equal circles O and O’ have 
chords AB and A’B’ equal. By : 
drawing OA, OB, O’A’, and O'B’, . . 
see if you can show by congruent 
triangles and equal central angles 


that AB = A’B’. 
Similarly, given that AB = A’B’ , prove that AB = A’B’, 


B ‘B 
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PROPOSITION 2. THEOREM 


191. In the same circle, or in equal circles, if two arcs 
are equal, their chords are equal. 


A A’ 


B B’ 


Given: Equal © O and O’, with AB=A’B’. 
To prove: AB = A’B’. 





Plan: Use congruent triangles. 


Succestion. — Think: “Since I know the ares are equal, I know 
ZO = ZO’. (§189.) Therefore the A are congruent (s.a.s. = s.a.s.), 
and AB = A’B’.” 


Proof: Write the proof. 


192. Concentric circles are circles having the same 
center. 


EXERCISES 
1, The radius of a circle is 12 in. How long is a chord whose cen- 
tral angle is 60°? 
nN “os 
2. If 21 = 22, prove that AC = BD. a 
3. If ZAOC = Z BOD, prove that 1B = CD. 
4. If AO L OC and BO L OD and diameter FE 


bisects BC, prove AE = DP. : ys 


5. In the figure, if 41 = 22, prove that chord AC B C 
is equal to chord BD. £ 
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ProposiTIon 3. THEOREM 





193. In the same circle, or in equal circles, if two chords 
are equal, their arcs are equal. 


A A’ 


, 


B B 


Given: Equal © O and O’, with AB =A’B’. 
To prove: AB = AB’. 


Plan: Use congruent triangles. 
Proof: Write the proof. 


EXERCISES 
1. Construct three concentric circles with radii 3 in., } in., and 1 in. 
2. Prove that if two chords bisect each other, they must be diameters. 


Hint. — Will the center of the circle lie on the perpendicular bisector 
of AB? Of CD? 


3. Using Ex. 2, prove that if chords AB and CD bisect each other, 
AC = BD. 

4, Two chords, AB and CD, intersect at point EF. If Eis the center 
of the circle, the chords are diameters and AC = D ‘ 
DB as in Ex. 3. Imagine that point E moves 
away from the center toward the mid-point of arc 
AC, the angle of intersection of the lines remaining 
the same. In several positions measure the inter- A 
cepted arcs and see if their sum remains the same. c 
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6&. If ZDOB=2 2A, AB is a diameter and OD Cc 
ms “os 
a radius, then BD = BC. 
A R 
Succestion. — Draw OC and prove ZBOC = 
Z DOB. 
D 


6. A diameter to the mid-point of an arc 
bisects the chord of the are and is perpendicular 
to it. 


Hint. — Can you find two points each equidistant Se 


from A and B? 
7. A diameter perpendicular to a chord bisects the chord and its 
arcs. 
Hint. — Draw OA and OB and prove the triangles congruent. 


8. “A diameter which bisects a chord is perpendicular to the 
chord.” Is this theorem always true? If it is, prove it; if not, re- 
word it so that it is always true and then prove it. 





mH aaa MN /dob ee 
Circtes Arg Mvc# Usep 1n Cuurcu DercoraTIoNns 

194. A diameter perpendicular to a chord. In Ex. 7 
you have proved a theorem about a diameter perpendicu- 
lar to a chord and in Ex. 8 you have proved the partial 
converse of this theorem. These form the next two 
propositions. 
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PROPOSITION 4. THEOREM 


195. A diameter perpendicular to a chord bisects the chord 


Given: Circle O, diameter CD 1 AB at M 


To prove: AM = MB, AD = DB, AC = CB. 


-_-~ 





Plan: Use congruent triangles. 


Proof: 
STATEMENTS REASONS 

1. Draw OA and OB. OM = OM. 1. The same line. 
2. OA = OB. 2. Post. 6. 

3. AAMO = ABMO. 3. § 83. 

4. AM = MB. ZAOM = ZMOB. 4. § 58. 

5. ZCOA = ZBOC. 5. § 40. 

6. AD = DBand AC = CB. 6. § 189. 


Ex. 1. The perpendicular bisector of a chord passes through the 
center of the circle and bisects the ares of the chord. 


SuGcestion. — Where do all points equidistant from the extremities 
of the chord lie? 


Ex. 2. If a line drawn from the center of a circle is perpendicular to 
a chord, it bisects the chord and its arcs. 

Ex. 3. Bisect a given arc of a circle, when the center of the circle is 
inaccessible. 
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PROPOSITION 5. THEOREM 


196. A diameter which bisects a chord (not a diameter) is 
perpendicular to the chord. 


Cc 


AN | “WB 
D 


Given: Circle O, with diameter CD intersecting chord 
AB at its mid-point M. 


Toprove: CD 1 AB. 





Analysis: Think: “If CD is perpendicular to AB at the mid- 
point M, it will be the perpendicular bisector of AB. To prove 
that CD is the perpendicular bisector of AB I must find two 
points on CD equidistant from A and B.” 


Proof: Write the proof. 


197. CoroLiary. The perpendicular bisector of a chord 
passes through the center of the circle. 


Ex. 1. A line drawn from the center of a circle to the mid-point of a 
chord is perpendicular to the chord and bisects the arcs of the chord. 

Ex. 2. A radius drawn to the mid-point of an arc bisects the chord 
of the arc and is perpendicular to it. 

Ex. 3. The line joining the mid-point of a chord and the mid-point. 
of its arc is perpendicular to the chord and passes through the center 
of the circle. 

Ex. 4. If diameter CD bisects chord AB, the two triangles, CAB 
and DAB, are isosceles. 
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198. A circle is said to be circumscribed 
about a polygon when all the vertices of the 
polygon lie on the circle. The polygon is 
said to be inscribed in the circle. 


199. The line of centers of two circles is the line passing 
through their centers. 


EXERCISES 


1. Using your protractor, how can you divide a circle into five 
equal arcs? How many degrees in each central angle? 


2. Prove that the polygon formed in Ex. 1 by joining the con- 
secutive points on the circle is equilateral. 


3. By connecting alternate points in Ex. 1, form a five-pointed 
star. 


4, Divide a circle into eight equal arcs. By joining every third 
point in order, form an eight-pointed star. 


6. Prove that the chord of a 60° central angle is equal to the radius. 


6. Radius OD is perpendicular to chord AB. Prove that OD 
bisects angle ADB. 


7. If a diameter bisects each of two chords, the chords are parallel. 


8. Prove that the line connecting the centers of two intersecting 
circles is the perpendicular bisector of their common chord. 


Hint. — Show that two points are equidistant from the ends of the 
chord. 


“9. Two concentric circles are intersected by a y ho-—~—>» “ 
straight line in the successive points A, B, C, and D. 
Prove that AB = CD. 
*10. Two chords AC and AD form ZA, which 
is bisected by diameter AB. Prove BC = BD. 


*11. Prove that the line connecting the centers of two parallel chords 
passes through the center of the circle. 
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Proposition 6. THEOREM 


200. If two circles intersect, the line of centers is the per- 
pendicular bisector of their common chord. 


4 


At 


\) 


B 


Given: Circles O and O’ intersecting in A and B. 
To prove: 00’ is the perpendicular bisector of AB. 





Plan: Points O and O’ are each equidistant from A and B, 
If two points are each equidistant . . . 


Proof: Write the proof. 
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201. The distance from the center of a circle to a chord. 
What is meant by this (§ 99)? Prove by using 


congruent triangles that, if 4B = CD, then 4 Cc 
OM = ON, where OM 1 AB and ON 1 CD. ) 
Hint. — Draw OA and OC. Why do OM and ON \ | 


bisect AB and CD respectively? B D 


Then prove the converse; that is, if OMJ 1 AB and ON 1 
CD, and if OM = ON, then AB = CD. 
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PROPOSITION 7. THEOREM 


202. In the same circle, or in equal circles, chords equi- 
distant from the center are equal. 


A C 
B D 


Given: Circle O, OM 1 AB, ON 1 CD, OM = ON. 
Toprove: AB = CD. 





Plan: Use congruent triangles. 


Proof: 
STATEMENTS REASONS 
1. Draw OB and OD. OB = OD. 1. Post. 6. 
2. OM 1 AB, ON 1 CD, OM = ON. 2. Given. 
3. AOMB =~ AOND. 3. § 83. 
4. MB =ND. 4. § 58. 
5. But MB =4AB,ND =3CD. 5. § 195. 
6 .. AB = CD. 6. Az. 1 and 4. 


EXERCISES 

1. In the figure above, if angle OBM is 30° and the radius of the 
circle is 12 in., how far is chord AB from the center? 

2. An isosceles trapezoid is inscribed in a circle of radius 8 in. and a 
base is a diameter. If the central angle of one of the non-parallel sides 
is 60°, how long is the other base? 

3. The line segment connecting the mid-points of two chords is bi- 
sected by the center of the circle. Prove that the chords are equal and 
parallel. 
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PROPOSITION 8. THEOREM 


203. In the same circle, or in equal circles, equal chords 
are equidistant from the center. 


A 


B D 
Given: Circle O with AB = CD, OM 1 AB, ON L 
CD. 
To prove: OM = ON. 





Plan: Use congruent triangles. 


Proof: 
STATEMENTS REASONS 
1. Draw OB and OD. OB = OD. 1. Post. 6. 
2. AB =CD. 2. Given. 
3. OM and ON bisect AB and CD, | 3. § 195. 
respectively. 
4. ..MB=ND. 4, Az. Vand 5. 
5. AOMB =~ AOND. 5. § 83. 
6. ..OM = ON. 6. § 58. 
EXERCISES 


1. If two equal circles intersect, the common chord bisects the 
line of centers. 

2. In the figure for § 200, if OO’ is produced in both directions to 
meet the circles at P and Q, then P and Q are each equidistant from 
A and B. 
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3. The quadrilateral formed by connecting the points of inter- 
section and the centers of two equal intersecting circles is equilateral. 


4. Two triangles have as their common base the common chord 
of two intersecting unequal circles. Their vertices are the centers of 
the circles. Prove that the triangles are isosceles. 


6. Draw a circle and in it draw a large number of equal chords. 
Why does the figure give the impression of a concentric circle inside 
the first circle? 


6. Divide a circle into four equal arcs. Prove that the chords 
of these arcs are equidistant from the center. 

7. If two equal chords are drawn from the same point on a circle, 
they make equal angles with the radius drawn to that point. 


Hinr. — Draw perpendiculars from the center to the chords. 


8. If the vertices of a polygon lie on a circle and the sides are equi- 
distant from the center, the polygon is equilateral. 


9. Two equal chords intersect within a circle. Prove that the 
radius drawn to the point of intersection bisects the angle between 
the chords. 


Hint. — Draw perpendiculars from the center to the chords. 


10. Two chords intersect within a circle, and the radius drawn to the 
point of intersection bisects the angle between the chords. Prove that 
the chords are equal. 


11. If perpendiculars are drawn to two radii from the mid-point 
of the are intercepted by the radii, the perpendiculars are equal. 


INEQUALITIES IN CIRCLES 
204. Postulates about inequalities in circles. 


PostuLaTE 17. In the same circle, or in equal circles, 
a. the greater of two unequal central angles has the greater 
arc; and conversely 

b. of two unequal arcs the greater has the greater central 
angle. 
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PRoposITION 9. THEOREM 


205. B. In the same circle, or in equal circles, if two 
minor arcs are unequal, the greater arc has the greater chord. 


a ee as ed 
Given: Equal © O and O’, chords AB and A’B’, 
AB > A'B. 
Toprove: AB > A’B’. 





Analysis: If AB > A’B , what can you say about 4 O and 
O’ (Post. 17)? Since OA = OB = O'A’ = O’B’, what can 
you say about AB and A’B’ (§ 177)? 

Proof: 


STATEMENTS REASONS 
1. Draw OA, OB, O'A’, O'B’. They | 1. Post. 6. 
are all equal. 


2. Since AB > A’B’, ZO > ZO’. 2. Given and Post. 17. 
3. ..AB> A’B’. 3. § 177. 


The Sophists, or ‘‘wise men”’ (about 450 B.c.) made a 
study of the circle, which had been entirely neglected 
by Pythagoras and his early followers. They made many 


attempts to trisect arcs. 

The Sophists were the first teachers to receive pay for 
their work and Hippocrates of Chios (about 430 B.c.) was 
the first to accept pay for the teaching of mathematics. 
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PROPOSITION 10. THEOREM 


206. B. In the same circle, or in equal circles, if two chords 
are unequal, the greater chord has the greater minor are. 


Given: Equal circlesO and O’, AB > A’B’. 
To prove: AB > A'B’. 





Analysis: Since AB > A’B’, we can use § 178 and prove that 
ZO> ZO’. Then AB > A'B by Post. 17. 


Proof: 





STATEMENTS REASONS 
1. Draw OA, OB, O’A’, O’B’. They | 1. Post. 6. 
are all equal. 


2. AB> A’B’. 2. Given. 
38. ZO > ZO’. 3. § 178. 
4. AB> A'B’. 4. Post. 17. 


207. Distances of unequal chords from 
the center. Does the length of a chord YZ 
depend on its distance from the center of 4/——\\ 


> 
NEG 
the circle? If AB >CD, how can you O 
N 


A 
place CD to better compare the distances + 


OM and ON? See if you can prove OM. ©¢ ~~”? 
< ON by so placing chord CD. 
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PrRoposiTion 11. THEOREM 


208. B. In the same circle, or in equal circles, tf two 
chords are unequal, the greater chord is nearer the center. 


Given: Circle 0, AB >CD, with OM 1 AB and 
ON 1 CD. 


To prove: OM < ON. 





Plan: Take AD’ = CD and let 1 ON’ intersect AB at P. 
Then prove OM < OP (§ 173), and that OP < ON’ (Ax. 6). 
Proof: 


STATEMENTS REASONS 
1. Take AD’ = CD and draw ON’ 1 | 1. Whyis AD’ < AB? 
AD’, intersecting AB at P. ON’ §§ 203 and 206. 


= ON. 
2. OM < OP. 2. § 173. 
3. OP < ON’. 3. Az. 6. 
4. HenceOM < ON’. 4. Ax. 11. 
5. .. OM < ON. 5. Az. 7. 


Ex. 1. An equilateral triangle and a square are inscribed in a 
circle. Prove that the sides of the triangle are nearer the center than 
the sides of the square. 

Ex. 2. Arcs AB, BC, and CD of a circle are equal. From M, the 
mid-point of are AB, MN is drawn perpendicular to chord AB at N, 
and CP is perpendicular to chord BD at P. Prove that CP > 
MN, if each arc is less than a quadrant. 
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Proposition 12. THEOREM 





209. B. In the same circle, or in equal circles, if two 
chords are unequally distant from the center, the one nearer 
the center is the greater. 





Given: Circle O, chords AB and CD, OM 1 AB and 
ON 1. CD,OM < ON. 
Toprove: AB > CD. 





Plan: Use the indirect method of proof. 
Proof: Write the proof. 


210. A. Continuity. You have seen in §§ 205 to 209 that, asa 
chord AB moves toward the center of the circle so that the per- 
pendicular gets smaller, the chord AB gets larger and the arc 
AB also gets larger. 


EXERCISES 

1. In the same circle or in equal circles, the greater of two unequal 
major arcs has the smaller chord. 

2. In the figure, if AB is a diameter and 
BC is less than a quadrant, prove that ZCOA 
> ZBOC. 

3. Triangle ABC is inscribed in a circle. 
If AB = 3 in., BC = 5 in., and CA = 6 in., 
prove that AB < BC < CA, and that Z AOB < Z BOC < ZCOA, 

4. A diameter of a circle is greater than any other chord. 


Cc 
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5. Prove that the bases of an inscribed trapezoid are unequally 
distant from the center of the circle. 

6. AB is a diameter and chord BC < chord BD. Prove that 
chord AD < chord AC. 

7. In circle O, chord AB > chord BC and chord BC > chord CA. 
Prove that Z AOC < 120°. 

8 If A, B, and C are points on a circle, and P is a point within the 


circle, and if ZAPB = Z BPC and AP = CP, then AB = BC. 


— — D 
9. AB is a diameter and AC'> BD. If Ql 
OM L AC and ON L BD, prove ZMNO< (2S 


ZOMN. a 


10. Prove that the shortest chord through a a z 
point P within a circle is the chord AB L to 
the diameter through P. 


Hint. — Draw any other chord EF through P and show that it is 
greater than AB by showing that it is nearer the center. 


11. Prove the theorems in § 208, § 209 using this 


_M™~™ 
figure. B 
SuacEstion. — In § 208: if AD’ = CD, why is AM D 
De 
Cc 


> AN’? Then what can you say about. 4 1 and 2? 
About 4 3 and 4? 

12. Perpendiculars are drawn from a point which is not the mid- 
point of an arc to the radii that intercept the arc. Prove that the 
perpendiculars are unequal. 
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SECANTS AND TANGENTS 


211. A secant is a straight line intersecting a circle in 
two points. 

Thus, secant p intersects the circle 
in points A and B. 


212. A tangent is a straight line 
touching a circle in one, and only one ¢ Cc 
point. 
_ Thus, gis a tangent, and C is called the point of tangency 
or point of contact. 


B 


Ex. 1. Draw a circle with center O and radius OA. Through A 
draw a line p making an angle of about 30° with OA. In how many 
points does p intersect the circle? 


Ex. 2. Let the line p in Ex. 1 revolve about the point A so as to 
make the angle between OA and p larger. How large do you think 
the angle is when p becomes tangent to the circle? 


Ex. 3. Secant p intersects a circle in points A and B. Let p revolve 
about A so that B approaches A along the curve. When B coincides 
with A, p is said to be tangent to the circle at A. This is the definition 
of tangent used in higher mathematics. 


213. Looking ahead. In order to prove that line p:p is 
tangent to the circle at point A, what is it necessary to 
prove (§ 212)? How can you 
show that all points of p except 
Avlie outside the circle O? (Post. 
13.) By taking any point in p 
except A, such as point B, and p-~ 
drawing OB, see if you can show 
that a line p, which is perpendicular to radius OA at A, is 
tangent to the circle. (See § 173.) 


B A 
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PRoposiTION 13. THEOREM 


214. A line perpendicular to a radius at its outer ex- 
tremity 1s tangent to the circle. 


Dp 4 J 
B A 


Given: Circle O, with p L radius OA at A. 
Toprove: pistangent to © O. 





Plan: Show that any other line from O to p is greater than 
OA; and hence that every point of p except A lies outside the 
circle. 


Proof: 


STATEMENTS REASONS 
1. Let B be any point on p except A. | 1. Given. 
DrawOB. OA 1 p. 
. OB > OA. . § 173. 
.. B lies outside circle O. Post. 18. 
. Since B, any point on p except A, | 4. § 212. 
lies outside circle O, p is tangent to 
circle O at A. 


bo 


Pwd 
& 


Ex. 1. Perpendiculars to a diameter at its extremities are tangent 
to the circle. 


Ex. 2. If the vertices of a regular hexagon are on a circle, a con- 
centric circle can be drawn to which all sides of the hexagon are 
tangent. 


194 CIRCLES 


ProposiTion 14. THEOREM 


215. The tangent to a circle at a given point 1s perpendicu- 
lar to the radius drawn to that point. 


p a 
B A 


Given: Circle O with radius OA, and line p tangent to 
© Oat A. 


Toprove: OA L p. 





Plan: Mentally: ‘ If I can show that OA is the shortest line 
from O to p, then OA will be the perpendicular.” Recall § 174. 


Proof: 


STATEMENTS REASONS 
1. Take B any point on p except A and | 1. § 212. 
draw OB. B lies outside the ©. 
2. OA < OB. 2. Post. 13. 
3. .. since OA < any other line drawn | 3. § 174. 
from O to p, itis L p. 


216. CoroLuary 1. A line perpendicular to a tangent 
at the point of contact passes through the center of the circle. 


217. Corouuary 2. A line from the center of a circle, 
perpendicular to a tangent, passes through the point of 
contact. 


Succestion. — Drawa 1 to pat A. Use § 216. 
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Construction IX 


218. To construct a tangent to a circle through a given 
point on the circle. 


Given: Point P on circle O. ! P 
Required: To construct a tangent to 
© Oat P. 
Construction: 
1. Draw OP. 
2. Construct 1 L OP at P. 
3. J is the required tangent. 


Proof: Use § 214. 


219. Inscribed circles. A circle is said 
to be inscribed in a polygon when all the 
sides of the polygon are tangent to the 
circle. The polygon is said to be circum- 
scribed about the circle. 


EXERCISES 


1. Draw a circle and its diameter AB. At A and B construct 
tangents to the circle. Prove that the tangents are parallel. 

2. Construct a tangent to a circle at the mid-point C of are AB. 
Prove that the tangent is parallel to chord AB. 

38. Draw any chord of a circle and construct two tangents, each 
parallel to chord AB. 

4. Draw a circle and two radii OA and OB. 
Construct tangents to the circle at A and B, in- 
tersecting at P. How large is the angle at P it 
ZO = 60°? 90°? 120°? 

5. In the figure for Ex. 4 prove that PA = PB. PR 


SuGGESTION. — Draw PO. 


6. The diameter of a circle bisects all chords which are parallel to 
the tangent at the extremity of the diameter. 
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Proposition 15. THEOREM 


220. Two tangents to a circle from an outside point are 
equal and make equal angles with the line joining that point 
to the center. 


B 


Given: Circle O, with point P outside the circle, PA 
and PB tangents at A and B, respectively, and line PO 
connecting points P and O. 


Toprove: PA = PB,and Z1 = 22. 





Plan: Use congruent triangles. 
Proof: Left for you to write in full. 
Hint. — Why isOA 1 PA? 


EXERCISES 


1. Using the figure in § 220, if PA and PB are tangents to the 
circle at points A and B, respectively, prove that PO is the perpendicu- 
lar bisector of chord AB. 

2. In § 220 prove that chord AB makes equal angles with the 
tangents PA and PB. 

3. If Z BPA is 60° and AO is 12 in., how long is PO? 


4. If PA is 8 in. and PO is 16 in., how large is 
ZAOB? Cc 

5. AB is tangent to the circle with center O at p 
M. AC and BD are tangent at C and D, respec- pM B 


tively. Prove that AB = AC + BD. 
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6. Draw a circle O and any radius OP. On OP produced take 
point O’. With O’ as center and O’P as radius draw a circle. At P 
construct line / perpendicular to OO’. How is line J related to circles 
O and O’? Prove it. 


7. If an isosceles triangle is circumscribed about a circle, the base 
is bisected at the point of contact. 

8. In a circumscribed quadrilateral, the sum of 
two opposite sides equals the sum of the other two 
opposite sides. Dp 


Cc 
9. A parallelogram circumscribed about a circle 
is either a rhombus or a square. N 
10. Ifacircle is inscribed in an equilateral triangle, 4 B 
the three sides are bisected at the points of contact. af 

*11. If a circle is inscribed in a right triangie, C 

the sum of the legs equals the sum of the x 
hypotenuse and the diameter of the circle. (O,-w 
*12. The perimeter of any circumscribed trape- 4 5B 


zoid is equal to four times the line segment 
which joins the middle points of the two non-parallel sides. 


SuaGcEstTion. — See § 157. 


I 


221. Tangent circles. Two circles are said to be tan- 
gent if they are both tangent to the same line at the same 
point. If the line of centers is intersected by the com- 
mon tangent, the circles are said to be tangent externally 
(Fig. I). They are tangent internally if the common tan- 
gent does not intersect the line of centers (Fig. IT). 


II 
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Proposition 16. THEOREM 


222. If two circles are tangent, the line of centers passes 
through the point of contact. 
A 


B 
Given: Circles O and O’ tangent to AB at P. 
To prove: OO’ passes through P. 





Plan: At P construct a perpendicular to AB and extend it 
both ways. Why willit pass through O? Through O’ (§ 216)? 


Proof: For you to write out. 


223. Internal and external tangents. A straight line 
tangent to each of two circles is called a common tangent. 
The tangent is a common in- 
ternal tangent if it intersects 
the line segment joining their 
centers; if it does not, it is 
a common external tangent. 
The length of the common 
tangent is measured between the two points of contact. 
Thus, in the figure, p and p’ are common external tangents 
and g and q’ are common internal tangents. 





224. The perimeter of a polygon is the sum of the 
lengths of its sides. 
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EXERCISES 


1. Draw two circles O and O’ with radii r and 1’, respectively, so 
placed that OO’ > r-+-r’. Draw the common internal and external 
tangents. How many of each are there? 


2. Draw two circles as in Ex. 1 with OO’=r-+7’. How many 
common internal tangents are there? How many common external 
tangents? 


3. If two circles are tangent internally, what is the relation be- 
tween the length of the segment connecting their centers and their 
radii? 


4. In Ex. 3 how many common internal tangents are possible? 
How many common external tangents? 


5. If one circle lies within another circle, and they are not tangent, 
is OO’ << r—r’? Do the circles have any common tangents? 


6. Are the common internal tangents of two unequal circles equal? 
Prove it. (Use § 220.) 


7. Prove that the common external tangents of two unequal circles 
are equal. 


Hint. — Produce the tangents until they meet, then use § 220. 
8. Draw two circles having only three common tangents. 


9. In the figure of § 222, prove that tangents drawn to circles 
O and O’ from any point A in AB are equal. 


10. Two circles are tangent externally at B E C 
A, and also have a common tangent touching 
them at B and C, respectively. Prove that 
the common tangent at A bisects BC. 


11. In the figure of Ex. 10, prove that 
ZCAB isa right angle. 


*12. If two circles are tangent externally at A and have a common 
tangent touching them at B and C, respectively, a circle with diameter 
BC will pass through A. 


*13. Write out a proof for the theorem in Ex. 9 when the two circles 
are tangent internally. 


200 CIRCLES 


MISCELLANEOUS EXERCISES 


1. Three circles with radii 4 in., 5 in., and 6 in. are tangent ex- 
ternally, each one to the other two. Find the perimeter of the triangle 
formed by joining their centers. 

2. If two circles are tangent to each other, the distance between 
their centers equals the sum or difference of their radii. 

3. If two equal circles are tangent externally at A, and a line is 
drawn through A intersecting the circles again at B and C, respec- 
tively, the chords AB and AC are equal. 

Suacestion. — Draw the line of centers and radii to B and C. 

4. A common internal tangent to two equal circles bisects the line 
of centers. 

5. Construct a circle concentric to a given circle and tangent to a 
chord of the given circle. 

6. Given alinel anda point Poni. Construct two circles tangent 
to lat P, and having given radii r and 7’. 

7. Two chords perpendicular to a third chord at its extremities 
are equal. 

8. In circle O, AB is a diameter and AC || OD. 

ven ~~ 
Prove CD = BD. 

'9. Prove that the straight line connecting the 2 
mid-points of the major and minor arcs of a chord 
is perpendicular to and bisects the chord. 

225. Parallel lines and the arcs they intercept. If p|| q, 
and p is tangent to the circle at A, do 
you think you can prove AB = AC? 
What auxiliary line can you draw which 
will show that CA = AB ($195)? If * c 
OA is drawn, will it be perpendicular to 
p and g (§§ 215 and 109)? 

If you can prove that a tangent and 
a secant intercept equal arcs, see if you 
can prove that the arcs AC and BD 
made by parallel secants are equal. 





A 
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Proposition 17. THEOREM 


226. Two parallel lines intercept equal arcs on a circle. | 


III 


CasE1. When one parallel is a tangent and one a secant. 
Given: p tangent to © O at A, q intersecting © O at 
Band C, p || ¢. 
Kew oO“ 
To prove: AB = AC. 





Plan: Think: “If I draw diameter AD, it will be L p 
(§ 215), and hence L gq (§ 109). But a diameter L to a 
chord .. .” (§ 195). 


Proof: 
STATEMENTS REASONS 
1. Drawdiameter AD. AD 1 p. 1. § 215. 
2, ADL 4g. 2. § 109. 
3... AB = AC. 3. § 195. 


CasE II. When both parallels are secants. (Fig. II.) 


Succestion. — Suppose r drawn || p and tangent to © O at E. 
1. Why is r || q? 


2. Why is AB = BE? 

3. Why is CB = DE? 

4. Then why is AC = BD? 

Case III. When both parallels are tangents. (Fig. III.) 


Succestion. — Construct a secant r || p. Then apply Case I. 
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EXERCISES 
. Using Fig. III, prove that a diameter bisects the circle. 
. In Fig. II, prove that AE = BE. 


1 
2 
_ se <-e_“_ 
3. In Fig. II, prove that ABD = BAC. 
4, An inscribed trapezoid is isosceles. 

6. The diagonals of an inscribed trapezoid are equal. 


6. If two circles are concentric, chords of the larger which are 
tangent to the smaller are equal. , 


7. Ifa tangent and a secant intercept equal arcs, they are parallel. 


Hint. — Use the indirect method. In Fig. I, § 226, if g is not || p, 
through B suppose a line drawn || p. 
8 If two secants which do not intersect within a circle intercept 
equal arcs, they are parallel. 


Hint. — See Ex. 7 and use Fig. II. 


9. The opposite sides of an inscribed equilateral hexagon are 
parallel. 


E D 

Hint. — Use the result obtained in Ex. 8. 

10. In any circumscribed hexagon, the sum of Cc 
one set of alternate sides equals the sum of the ” 
other set; that is, 


AB+CD+ EF = BC+ DE+FA. a 


11. In any circumscribed octagon, the sum of one set of alternate 
sides equals the sum of the other set. 

12. If from an external point P two tangents are drawn to a circle 
with center O, the points of contact being A and B, then Z BPA = 
2ZO0BA. 

*13. The sides of a triangle circumscribed about a circle are 5 in., 
6in., and 8 in. Find the lengths of the segments into which the sides 
are divided at the points of contact with the circle. 


SuccEstion. — Form three equations and solve for the three unknown 
quantities. See Review of Algebra, page 463. 


B 
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CONSTRUCTIONS 


227. You have had the following constructions so far 
in this course: 


I. 


II. 


III. 


IV. 


VI. 


VII. 


VIII. 


IX. 


To construct the perpendicular bisector of a 
segment (§ 92). 

To construct an angle equal to a given angle 
(§ 93). 

To construct a perpendicular to a line at a given 
point on the line (§ 94). 

To construct a perpendicular to a given line 
from a given outside point (§ 95). 

To construct the bisector of an angle (§ 96). 

To construct a parallel to a given line through a 
given point (§ 122). 

To divide a given line into any number of equal 
parts (§ 162). 

To construct a circle through three given points 
not in a straight line (§ 186). 

To construct a tangent to a circle through a 
given point on the circle (§ 218). 


Review each of these constructions now. 


228. Constructing triangles. You already know how 
to construct triangles in the following simple cases. 


CONSTRUCTION X. Construct a triangle when three sides 


are gwen. 


(See § 17.) 


CoNSTRUCTION XI. Construct a triangle when two sides 
and the included angle are given. (See § 52.) 


Construction XII. Construct a triangle when two 
angles and the included side are given. (See § 53.) 


Review these constructions now. 
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CONSTRUCTING RIGHT TRIANGLES 
CONSTRUCTION XIII 


229. To construct right A ABC, given hypotenuse c and 
side b. 


/ / 


Plan: AA’B’C’ is a freehand drawing of the required con- 
struction. A study of it indicates the method of making the 
construction. 

Construction: 

1. At any point C on line l construct CX  l. 

2. From C on CX take CA = b. 

3. With A asa center and a radius c cut lin B. 

4. Draw AB. 

5. ABC is the required triangle. 

Proof: The proof is obvious: AC was constructed . BC, 
AB =candAC = b. 

Discussion: The problem is impossible ifc < borifc = b. 


CONSTRUCTION XIV 


230. To construct right AABC, given hypotenuse c and 
acute ZB. 
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Plan: AA’B’C’ represents our freehand drawing. It is 
evident that we can construct ZB, take c on one of its sides, 
and drop a | from the extremity of c to the other side. 

Construction: 

1. Atany point Bon linel copy ZB. 

2. Onone side of the angle take BA = e. 

3. From A draw AC _ l. 

4. ABC is the required triangle. 

Proof: AC was constructed 1 BC. We have used the given 
parts and hence ABC is the required triangle. 

Discussion: There is no solution unless ZB < 90°. 


231. From constructions X-XIV you see that, in 
general, a triangle can be constructed if three parts are 
given, provided at least one of the parts is a side. 


232. How to make a construction. 

1. Draw the figure freehand and mark the given parts. 

2. Try to discover a part of the figure which you can begin 
to construct. 

3. Actually make the construction and complete the figure, 
using only an unmarked straightedge and compasses. 

4. Prove that your figure satisfies the given requirements. 

5. Discuss the limitations the solutions may have, and the 
possibility of more than one solution. 


233. Symbols. For convenience we shall designate the 
angles of a triangle by the capital 


letters A, B, and C; the sides op- 

posite these angles by the corre- 

sponding small letters a, 6, and c; 7 
a 


medians to the sides by m,, m, and 
m.; altitudes by h., hs, and h,; and the bisectors of the 
angles by é., 4, and ¢,. 
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EXERCISES 

1. Construct AABC if ZA = 45°, b = 3 in., andc = 2 in. 

Hint. — Bisect a right angle to get 45°. 

2. Construct AABC if ZA = 223°, ZB = 60°, and c = 2 in. 

Hint. — Construct an equilateral triangle to get an angle of 60°. 

8. Construct AABC if ZC = 90°, ZA = 30°, and a= 13 in. 
(How can you determine Z B?) 

4. Construct a right A ABC having given a leg and the opposite 
acute angle. 

5. Construct a A ABC having given a side, an angle ppposte that 
side, and another angle. 

6. Construct an isosceles triangle with base AB = 2 in. and 

ZA = 30°. 

7. Construct an isosceles triangle with base c = 2 in. and the alti- 
tude on the base (h,) = 3 in. 

8. Construct an isosceles triangle with base c = 1} in. and vertex 
ZC = 45°. 

Hint. — If vertex ZC is given, what is the sum of the base angles? 
How can you find one of them? 


9. Construct an isosceles triangle with leg a = 14 in. and altitude 
ha = Lin. 


MORE DIFFICULT CONSTRUCTIONS 


1. To a given circle construct a tangent parallel 
to a given line. 


Succestion. — The figure is a sketch of the com- 
pleted construction. If p’ is the given line, q’ the re- 
quired tangent, B’ the point of contact, and p’ || q’, 
will O’B’ be 1 to p’? How can B’ be located? 





2. To a given circle construct a tangent perpendicular to a given 
line. 


Hint. — Suppose the construction completed, and draw a sketch of it. 
If the given line is a secant, will the construction be possible? 
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8. To a given circle construct a tangent mak- 
ing a given angle with a given line. 


Hint. — If any line r makes an angle equal to the 
given angle with the given line p, how should the tangent 
be constructed? 





4. Construct an equilateral triangle having a A 
given altitude. 


Succestion. — A’B’C’ is the freehand drawing. 
How large is ZA’'D’B’? ZB’? Can you construct 


AA'B'D?? ; , 
: ‘ ; B 7 Cc 

5. Construct an isosceles triangle having a D 

given vertex angle and a given altitude from that vertex. 
6. Construct a right triangle, having given Cc’ 

one leg and the altitude to the hypotenuse. 
Suacestion. — If A’B’C’ represents a freehand 

sketch of the completed construction, which of the 4’ Dd’ B’ 


triangles can you construct? (See § 229.) 
Having constructed AACD, produce AC through C and construct 
CB 1 AC, meeting AD produced in B. Prove your construction correct. 


7. Construct a right triangle, having given Cc’ 
an acute angle and the altitude to the hy- 
Hint. — Can you construct AACD? A’ Wr B’ 


8. Construct a triangle, having given a side, 
the median to that side, and the altitude to that side. 


OPTIONAL CONSTRUCTION EXERCISES 


1. Construct a triangle, having given side Cc’ 
b, ZB, and the altitude to side ec. 


SuGGESTION. — Having constructed AACD, 
how can you find ZDCBif you know ZBDC 4’ i \p’ 
and ZB (§ 123)? D 

2. Construct a triangle, having given two sides and the altitude 
to one of the given sides. 
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3. Draw a tangent to a given circle at a given 
point when the center is inaccessible. ie 
Hint. — Take PA = PB. Willaline fromP LAB A 2 B 


be a diameter if produced? 


4, Construct a circle which shall be tangent to a given line at a given 
point and pass through a given external 


point. N 
Anatysis. — If the required circle is tan- 
gent to AB at M, radius OM 1 AB. If it y B 


passes through M and N, MN is a chord, and M 
hence O is on the perpendicular bisector of 
MN. Hence O is the intersection of the perpendicular to AB at M and 
the perpendicular bisector of MN. 
Make the construction, and write the complete construction and 
proof. 
5. Construct the bisector of a given angle k l 
when the vertex is inaccessible. P 
Hint. — Let k and I be the given lines. 
Through any point P of I construct a line || k. 
If PA be taken equal to PB, show how BA C B 
produced to C will be the base of an isosceles 
triangle ‘whose legs are k and J. Will the per- 
pendicular bisector of BC pass through the vertex 
of this isosceles triangle? 
6. Construct a circle with given radius which shall pass through 
two given points. 
Construct triangles, given: 
7. a,c, he 8. a, he, B 9. a, b, mM, 
10. A, ha, te 11. a, B, ts *12. a,b, A 


234. Summary of the Work of Unit Four. In Unit Four 
you have learned that, in the same or in equal circles, 
I. Two segments are equal if they are: 
1. Chords having equal central angles, or arcs. 


2. Chords equidistant from the center of the circle. 
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II. Two angles are equal if they are: 
1. Central angles having equal arcs or chords. 


III. Two arcs are equal if they are: 
1. Arcs having equal chords or central angles. 


IV. Two segments or angles are unequal if they are: 
1. Chords having unequal central angles or arcs. 
2. Central angles having unequal chords or arcs. 


V. Two arcs are unequal if they have: 
1. Unequal central angles or chords. 


REVIEW OF UNIT FOUR 
Complete the following: 





1. A circle may be drawn through any points ...... § 184. 

2. Two circles may intersect in —— points at most. § 185. 

3. A straight line may cut a circle in —— points at most. § 185. 

4. If central angles in a circle are equal, they have equal —— and 
—. §§ 189, 191. 

5. Unequal chords in a circle have unequal —— and ——. 
§§ 204, 206. 

6. If a diameter bisects a chord ...... § 196. 

7. If a diameter is perpendicular to a chord .... § 195. 

8. Chords in a circle equidistant .... § 202. 


9. A line perpendicular to a radius at its outer extremity ..... 

§ 214. 

10. A line perpendicular to a tangent at the point of contact ...... 
§ 216. 

11. A line from the center of a circle, perpendicular to a tangent 
ewes § 217. 

12. Two tangents to a circle from an outside point ..... § 220. 

13. State the postulates applying to a circle. §§ 18, 181, 182, 189, 
204. 

14. Tell how to construct a triangle when you are given (1) two sides 
and the included angle; (2) two angles and the included side; (3) 
three sides. § 228. 
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MAINTAINING SKILLS IN MATHEMATICS 
(See Review of Arithmetic and Algebra, pages 450-467.) 
1. Express 33s as a decimal. 


2. Which of these fractions has the greatest value and which has 
the least value: 3, 75, 5, rs, rz, 3? 

3. 4% of 30 = ? % of 120? 

4. Square 20301. 


6. The regular running time of a bus between two cities is 3 hours. 
Because of a storm the bus could travel at only 2 of its regular speed. 
How late was it? 


6. An error of } in. is made in measuring a line 123 in. long. What 
is the per cent of error? 


7. My watch gains 40 sec. a day. If I set it correctly at noon on 
Monday, what time will it show at noon on the following Saturday? 
8. The value of p 25-cent tickets and of g two-dollar tickets is —— 
cents. ; 
2 
9. In the formula H = =, if b does not change, when c decreases, 
H —. 
10. Winston has y stamps and Standish has 4 more than three times 
as many. Standish has —— stamps. 


11. If ¥2 = 1.414, find the value of Et Sv? to the nearest 
hundredth. 


Solve for x and y: 
12. ¢-+ 3y = 7 13. 2x — 3y = 7 
382 —- y= 1 r+ty=11 
14. 54 + 2y = 22 15. 52+ 4y = 40 
or — y= 0 4x + 5y = 41 
16. 04x + .05y = 28 17. Olx+ 02y = 5.2 
06x — 38by =0 or — oy = 0 
18. Solve Ex. 12 graphically. 
Solve for x: 
19. 7—x=0 20. x3 = 9x 
21. 22-++ 2c = 48 22. 15 — 22 = 2x 


23. Solve 2? — 3x = 10 graphically. 


\\) 


CIRCLES 11 


GENERAL EXERCISES 

1. D is a point within AABC, such that 
BD = BC. Prove AC > AD. 

2. If a line is drawn bisecting an angle 
of any parallelogram, it cuts off an isosceles 
triangle from the parallelogram. 

3. If lines are drawn bisecting two consecutive angles of a parallelo- 
gram, the segments of the bisectors included by the sides of the par- 
allelogram bisect each other. 

4. If the bisectors of the angles of quadri- 
lateral ABCD form a quadrilateral A’B’C’D’, 
the upposite angles of the quadrilateral A’B’C’D’ 
are supplementary. A B 

5. Through a given point within a circle draw @ chord which shall 
be bisected at the point. é 

6. The sides of [J ABCD are a 
produced in succession to points M, 

N, O, and P, so that DP = BN and 
AM = CO. Prove that MNOP isa / 4 _\ 
parallelogram. M 

7. If a transversal cuts two parallel lines, the bisectors of the four 
interior angles form a rectangle. 

8. The arcs intercepted between a diameter and a parallel chord 
are equal. 

9. In quadrilateral ABCD, if AD = BC 
and ZD= ZC, then DC || AB. 

10. The quadrilateral formed by the bisectors 4 B 
of the angles of a parallelogram is a rectangle. 

*11. If lines are drawn bisecting the angles of a parallelogram, the 
diagonals of the rectangle formed by the bisectors are parallel to the 
sides of the parallelogram. 

12. If the bisector of an exterior angle at c 
a vertex of a triangle is parallel to the op- 
posite side, the triangle is isosceles. 

*13. If the exterior angles at A and B of 4 B 
AABC are bisected by AD and BD, respectively, then Z ADB = 90° 
—$ ZC. 


> 


A B 


v 
. 


N 


D Cc 


; 


E 


=i 
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*14. The perpendicular from a vertex of any 
triangle to the opposite side divides the angle 
at the vertex into two angles whose difference 
equals the difference between the other two Sa 
angles of the triangle. (Z1— 22= ZB— 
ZA.) 


Cc 
D B 
*15. The line-segments which join the middle i Cc 
points of the adjacent sides of an isosceles trapezoid E 
form a rhombus or a square. 
*16. If AABD, ABCE, and AACF are equi- 4 B 
D 


lateral triangles drawn on the sides of AABC, AE, 
BF, and CD are equal. 


Suacestion. — Prove ABCF =~ AACE, etc. 


PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. The instrument called a center square is used for locating the 
centers of circular objects. It consists 
of a steel blade MM, upon which slides 
an attachment with two prongs, AC 
and AD. Theedge ABofthebladeM MC 
bisects the angle between the prongs 
AC and AD. When the center of a 
circular object is to be found, the instrument is placed so that the 
prongs AC and AD are tangent to it. Prove that when this is done, 
AB passes over the center of the object. 

2. The prongs AC and AD of the center square in Ex. 1 are equal. 
Prove that if the circular object is so large that when the instrument 
is applied to it the ends of the prongs, C and D, rest against the object, 
AC and AD becoming secants, then AB passes 
over the center of the object. 





3. In this base of a column, straight segments AC 
and BD are given, and it is required to connect them 
by a circular are with a given radius r. Show how 
to make a drawing on a large scale of the whole base 
of a column like this one. 
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Cc B 


e. 

4. Ares AB and AC of two circles, respectively, which are tangent 

to each other at A, form a compound curve. The point of contact A 
is the transition point from one circle to the other. 

Compound curves are used in the construction of railroads where 

the winding track must be made to conform to the physical features 

of the land. They also secure easement, pre- 


venting a train from lurching when it comes 
to a curve. The curve ABC of a railroad 


Cc 





track is composed of two ares, AB and BC. 
The center N of BC is on the radius MB of 


AB. Prove that ABC is a compound curve, or that AB and BC are 
ares of tangent circles. 
Succrstion. — Draw a line through B perpendicular to BM. 


6 AB is a straight railroad track. The track of a switch ACDE 
is laid out as follows: Are AC is con- A 
structed with center M. Then MC is A 
produced to N, making CN = MC, ands 4 re 


CD drawn with center N. SC 


Prove that ACD is a compound curve, 


or that AC and CD are ares of tangent 
circles. 

6. Compound curves are used in many kinds of molding, as well 
as in other architectural designs. 

Explain the construction of the 
curves in the adjoining drawings 
of moldings. 

Make a large drawing of such 
moldings. Draw designs of other 
moldings in which compound 
curves are used. 
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7. In architecture it is sometimes required 
to draw an easement cornice tangent to the 
straight cornice at B, and passing through a B 
given point A. Explain the construction and 4 
make such a drawing. 
The same construction is used in laying out 
the easements of stair rails. 


PRACTICE TESTS 


These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the 
reference and be sure you understand it before taking other tests. 


TESTS ON UNIT FOUR 


TEST ONE 
Numerical Exercises 


In Ex. 1-2 PA and PB are tangent to circle O: 
1. If PA = 10in., how long is PB? § 220. 
2. If ZBPA = 80°, how many degrees in p&p 
ZAOB? §§ 215, 133. 
In Ex. 3-4 the radius of circle O is 3 in. and the 
radius of circle O' ts 2 in.: 
3. How long is OO’ if circles O and O’ are tangent externally? § 221. 
4. How long is OO’ if circles O and O’ are tangent internally? 
§ 221. 
5. Chord AB of circle O is 8 in. If ZAOB = 60°, how long is 
OA? §77. 
6. A regular pentagon is inscribed in circle O. If AB is a side 
of the pentagon, how many degrees in Z AOB? § 189. 
7. The diameter of a circle is 10 in. What is the distance from the 
center of the circle to a line which is tangent to the circle? § 215. 
8. In the figure for Ex. 1, if Z BPA = 120° and PO = 20 in., 
how long is PA? §§ 220, 160. 
9. In circle O, are AB = arc BC and Z AOB = 45°. How large 
is ZAOC? § 189. 
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10. In circle O, chord AB = 6 in., and chord CD = 8 in. One of 
the chords is 4 in. from the center of the circle and the other 2 in. 
What is the distance from 0 to AB? § 208. 

11. In circle O the radius OA makes an angle of 30° with chord 
AB and of 60° with chord AC. If AC = 10 in., what is the distance 
from Oto AB? § 160. 

12. Triangle ABC is inscribed in a circlee AB= 2 in., BC= 
23 in., and AC = 3 in. Two of the central angles which have two 


of the sides as chords are 82° and 110°. How large is central angle 
AOC? § 34. 


TEST TWO 
True-False Statements 


If a statement is always true, mark it so. If not, replace each word in 
italics by a word which will make it a true statement. 


1. In the same circle or in equal circles, if two chords are equal, 
their arcs are equal. § 193. 

2. A line perpendicular to a chord bisects the chord and its arcs, 
§ 195. 

3. A circle will pass through the vertices of any right triangle if 
the center is the mid-point of the hypotenuse and the radius is equal 
to the altitude to the hypotenuse. § 159. 

4, Two parallel lines intercept equal ares on a circle. § 226. 

5. A circle may be circumscribed about any triangle. § 184. 

6. If any central angle of a circle is doubled its chord is doubled 
also. § 205. 

7. Four of the diagonals of a regular inscribed hexagon are diame- 
ters. § 182. 

8. In the same circle, equal central angles have equal arcs. § 189. 

9. If two circles are tangent externally to each other they have 
four common tangents. § 221. 

10. In the same circle or equal circles, of two unequal chords the 
smaller is nearer the center. § 208. 

11. If two unequal circles are concentric, they have no common 
tangents. § 192. 

12. If two chords of a circle bisect each other they are diameters. 
§ 197. 
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TEST THREE 
Multiple-Choice Statements 


From the expressions printed in italics select that one which best com- 
pletes the statement. 


1. If the distance of a point from the center of a circle is less than 
the radius, the point is at the center of the circle, equidistant from the 
circle, within the circle. § 181. 

2. If, in the same circle, one arc is double another are, the central 
angle of the first arc ts double the central angle of the second arc, the chord 
of the first arc ts double the chord of the second arc, the arcs are supple- 
mentary. § 189. 

3. If a circle is circumscribed about a polygon, the polygon is 
equilateral, regular, inscribed in the circle. § 198. 

4. A diameter which bisects a chord (not a diameter) is perpen- 
dicular to the chord, equal to half the chord. § 196. 

5. If the center of a circle whose radius is 5 inches, is 9 inches from 
the center of a circle whose radius is 4 inches, then the circles have in 
common zero, one, two, three points. § 221. 

6. Tungents to a circle at the ends of a diameter are equal, parallel, 
perpendicular. §§ 215, 107. 

7. Two chords of a circle equally distant from the center are 
equal, parallel, perpendicular. § 202. 

8. The bisector of the angle formed by two intersecting tangents 
passes through the center of the circle, is perpendicular to the radius, 
passes through the point of contact. § 220. 

9. The bases of a trapezoid inscribed in a circle are equally, un- 
equally, distant from the center. § 208. 

10. If a square and a regular pentagon are inscribed in a circle, 
the sides of the square are the same distance from the center as, nearer 
the center than, farther from the center than the sides of the pentagon. 
§ 208. 

11. If two major arcs of a circle are unequal, the greater major 
are has the larger, smaller chord. § 205. 

12. Two triangles have as their common base the common chord 
of two intersecting unequal circles. Their vertices are the centers of 
the circles. The triangles are congruent, equilateral, isosceles. Post. 6. 
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CUMULATIVE TESTS ON THE FIRST FOUR UNITS 


TEST FOUR 
Numerical Exercises 

1. The supplement of an angle is 21 degrees more than twice the 
angle. Findtheangle. § 38. 

2. The diameter of a circle is 10 inches. Its circumference is 
divided at A, B, C, D, E, and F into six equal arcs. How long is 
chord AB? §§ 189, 77. 

8. The complement of a base angle of an isosceles triangle is 70°. 
How many degrees in the vertex angle? § 123. 

4. An exterior angle of a regular polygon has 45°. How many 
sides has the polygon? § 134. 

5. ABCD is a trapezoid and M and WN are 
the mid-points of AD and BC, respectively. 
How long is MN? § 157. A RB 

6. In the rhombus ABCD, diagonal AC is equal to side BC. How 
large is angle BCD? § 137. 

7. Two tangents to a circle form an angle of 60°. Radii are drawn 
to the points of contact. Find the number of degrees in the angle 
formed by these radii. §§ 215, 133. 

8. One acute angle of a right triangle is 5° less than twice the other. 
How many degrees in each? § 125. 

9. Oneangle of arhombusis 120°. Ifthe shorter diagonal is 12 in., 
find a side of the rhombus. §§ 142, 77. 

10. The length of the hypotenuse of a right triangle is 18 ft. Find 


the length of the median to the hypotenuse. 
§ 159 D in. C 
% wr 


11. Each interior angle of a regular poly- LE 
gon is 165°. How many sides has the je NS 
polygon? § 134. peste 


12. In trapezoid ABCD, AP = PC and BQ = QD. How long 
is PQ? § 155. 


D 18 in, C 


B 
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TEST FIVE 
True-False Statements 


If a statement is always true, mark it so. If not, replace each word in 
italics by a word which will make it a true statement. 


1. The diagonals of a parallelogram bisect the angles of the 
parallelogram. § 150, Ex. 12. 

2. If the sum of the exterior angles of a polygon equals the sum of 
the interior angles, the polygon has four sides. §§ 133, 134. 

8. If two lines are cut by a transversal, the alternate interior angles 
areequal. § 113. 

4. Intersecting lines are sometimes parallel to each other. § 105. 

5. If the diagonals of a quadrilateral are equal and bisect each 
other, the figure is a trapezoid. §§ 148, 162, Ex. 6. 

6. If two parallel lines are cut by a transversal, the two interior 
angles on the same side of the transversal are equal. § 115. 

7. The consecutive angles of a quadrilateral are supplementary. 
§ 115. 

8 A line cutting two sides of an equilateral triangle and parallel 
to the third side forms an equilateral triangle. § 114. 

‘9. If the diagonals of a rectangle meet at right angles, the figure 
is a square. § 150, Ex. 6. 

10. If the perpendicular bisector of the base of a triangle passes 
through the vertex, the triangle is equilateral. § 89. 

11. The diagonal of a parallelogram divides it into two congruent 
triangles. § 142. 

12. If one acute angle of a right triangle is double another, the 
shorter side.is half the hypotenuse. § 160. 

13. The shorter base of an isosceles trapezoid is 22 in. and the non- 
parallel sides are each 20 in. Since each of the equal sides makes an 
angle of 60° with it, the longer base is 44 in. long. 

14. Three circles are drawn, each tangent externally to the other two. 
The segments connecting their centers are 10 in., 14 in., and 16 in., 
respectively. The radius of the largest circle must be 10 in. 

15. The segment connecting the mid-pvints of the diagonals of a 
trapezoid is Sin. If the shorter base is 32 in., the longer base must be 
40 in. 
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TEST SIX 
Supplying Reasons 


Supply axioms, postulatcs, or theorems as reasons for the following 
statements. 


1. If AC = CB and CD bisects angle ACB, AACD& ABCD. 
§ 64. 

2. Since AACD& ABCD (Ex. 1), ZA = ZB. « 

§ 58. 

3. If two straight lines intersect within a triangle, 
they cannot intersect outside the triangle. Post. 2. 

4. Two right triangles are congruent if the legs of A 
one are equal to the legs of the other. § 64. 

6. In AABC, AD is an altitude and MX is the perpendicular 
bisector of side BC. Conclusion: AZX || AD. § 107. 

6. Lines / and /’ lie in the same plane and are not parallel. Con- 
clusion: / and /’ have a common point. § 105. 

7 Given: ZACX is an exterior angle of AABC. Conclusion: 
ZACX = ZA+ ZB. §128. 

8 Given: AB BC. Conclusion: AC is not | BC. §97. 

9. Given: Quadrilateral ABCD with diagonals AC and BD inter- 
secting at O. Also AO = OC and BO= OD. Conclusion: ABCD 
is a parallelogram. § 148. 

10. Given: A ABC, M the mid-point of BC, MN || AB and inter- 
sects AC at N. Conclusion: AN = NC. § 153. 

11. Given: Circle O, with radius 3 in. Point P is 2 in. from O. 
Conclusion: P lies inside the circle. Post. 13. 

12. Given: AABC inscribed in circle O. Conclusion: the perpen- 
dicular bisectors of the sides of the triangle pass through O. § 197. 


TEST SEVEN 


Constructions 


D B 








Make the constructions, leaving all construction lines. 

1. Construct a right triangle with hypotenuse 33 in. and side 3 in. 

2. Construct a right triangle with hypotenuse 3 in. and angle 75°. 

3. Construct a triangle, given the position of the mid-points of the 
sides. 
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UNIT FIVE 


ANGLES MEASURED BY ARCS OF CIRCLES; 
CONCURRENT LINES; CONSTRUCTIONS 


235. Measuring. In your earlier work in mathematics 
you have learned how to measure quantities and that in 
measuring you use a unit of the same kind as the quan- 
tity you are measuring. Thus, to measure a length you 
need a unit of length, such as a yardstick or a foot rule. 

Thus, if the length of the foot rule is contained 9 times 
in a line segment, you say that the line segment is 9 feet 
long. So the 9 is the numerical measure of the segment 
when a foot is the unit of measure. 

To measure an angle you similarly use as a unit a small 
angle, one ninetieth part of a right angle. This is called 
an angle degree. 


236. Measuring arcs of circles. The unit that we use 
in measuring an arc of a circle is a small arc of the same 
circle that we are measuring, a part of the entire circle. 
This unit is called an arc degree. A 

Thus, if arc AB is one fourth of the circle 
it contains 90 are degrees. Similarly, if 
AOC is a diameter, arc 4 BC contains 180 B 
arc degrees. 

Just as an angle degree contains 60 angle C 
minutes and an angle minute contains 60 
angle seconds, so an arc degree is divided into arc minutes 


and arc seconds. 
291 
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237. Central angles and their intercepted arcs. Since 
an angle degree is one ninetieth of a right angle, there will 
be just 360 angle degrees about the point O. These 360 
equal central angles will intercept 360 equal arcs (Post. 
16), each of the arcs being one arc degree. 

In the figure, if Z A’OB’ is one angle degree, arc A’B’ 
is one are degree. If ZAOB contains 
the unit angle A’OB’ 65 times, then are 
AB contains the unit arc A’B’ 65 times ES 
also, and the are AB contains 65 are A 
degrees. \ / 

From this reasoning it follows that an 
arc contains as many arc degrees as its 
central angle contains angle degrees. We may state: 


A’ B’ 


PosTuLaTE 18. A central angle has the same measure as its arc. 


238. Two arcs are complementary if their sum is 90 
arc degrees, and two.arcs are supplementary if their 
sum is 180 arc degrees. 


EXERCISES 


1. If there are 360 are degrees in a circle, how many arc degrees ir 
half a circle? 


2. How many arc degrees in one-third of a circle? In one-fourth 
of a circle? 


3. How many arc degrees in each arc of a circle circumscribed 
about an equilateral triangle? A square? A regular hexagon? 


4. If equilateral triangle ABC is inscribed in a circle with center 
O, how many degrees are there in AB? In ZAOB? 


6. If AB is a side of an equilateral pentagon inscribed in a circle 
with center O, how many degrees are there in AB? In ZAOB? 
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6. AC and BD are diameters. If BC = 110°, how 
large is AB? DC? AD? 

7. In Ex. 6, how large is each central angle? How 
large is Z1? £2? 

8. In the figure for Ex. 6, if AB = 60°, how many 
degrees in Z BDA? In Z ABD? 


9. A circle is divided into five arcs so that the first is twice the 
second, the third one-half the second, and the fourth twice the first. 
If the fifth are is 15°, how many arc degrees in each? 





10. A flywheel makes 40 revolutions per minute. Through how 
many degrees of arc does a point on the rim travel in A 
one second? 
11. If AOC is a diameter and BC = 50°, how large 
is AB? ZCOB? Ys 
*12. In Ex. 11, how large is ZA? c 
Hint. —Is AAOB isosceles? Is ZCOB an exterior angle of this 
triangle? 
*13. AOB is a diameter, DB = 40°, and BC = 100°, 
find (1) 4 DOB and BOC and thus find (2) Z DAC. c 


*14. In Ex. 13, how does Z DAC compare in size 
with Z DOC? B 





Circirs Usep IN OrnaMENTAL DesiGNns 
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239. An inscribed angle is an angle whose vertex lies on a 
circle and whose sides are chords of the circle. Angle BAC 
in each of the figures below is said to be inscribed in arc 
BAC. Are BC is said to be intercepted by the angle BAC. 

A 
| 


Cc 
Fic. 1 Fic. 2 Fic. 3 


240. Measuring inscribed angles. Before you read the 
proof of the next theorem, see if these suggestions will help you 
discover its proof. In Fig. 1, AC is a diameter, and Z BAC is 
an inscribed angle. We wish to discover the relation between 
the number of angle degrees in Z BAC and the number of arc 


degrees in BC. If radius OB is drawn, what kind of triangle is 
AOB? Why is Z BOC = 2Z2A (8§ 69, 128)? 

If Z BOC = 70°, how large is BC? ZA? How large is each, 
if Z BOC = 40°? 80°? 2°? Then what relation do you think 
there is between the number of angle degrees in an inscribed 
angle and the number of are degrees in its intercepted arc? 
Can you prove that, when one side of an inscribed angle is a 
diameter, as in Fig. 1, the angle has the same measure as half its 
intercepted arc? 

In Fig. 2, by drawing a diameter through A, can you show that 


Z BAC has the same measure as half of two ares whose sum is BC i 

In Fig. 3, by drawing a diameter from A, can you prove 
Z BAC has the same measure as half of two ares whose differ- 
ence is BC? Thus you will have proved: 


An inscribed angle has the same measure as half of its inter- 
cepted arc. 


qn 
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ProposiITION 1. THEOREM 


241. An inscribed angle has the same measure as half of 
ats intercepted arc. 


A A A 
4 
B e Cc 
Cc D C D 


Given: Angle BAC inscribed in © O. 


To prove: Angle BAC has the same measure as 3 BC. 





CasE I. When the center lies on the side of the angle. 
Plan: Draw OB. Compare ZA and Z BOC. 








Proof: 
STATEMENTS oo REASONS 
Z BOC has the same measure as BC. | 1. Post. 18. 
ZBOC = ZA+ ZB. 2. § 128. 
ZA = ZB. 3. § 69. 
2ZA = ZBOC, and hence, 22 A has | 4. Az. 7, 


ren 
the same measure as BC. 


ZA has the same measure as 3 BC. 5. Az. 5. 


Case II. When the center lies within the angle. 
Plan: Draw diameter AD. Apply Case I to Z BAD and to 


Z DAC and add. 


Cask III. When the center is outside of the angle. 
Plan: Draw diameter AD. Apply Case I to Z BAD and to 


ZCAD and subtract. 
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242. CoroLuaRY 1. Angles inscribed 
in the same arc or in equal arcs are equal. 


Plan: Show that each angle has the same 
measure as 3 BC. 





243. Corotuary 2. An angle inscribed in a semi- 
circle vs a right angle. 


CONSTRUCTION XV 


244. To construct a tangent to a circle from a given out~ 
side point. 


Given: Circle O; point P outside the ©. KY 
Required: Construct a tangent to the P 
© from P. oy) 


Plan: Draw a circle having OP as di- R 
ameter, intersecting © O in Q and R. 
Draw PQand PR. PQand PRare the required tangents. 
Proof: Think: ‘Since OQP is a semicircle, ZQ is...” 
(§ 243). Then use § 214. 


Write the construction and proof. 


EXERCISES 
A A A 
B 
B B D 
D 
Cc Cc C 
Fic. 1 Fic. 2 Fic. 3 


In Ex. 1 — 3, AOC is a diameter. 
1. In Fig. 1, how many degrees in ZA if Z BOC = 60° If 


os 


pon 
C= 70°? If AB = 124°? 


ANGLES, ARCS, AND CONCURRENT LINES 227 


2. In Fig. 2, how many degrees in Z BAD if AB = 0 2 and 
oo 
AD = 100% If Z1= 40° and CD = 45°? If BC = 54° and AD = 
140°? 

. e —_— 
3. In Fig. 3, how many degrees in Z BAD if DCA = 230° and 
com <— 

Z.1 = 80°? If AB.= 50°, and DC = 60°? 


4. If AB = 110°, find ZADB; ZACB. x 

5. If BC = 58°, find ZBAC; ZBDC. : 
6. If CD = 70°, find ZCAD; ZCBD. ae 

7. If DA‘= 122°, find ZDBA; ZDCA. b 

8. Find the angles in Ex. 4-7 if AB = 100°, BC = 50°, and CD = 


60°. 
9. Line p is tangent to the circle a at A, and CQ Np 
AB and CB are chords; CB || p. If AB = 128°, 
how large is CA? 23? Z1? 22? 
10. T ides of cribed triangle h 
wo sides of an inscribed triangle have - L/» 


Sits of 125° and 140°. How many degrees in 7 
each angle of the triangle? 


11. Prove that an angle inscribed in an are that is less than a semi- 
circle is an obtuse angle. 
12. Prove that an angle inscribed in an arc that is greater than a 
semicircle is an acute angle. 
13. If chords AB and CD intersect within a circle in a point E£, 
prove that AACE and ABDE are mutually equiangular. 
Nore. — If two triangles have the angles of one respectively equal to the 
angles of the other, the triangles are said to be mutually equiangular. 
14. Prove that the opposite angles of a quadrilateral inscribed in a 
circle are supplementary. 
*15. In the figure for Ex. 9, tangent p is parallel to chord CB. Why 
is Z1= 23? Why is AB = CA? 
*16. Using the results obtained in Ex. 15, prove that Z 1 has the same 


ern 
measure as } AB, 
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Proposition 2. THEOREM 
245. An angle formed by a tangent and a chord from the 


point of contact has the same measure as half its intercepted 
are. 


A 


Given: A circle with p tangent at A, and chord AB. 
To prove: 21 has the same measure as } AB, and 22 


aa 
has the same measure as 3} ACB. 





Analysis: If BC || p, 23 will equal 21 ($113). What 
is the measure of 23? (§ 241). Why is AC = AB? 
Proof: Left for you to write. 


EXERCISES 
1. In the figure for § 245, how many degrees in 21 if AC is 110°? 
2. Chords AB and CD intersect at P and chord 


DE||chord AB. If BD = 36° and AC = 70°, how i 
large is Z CDE? no) 
3. Using the data given in Ex. 2, how large is Z 1? 
4, In the same figure, find 21 if BD = 40°, and AC = 80°. If 


oN oN 
BD = 50°, and AC = 90°. 


& From the results obtained in Ex. 2-4, see if you can write a 
theorem about the measure of the angle formed by two intersecting 
chords. 
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PRoposITION 3. THEOREM 





246. An angle formed by two intersecting chords is 
measured by half the sum of the intercepted arcs. 





Given: Circle O, chords AB and CD intersecting at P. 
To prove: ZCPA has the same measure as } (AC + 


ons 


BD). 





Plan: Draw DE || AB. (1) Z2 has the same measure as 
.? (2) AE = BD. Why? 
Proof: Write the proof in full. 


EXERCISES 

1. In the figure of § 246, how many degrees in 21 if AC = 70° 
and AE = 60°? 

2. In the same figure, if AC is a quadrant and 21 is 70°, how 
many degrees in BD? 

3. Lines are drawn on the face of a clock from 12 to 4 to 7 to 10 
to 2. How many degrees in each arc? How many degrees in each 
angle formed? 

4. Would the theorem in § 246 be true if P were at the center of 
the circle? To what fundamental theorem would it reduce? 


6. To what theorem would it reduce if P falls on the circle? 
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6. Angle DPC is formed by two secants intersecting 
the circle as shown. If BA = 20°, DC = 72°, and 
BX || AD, how large is DX? XC? 22? £12 

7. In the figure for Ex. 6, how large is 21, if 
BA = 30° and DC = 80° 

8. PA is tangent at point A and secant PC inter- 
sects the circle at points B and C, respectively. If 


BA = 30°, AC = 70°, and BX || PA, how large is AX? 
xe? 22? LZ? 
9. In the figure for Ex. 8, how large is 21, if 
BA = 40° and AG = 84°? 
10. PA and PB are tangent at points A and B, P 
‘ oN 5 “3“"“—~ 5 JV 
respectively. If BA = 64°, AXB= 296°, and 47 Bg 
om oN y 
BX ||PA, how large is AX? XB? 22? 21? 
11. In the figure for Ex. 10, how large is 21, 
-~ 3k 
if BA = 50° and AXB = 310°? en 








12. From the results obtained in Ex. 6 and 7 form a theorem about 
the measure of an angle formed by two secants. 


13. From the results obtained in Ex. 8 and 9 form a theorem about 
the measure of an angle formed by a tangent and a secant. 

14. From the results obtained in Ex. 10 and 11 form a theorem 
about the measure of an angle formed by two tangents. 

15. If two secants intersect within a circle, what is the measure of 
the angle formed? What is the measure of the angle if they intersect 
at the center of a circle? Ona circle? Outside a circle? 

*16. AB and AE are tangent to the circle at B 
and E, respectively, and AB || CD || EF. Why 
are angles 1, 2, and 3 equal? Why has Z3 the 
same measure as 3} EF? Can you prove that 22 AX 7? 2 
has the same measure as 3 (EFD _ EC)? 

*17. In the figure of Ex. 16 prove that Z1 has the same measure as 

——s Pao 
1 (EFDB — EB). 


Ef3_\F 
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Geometric Form In SNow CryYSTALs 
These snow crystals represent only a few of the hundreds of forms. 
Manufacturers use such photographs as a basis for jewelry designs. 





247. Angles formed by tangents and secants. If two secants 
intersect outside a circle, as in the figure for Ex. 6, and if BX 
is drawn || PD, 21 is equal to what angle? 22 has the same 
measure as half of what arc? Is CX =CD—XD? Why is 
DX = BA? See if you can prove that ZP has the same 
measure as 3 (DXC — BA). 

If PC is held fixed, and PD revolves about P until it is tan- 
gent at A (see figure for Ex. 8), do you think Z P has the same 
measure as 3 (AC _ AB)? See if you can prove it. 

If PA is held fixed and PC revolves until it is tangent at B 
(see figure for Ex. 10), prove ZP has the same measure as 
3 (AXB me AB). 
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PRoposiTION 4. THEOREM 


248. An angle formed by two secants, by a secant and a 
tangent, or by two tangents intersecting outside the circle has 
the same measure as half the difference between the inter- 
cepted arcs. 


P 
B 


a 





CasE I. Given: Circle with secants PAD and PBC 
intersecting at P outside the ©. 


To prove: Z FP is measured by } (CD — AB). 


Plan: Construct BX || PD. Then compare 4 1 and 2, 
Observe that DX = AB. 


Proof: _ 
STATEMENTS | REASONS 
1. Draw BX || PD. 1 1. § 122. 
2. CD =CX+XD and CX = CD—| 2. why 
XD. 
3. 22 has the same measure as 4 OX. 3. § 241. 
4, Z1= 22. 4. § 114. 
5. .. Z1 has the same measure as| 5. Az. 7. 
1 (CD — XD). 
6 D = AB. 6. § 226. 
7. .. ZP has the same measure as| 7. Az. 7, 
2 (CD — AB). 
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Case II. Given: Circle O, with tangent PA and secant 
PBC, intersecting at P, outside the ©. 

To prove: ZP is measured by 4 (AC — AB). 

Proof: Similar to I. Write in full. 


Case III. Given: Circle O, with tangents PA and PB, 
intersecting at P. 

To prove: ZF is measured by } (AXB — AB). 

The proofs of Cases II and III are similar to that of Case I. 
Write in full. 


EXERCISES 


1. ABCD is a circumscribed and PQRS an in- A 
scribed quadrilateral. P,Q, R, and S are points of 
tangency. If the vertices of PQRS are joined to a 


the center of the circle, as shown, and if PQ = 80°, . 
OR = 70°, and Z1 = 85°, find the number of de- Dp s c 
grees in: RS; Ps: Paes 

2. Find the number of degrees in each angle of PQRS. 

3. Find the number of degrees in each angle of ABCD. 

4. How large is Z PQA? G 

5. If AB||CD || EF, AB is tangent at B, ACC E P 
is a secant, GF = 40°, BD= 45°, and 41 = 55°, 
how many degrees in FD? A 7 a 


6. In Ex. 5, how many degrees in kG? 


_ % Two equal chords AB and AC form an inscribed angle of 70°. 
How many degrees in are BC? In are AB? Inare AC? 





8. Is the chord that joins the points of contact of two parallel 
tangents a diameter? 
9. If chords AB and AC make equal angles with the tangent at A, 
prove that AB = AC. 
10. Prove that the chords which connect the ends of two intersecting 
diameters form a rectangle. 
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11. If AC is bisected at point B, A ABC is isosceles. 


12. If two chords are perpendicular to each other, the sum of one 
pair of arcs intercepted by vertical angles equals the sum of the other 


pair, and each sum equals a semicircle. 5 


13. Prove the theorem in § 245 by drawing a (SG 
radius perpendicular to the chord and also the B 
diameter from the point of contact of the tangent. 


(Z1= 22. Why?) C 
14. Using this figure, prove the theorem in § 245, B 
Draw CD || EF and intersecting EB. 
D 
15. If an angle inscribed in an arc of a circle is P 


a right angle, the arc is a semicircle. E 
16. If an angle inscribed in an arc is obtuse, the arc is less than a 
semicircle, 


17. If an angle inscribed in an arc is acute, the arc is greater than 
a semicircle. 


249. A. Continuity. It is interesting to note how the 
statements in §§ 237-248 can be combined into a single 
statement about the measure of an angle formed by two 
intersecting lines. 





We must first define negative and positive ares. If from 
the point P an arc appears concave (like are CD) we shall 
call it a positive arc; if it appears convex (like arc BA in 
Fig. 4), we shall call it a negative arc. Then in each case 
the angle is measured by half the algebraic sum of the inter- 
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cepted arcs. In Fig. 1, P is at the center of the circle and 
angle P is measured by 3 (AB + CD). Since AB = CD 
(Post. 16), angle P is measured by CD as in Post. 18. 
In Fig. 3, AB is zero; in Fig. 4, AB is negative. Simi- 
larly ‘draw a figure for each of the theorems in §§ 241-248. 


Locus 


250. Finding a locus. The following exercises will 
show you how to locate all possible positions of a point 
which satisfy certain conditions. 


1. Where are all points which are 1 in. 


from O? ‘ 0 : 
Here the condition is that each point must - : 


be 1 in. from O. There are an infinitely large 
number of points which satisfy this condition. 
Placing a number of points 1 in. from O suggests two things: 


a. All points 1 in. from O lie on the circle indicated. 
b. All points on the circle are 1 in. from O. 


The problem is usually stated: 
What ts the locus of points 1 in. from O? The answer is: 


The locus of points 1 in. from O is a circle with center O and 
radius 1 in. 


Nore. — The plural of locus is loci (pronounced 16-si). 


2. What is the locus of points equidistant 
from the points A and B? 

After locating a few points, each of which 
satisfies the condition that it is equidistant from 
A and B it is evident that all such points lie on 
the perpendicular bisector of the segment AB. 
The answer is stated: 
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The locus of points equidistant from A and B is the perpendicular 
bisector of AB. 


This is true because 


a. All points equidistant from A and B lie on the perpendic- 
ular bisector of AB (§ 89a). 

b. All points on the perpendicular bisector of AB are equi- 
distant from A and B (§ 89b). 


3. What is the locus of points } in. from -+++ +++ rrr t eee 
a line 1? l 

Answer: The locus of points } in. from a 
line lis a pair of lines parallel toland fin. cccrrctr ttt 
from tt. 


The first step in solving a locus problem is to select a sufficient 
number of points to clearly indicate the form of the locus. The 
second step is to state accurately what the locus is. 


EXERCISES 


1. Draw two parallel lines AB and CD 2 inches apart. Mark 
quite a number of points, each of which is 1 inch from both lines. 
What is the locus of points 1 in. from AB and CD? 

2. Draw two lines intersecting at a point P and forming four 
angles. Within one of the angles mark a point which seems to be 
equidistant from the sides of that angle. Locate about eight other 
points in the same way within that angle. Repeat the process for 
each of the four angles. Designate the lines formed as the locus. 
Could one of these lines alone be considered as the locus of points 
equidistant from two intersecting lines? Would it contain all the 
points equidistant from both lines? 

3. Does a semicircle contain all points equidistant from its center? 
Is it the locus of such points? Why? 

4, Draw the locus of points 1 in. from a given line 1. How many 
lines form your locus? 


5. Find experimentally the locus of the vertices of isosceles tri- 
angles having a given base AB. What does the locus seem to be? 
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6. Draw a square with side 3 in. Find the locus of points inside 
the square whose distance from a side of the square is-1 in. How 
many lines form the locus? 


7. A wheel rolls along a level road. Represent the road by a line 
and draw the wheel in a number of positions, marking its center each 
time. What is the locus of its center? 


8. Draw two parallel lines / and l’, 3 in. apart. Find the locus of 
points each of which is 1 in. from / and 2 in. from I’. 





9. A small circle rolls on the outside of 
a larger circle. Draw the position of the 
small circle a number of times, each time 
marking the center. State what the locus 
of the center seems to be. 


10. Take any point P outside a given line 
l and draw 8 or 10 segments from P and 
terminated by J. Estimate the center of 
each segment and mark it. What does the locus of these mid-points 
seem to be? 


11. What does the locus of the center of the 
small circle seem to be as it rolls inside the large 
circle? Draw it. & 





12. Draw a triangle ABC with its base AB 2 in. 
and the altitude to AB 1in. Locate another point 
C’ which is 1 in. from AB, and draw C’A and C’B. 
In a like manner locate six or eight points and connect them to 
A and B. What, then, is the locus of the vertices of triangles having 
a given base AB of 2 in. and a given altitude of 1 in.? Are there 
any such points below AB? (All points must be indicated to have 
the locus.) 


*13. Draw a circle with a radius of 2in. Take a point P about 1 in. 
outside the circle. Now draw about 10 or 12 segments from P and 
terminated by the farther arc of the circle, and mark the mid-point of 
each. Also mark the mid-point of each segment from P to the nearer 
arc of the circle. What does the locus seem to be? 
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*14, Draw a right triangle with its hypotenuse AB and C the vertex 
of the right angle. How many right triangles can you draw having 
hypotenuse AB? Carefully draw eight, all on the same hypotenuse 
AB and mark the positions of C. Is the locus of C a straight line? 

*15. A bridge is to be constructed over a river so as to be the same 
distance from two towns A and B which are 10 miles apart and on 
opposite sides of the river. If the distance from A to the river is 2 
miles, and from B to the river is 5 miles, draw a sketch and show how 
to locate the bridge. 


251. The proof of alocus problem. You have seen that 

All the points, and only those points which fulfill a certain 
requirement, form a figure which 1s called a locus. 

Hence you see that, to prove the correctness of a statement 
about a locus, you must prove two things: 


1. All points on the locus satisfy the requirements. 
2. All points which satisfy the requirements are on the locus. 


Examples in the next sections show you how this is done. 


252. A circle as a locus. From the definition of a 
circle we have the: 

Locus theorem I: The locus of points at a given distance 
from a given point is a circle with the given point as center 
and with the given distance as radius. 


253. Problem: Find the locus of points equidistant from 
two given points. 


Given: Points A and B. 
Required: The locus of points equidis- : 
tant from A and B. Bove ges cat ok B 
Plan: Locate a number of points each 
equidistant from A and B. These suggest 
the perpendicular bisector of the segment 
connecting A and B. It must now be proved that this is 
correct. Hence 
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254. Locus theorem II: The locus of points equidistant 
from two given points is the perpendicular bisector of the 
segment connecting the points. P 

Given: PQ the perpendicular bisector 
of AB. M 


To prove: PQ is the locus of points ie 
equidistant from A and B. 


Proof: Q 
STATEMENTS REASONS 
1. All points on PQ are equidistant from | 1. § 89a. 
A and B. 
2. All points equidistant from A and B | 2. §89b. 
are on PQ. 
3. PQ is the required locus. 3. § 251. 


255. Problem: Find the locus of points equidistant from the 
sides of an angle. 

Given: Angle ABC. 

Required: The locus of points equi- 
distant from AB and CB. 

Plan: Locate a number of points 
each of which is equidistant from AB 
and CB (for example, 1 PQ = 1 PR). These suggest the 
bisector of angle ABC. It must be proved that this is correct. 


B 





256. Locus theorem III: The locus of points equt- 
distant from the sides of an angle vs the bisector of the angle. 

Given: DB the _ bisector of 
ZABC. 

To prove: DB is the locus of B 


points equidistant from AB and 
CB. A 


Cc 
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Proof: 
STATEMENTS REASONS 
1. All points on DB are equidistant | 1. § 100c. 
from ABand CB. 
2. All points equidistant from AB and | 2. § 100b. 
CB are on DB. 
3. DB is the required locus. 3. § 251. 


257. The theorem in § 256 may also be stated: 


The locus of points equidistant from two intersecting straight 
lines is the pair of lines bisecting the angles formed. 


258. Locus theorem IV: The locus of points equidistant 
from two parallel lines is the line parallel to each of them 
and midway between them. 


259. Locus theorem V: The locus of points at a given 
distance from a given line is a pair of lines, one on either 
side of the given line, each parallel to the given line, and at 
the given distance from it. 


260. Locus theorem VI: The locus of the vertex of the 
right angle of a right triangle having a given hypotenuse is a 
circle having the given hypotenuse as dia- C 
meter. 


Given: Circle O having AB as diameter, 4 B 
nght AABC, ZC a right angle. 

To prove: Circle O is the locus of C. 

Proof: 


STATEMENTS REASONS 
1. Any point C on circle O is the vertex | 1. § 243. 
of a right triangle having AB as 
hypotenuse. 
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STATEMENTS RDASONS 
2. The vertex C of any right triangle | 2. §§ 246, 248. 
having AB as hypotenuse is the 
circle O; for, if C were outside the 
circle, ZC would be acute; if C 
were inside the circle, ZC would be 
obtuse. 


261. A. Path of a moving point. It is sometimes con- 
venient to think of a locus as the path of a point which 
moves so that rt fulfills certain requirements. 

Thus, if a point moves so that its distance from a point 
O is always 3 in., its locus (or path) is a circle with center 
O and radius 3 in. 


262. A. Locus in algebra. If a point moves so that its 
distance from the x-axis is always 
+ 5 units, its locus is represented 
by the line a whose equation is 
y = 5. If the distance from the 
‘y-axis is always +6 units, the 
locus of the point is the line b. 
Its equation is x = 6. Line c 
shows the locus of a point which 
moves so that its abscissa is always 
equal to its ordinate. The equation is x = y. 








Note. — The abscissa is the distance from the y-axis; the ordinate is 
the distance from the z-axis. 


EXERCISES 
Find the locus of points which move as indicated, Write the equation 
and draw the locus. 


1. A point moves so that it is always 10 units to the left of the 
y-axis. 
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2. A point moves so that it is always 8 units below the z-axis. 
8. The abscissa is always equal to the negative of the ordinate. 
4. The ordinate is equal to three times the abscissa. 


6. The ordinate is 5 more than twice the abscissa. 


263. <A. Loci with second degree equations. The loci 
in the preceding section were all represented by equations 
of the first degree in x and y. Some interesting curves 
are represented by second degree equations. You are 
not prepared yet to derive the equations of these loci, 
but you will study about them in 
later courses in mathematics. 


Circle. The locus of a point which 
moves so that its distance from a 
fixed point is a constant is a circle. 
If the origin is taken as center 
and r is the radius the equation is 
vty? =r, In the figure r = 5 
and 2? +y? = 25. 





Parabola. The locus of a point 
which moves so that its distances 
from a fixed point and from a 
fixed line are equal is a parabola. 
In the figure the fixed point is 
the point F(a = 4, y = 0). The 
fixed line is the y-axis. Thus, if 
P is the moving point, PF = PP’. 
The equation is y? = 8 (@ — 2). 
A rifle bullet or any thrown ob- 
ject follows a path which is ap- 
proximately a parabola. 
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Ellipse. The locus of a point which moves so that the 
sum of its distances from two fixed 
points is a constant is an ellipse. 
In the figure the fixed points are 
the points F(a = 4, y = 0) and fy 
F’(x = — 4, y = 0) and the con- 
stant is 10. Thus, if P is the mov- 
ing point, PF + PF’ = 10. The 
equation is 92? + 25 y? = 225. 

Hyperbola. The locus 
















of a point which moves -HA-HE-H ---H 
so that the difference of S! EE} |s RH H 
its distances from two PONS EEE cea 
fixed ee : a ae Bee \caannnne oC ames 
is a hyperbola. In the 

fgure the fixed points CLLpPCHEE CHE NEE 
are: the poin ts F(x = 5, RRSP 4E Reese See 





ar ae eeae Hae ee 
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y = 0) and F’(@ = — 5, 
y = 0). Theconstant is 
8. Thus if Pisthe moving point, PF’ — PF = 8. The 
equation is 92? — 16 y? = 144. 


Conic Sections. The circle, ellipse, parabola, and hyperbola are 
called conic sections because they are the curves formed when a plane cuts 
the surface of acone. They have many interesting properties. 

The points F and F’ are called foci (f6-si). If an automobile headlight 
is parabolic, a light placed at the focus (F) will reflect all rays in a direc- 
tion parallel to the z-axis. Similarly rays of light from a distant source of 
light (a star for example) will, after reflection from a parabolic mirror, be 
brought to a focus at F. This is the principle of reflecting telescopes. 

The earth and the planets move about the sun in elliptical paths or orbits. 
The sun is at one of the foci. 

If a room has an elliptical form and the walls are made to reflect sound, 
a whisper made at one of the foci can be heard at the other. This is the 
principle of the whispering gallery. 
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264. A. Linkages. The illustrations show devices for im- 
posing requirements on moving points. Such devices are called 
linkages. Fig. 1 represents the method James Watt, the in- 
ventor of the steam engine, used to make a point trace a straight 
line. Parts of the “ figure 8”’ curve that the linkage traces are 





nearly straight. In this linkage the longer links are of equal 
length and are pivoted at points P. Point G, the mid-point of 
EF, traces the curve. In Figs. 2 and 3, point G traces a “ loaf 
of bread” curve. Points C and B are fixed. While point J in 
Fig. 4 traces a pear-shaped curve, point C traces a parabola. 
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265. A. Other loci. There are 
many other interesting loci. 


iS 


Fic. 1 Fig. 2 
CyYCLOID 


Thus the locus of a fixed point on a circle as the 
circle rolls along a straight line is the cycloid shown 
(Fig. 1). You can see it by marking a point on a hoop 
and then rolling the hoop along the floor or blackboard 
rail. If the circle rolls on the inside of another circle the 
locus is a hypocycloid (Fig. 2). (In the figure the radius 
of the rolling circle is one fourth that of the fixed circle. 
In this case the curve is also called an asteroid.) 


EXERCISES 


1. What is the locus of the tip of the minute hand of a clock? 

2. What theorem proves your statement in Ex. 1? 

8. What is the locus of all cities that are five miles from a given 
railroad? 

4. Which of the locus theorems proves your statement in Ex. 3 if 
the railroad is straight? 

5. A man rows up a stream keeping the same distance from either 
shore. What is the locus of the boat? 

6. If the river banks are parallel, what theorem proves the answer 
in Ex. 5? 

7. What is the locus of all houses one mile from your school? Why? 


8 The locus of points equidistant from two given intersecting lines 
is the pair of lines bisecting the angles formed by the lines. Show how 
this theorem follows from § 256. 
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9. Find experimentally the locus of points which lie inside a circle 
and are equidistant from two points on the circle. 

Determine experimentally the following loci. No proof is requtred. 

10. A dime rolls around a half dollar, the edges of the coins always 
touching. What is the locus of the center of the dime? 

11. A six-inch ruler moves so that its ends always are on two adja- 
cent edges of your paper. Find the locus of its mid-point. 

12. Draw a circle with a diameter of 5 in. Mark a three-inch seg- 
ment AB on the edge of a piece of paper and mark its mid-point .V. 
If the segment moves so that A and B always lie on the circle, indicate 
by a dotted line the locus of Jf. What does the locus seem to be? 

13. Determine the locus of points 2 in. from a circle of radius 5 in. 
Be sure you have the complete locus. 

14. Determine the locus of the mid-points of radii drawn in a given 
circle. Can you prove it? 

15. Segments terminated by two sides of a triangle are parallel to 
the base. Determine the locus of their mid-points. 

16. Segments terminated by the non-parallel sides of a trapezoid 
are parallel to the bases. Determine the locus of their mid-points. 


17. Determine the locus of the vertex of a triangle whose base is 
3 in. and whose median drawn to that base is 2 in. 


266. Intersection of loci. It is possible to have a point 
or points which lie on two loci. 


ExampP.Le. — Find the locus of points equidistant from two 
given intersecting lines and also 3 in. from a given point. 


Given: Intersecting lines, / and l’ and point O. 


Required: The locus of points equidistant from 7 and I’ 
and 3 in. from O. 


SoLuTion. — From § 257 you know that the locus of points 
equidistant from the two intersecting lines / and I’ is the pair 
of lines shown in each of the figures. From § 252 you know 
that the locus of points 3 in. from the point O is the circle 
with O as center and radius } in. These circles are indicated 
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in each figure. 


247 


In general the two loci intersect in the four 


points P, Q, R, and S shown in Fig. I. The other figures 





show that there may be (dependent on the relative positions 
of 1, 1’, and O) three (Fig. II), two (Fig. III), one (Fig. IV), or 
no (Fig. V) points common to the two loci. 


EXERCISES 


1. What is the locus of points equi- 
distant from points A and B and also 
equidistant from points C and D? 

2. A segment AB is 2 in. long. A 
point is equidistant from A and B and is 
also 3 in. from a point C. Find the 
possible positions of the point. When is 
there no solution? One solution? Two 


“ s 
A YY ae 
ra “Kg 
i ‘B 
?P 


solutions? Can there be more than two solutions? 
3. Find the locus of a point equidistant from the sides of an angle 
and also 2 in. from a given point P. When are there two solutions? 


One solution? No solution? 
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4. Find the locus of a point equidistant from the sides of an angle 
and equidistant from two given points. Can there be no solution? 

6. Find the locus of a point equidistant from two given parallel 
lines and also equidistant from the sides of a given angle. 

6. Given three points A, B, and C. What is the locus of points 
equidistant from A, B, and C? Will there always be a locus? 

7. Pirates buried treasure 60 feet from a certain tree and 80 feet 
from a certain straight path. Show how to locate the treasure. When 
are there two possible locations? Only one? More than two? 

8. If the treasure had been buried equidistant from a certain oak 
and a certain maple and 40 yds. from a certain straight road, show 
how to locate it. 


9. In a given line, find all points equidistant from two given points. 

10. Find all points on a given circle equidistant from two given 
points. 

11. Find all points which lie on a given line and are equidistant 
from two given intersecting lines. 

12. What is the locus of points 2 in. from a given line and equidistant 
from two parallel lines? 

18. What is the locus of points equidistant from two intersecting 
lines and 3 in. from a given point? 

14. What is the locus of points equidistant from two parallels and 
also equidistant from two intersecting lines? 

15. What is the locus of points equidistant from two given points 
and also at a given distance from a given line? 


267. A. Complete solution and proof of locus problems. 
The following steps are necessary to solve a locus problem: 


1. Locate experimentally a sufficient number of points 
to indicate the kind of a figure formed by the locus. 


2. Accurately state this in the form of a locus theorem. 
3. Prove that your statement is correct by proving: 


a. All points on the locus satisfy the requirements, and 
b. All points which satisfy the requirements are on the 
locus or by proving: 
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c. All pownts on the locus satisfy the requirements, and 
d. A point which does not satisfy the requirements 
does not lie on the locus. 


A locus problem can frequently be proved by stating 
one of the fundamental! locus theorems. 


EXERCISES 
(OPTIONAL) 

1. The diagonals of a rectangle are 4 in. long. A fixed point O is 
their intersection. What is the locus of the vertices of the rectangle? 

2. What is the locus of the mid-points of all chords drawn through 
a fixed point A on a circle whose center is O? 

Suacestion. — Draw through A a number of chords, including the 
diameter. Locate accurately the mid-point of cach. Can you prove 
that the locus is a circle with AO as diameter? Use § 196 and § 260. 

3. What is the locus of the mid-points of all chords drawn through 
a fixed point P within a circle with center O? 

SuaccrEstion. — Draw a number of chords through P, including the 


diameter and the chord perpendicular to the diameter. Is the locus a 
circle with diameter OP? 


THEOREMS ABOUT CONCURRENT LINES 


268. Three or more lines which pass through the same 
point are said to be concurrent. 


269. The perpendicular bisectors of the sides of a tri- 
angle. Why will the perpendicular bisec- 
tors of two sides of AABC, such as p 
and g, meet (Post. 15)? 

If p and q meet at a point O, what 
can you say about the distances of O 
from Aand B? From BandC? From A 
andC? Then why will r pass through O? 
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Proposition 5. THEOREM 


270. B. The perpendicular bisectors of the sides of a 
triangle are concurrent. 


Cc 





A Pp B 
Given: Triangle ABC, with p, qg, and 7 perpendicular 
bisectors of the sides. 
To prove: p, q, and r are concurrent. 


Plan: See § 184. 

Proof: Write the proof. 

271. Circumcenter. The point of intersection of the 
perpendicular bisectors of the sides of a triangle is called 
the circumcenter of the triangle. It is the center of the 
circumscribed circle. 


Ex. 1. If a polygon is inscribed in a circle, are the perpendicular 
bisectors of its sides concurrent? What is the common point of in- 
tersection? 


272. The bisectors of the angles of a triangle. Why 


will two of the bisectors, such as p and q, roa 

intersect, say in a point O? How do we 

find the distance from O to the sides of the Fine 
triangle (§ 99)? Are these distances equal 

(§ 256)? Then why willr pass through O? 4 B 


Can you prove that the bisectors of the angles of a triangle 
are concurrent? 
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PRoposiITIon 6. THEOREM 








273. B. The bisectors of the angles of a triangle are con- 
current. 
Cc 


A P B 





Given: Triangle ABC, with p, q, and r bisecting angles 
A, B, and C, respectively. 
To prove: p, g, and 7 concurrent. 






Plan: Show that any two angle bisectors, such as p and q, 
intersect in a point O. Then show that, since the perpendicu- 
lar distances OP, OQ, and OR are all equal, O lies on r. 


Proof: Write the proof. 


EXERCISES 


1. Draw a triangle ABC with AB = 23 in., AC = 3 in., and BC = 

1 in. Construct the bisectors of angles A, B, and C, and, as in the 

figure of § 273, call the point of intersection O. With O as a center, 

and perpendicular distance OP as a radius, draw a circle. Can you 
prove that the sides of triangle ABC are tangent to this circle? 


2. Prove that the bisectors of the exterior angles at two vertices and 
the bisector of the intcrior angle at the third vertex of any triangle are 
concurrent. 

3. Prove that the radius of a circle inscribed in an equilateral tri- 
angle is one-third the altitude, and the radius of the circumscribed 
circle is two-thirds the altitude. 
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Construction XVI 
274. To inscribe a circle in a given triangle. 


Given: Triangle ABC. Cc 
Required: To inscribe a circle in ZX 


AABC. 

Hint. — Is point O, the intersection of Al )s 
two, of the angle bisectors, equidistant ae pA 
from AB, AC, and BC? - P e 
275. Incenter. The point of intersection of the bi- 


sectors of the angles of a triangle is called the incenter 
of the triangle. It is the center of the inscribed circle. 


EXERCISES 


1. Draw an obtuse triangle and inscribe a circle in it. 

2. O is the incenter of equilateral triangle ABC. Inscribe a circle 
in each of the triangles OAB, OAC, and OBC. (Take AB = 8 in.) 

3. Where do the perpendicular bisectors of the legs of a right tri- 
angle intersect? Prove it. 


Hint. — See § 153. 


4. Prove that the perpendicular bisectors of the four sides of a 
rectangle are concurrent. 

&. In AABC, bisect the exterior angles at A and 
B. With O, their point of intersection as a center, and 
a radius equal to L OP, draw acircle. Prove that this 
circle is tangent to AB, and to CA and CB produced. 
It is called an escribed circle and its center is called an 
excenter of triangle ABC. 

6. Draw an equilateral triangle and construct its inscribed circle 
and its three escribed circles. (See Ex. 5.) 

*7, Draw a triangle A’B’C’. Let A, B, and C be the mid-points 
of sides B’C’, C’A’, and A’B’, respectively. Show that the perpen- 
dicular bisectors of the sides of triangle A’B’C’ are the altitudes of 
triangle ABC. 
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PROPOSITION 7. THEOREM 





276. B. The altitudes of a triangle are concurrent. 





/ 
N 
‘ 


A 


Given: Triangle ABC with altitudes p, qg, and r. 
To prove: p, g, and r are concurrent. 





Plan: The sides of AA’B’C’ are drawn parallel to the sides 
of AABC. Prove that the altitudes of AABC are the per- 
pendicular bisectors of A.A’B’C’. 


277. Orthocenter. The point in which the altitudes 
of a triangle intersect is called the orthocenter. 


EXERCISES 
1. Why will any two medians of a triangle intersect? 
2. If HE and D are the mid-points of AC Cc 


and BC, respectively, ED is equal to half of 
what segment? E D 


3. If AM = MO and BN = NO, can you Jae 
B 


prove MN = ED? A 

4, Prove ED || MN, and hence from Ex. 3 prove that MNDE is a 
parallelogram. 

6. If MNDE is a parallelogram, what can you say about diagonals 
EN and MD (§ 147)? 

6. Since EO = ON = NB, and DO = OM = MA, how do any 
two medians of a triangle divide cach other? Why can you say the 
median from C will pass through O? 
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PROPOSITION 8. THEOREM 


278. B. The medians of a triangle intersect in a point 
which is two-thirds of the distance from any vertex to the 
mid-point of the opposite side. 


Cc 


A F B 


Given: Triangle ABC, with medians p, q, and r. 


To prove: p, g, and r are concurrent in a point O, so 
that AO = 3 AE, BO = 3? BD, andCO = 3 CF. 





Plan: 1. Suppose any two medians AF and BD intersect 
at O; bisect AO at M and BO at N and prove that MNED 
is a parallelogram, and that O is the mid-point of ME and ND. 

Then AM = MO = OE and BN = NO = OD. 

Similarly it can be shown that median CF intersects median 
AE at O. 


Proof: Write the proof in full. 


279. Center of gravity of atriangle. The point in which 
the medians of a triangle intersect is called the centroid 
or center of gravity of the triangle. 


EXERCISES 


1. Prove that the median of an equilateral triangle bisects the angle 
at the vertex, is an altitude, and is the perpendicular bisector of the 
base. 
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2. Prove the theorem in § 278 by the follow- Cc 
ing construction: Show that medians AE and 
BD intersect at a point O. Then draw CF ae 
through O, meeting AB at F, and produce Jo 
it toG,so that OG = CO. Draw AG and BG. 4 B 
Show that AGBO is a parallelogram, and sin ay ee 
hence that AF = FB, (See § 147.) % 


3. If O is the orthocenter of A. ABC, prove that A is the orthocenter 
of ABCO, B is the orthocenter of A ACO, and C is the orthocenter of 
AABO. 


Exercises 4-9 refer to triangle ABC, in 
which M, N, and P are the mid-points of 
the sides; AD, BE, and CF are altitudes 
and O is the orthocenter; J, K, and L are 
the mid-points of AO, BO, and CO, re- 
spectively. 

4. Prove that MK and PL are parallel to AO. Similarly show that 
MJ and NL are parallel to BO; also that NK and PJ are parallel 
to CO. 

Hint. — Recall § 154. 

5. Prove that Z NMJ is a right angle by showing that’ it is equal to 
Z AEB. 

Hint. — Why is MN || AC? See § 116 and Ex. 4. 

Also show that 4 PNK and MPL are right angles. 

*6. Prove that MJLN is a rectangle. Also prove that KN PJ and 
KLPM are rectangles. 

Hint. — See Ex. 4-5. 

*7, Prove that the diagonals of the rectangles in Ex. 6 (JN, LM, and 
KP) are equal and are concurrent in a point H. 





*g8. a. Prove that a circle with H as center and JN as diameter can 
be drawn through points Mf, N, D, and J. 
Succestion. — Recall § 260. 
6. In a similar manner show that a circle on AP as diameter can 
be drawn through points N, FE, P, and K. 
c. Show that a circle on AJL as diameter can be drawn through 
points P, F, M, and L. 
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*9, In Ex. 7 it is shown that JN, ML, and KP are equal and con- 
current in a point H. Using the results obtained in Ex. 8, show that 
a circle with H as center can be drawn through points M, N, P, D, 
E, F, J, K, and L. This circle is called the nine-point circle. 


ConsTRUCTION XVII 


280. A. On a given segment as chord construct an arc 
of a circle in which a given angle may be inscribed. 





Given: Angle C and segment AB. 

Required: Construct an arc of a circle on AB as chord, so 
that every angle inscribed in the arc shall equal angle C. 

Analysis: Suppose Fig I represents the completed construc- 
tion, and that any angle inscribed in ACB will equal ZC. 
Since the circle passes through A’ and B’, its center will be 
equidistant from A’ and B’ and will lie on what line (§ 89)? 

If D’B’ is tangent to the circle at B’, how does Z.A’B’D’ 
compare with ZC’? Will a perpendicular to D’B’ at B’ pass 
through the center of the circle? 


Construction: At B construct ZABD = ZC. Then con- 
struct AZN, the perpendicular bisector of AB. At B construct 
BP 1 DB and intersecting IfN at O (Post. 15). 

Construct a circle with center O and radius OA. Then 
ACB is the required are. 

Proof: Write the proof in full. 
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281. Locus theorem VII. The locus of the vertex C of a 
triangle with a given base AB and given angle C is the arc 


of a circle in which angle C can be inscribed which arc has 
AB as chord. 


282. A. More difficult constructions. These construc- 
tions are more difficult than any that you have had. Some 
of them will challenge your best efforts. Before doing 
them review §§ 229-233. 


EXERCISES 
1. Construct a triangle ABC, givena+ b,c, and ZA. 


at+bdb 


c 





A 


Plan: A A’B'C’ represents the sketch of the completed triangle. 
Side A’C’ is produced to D’ so that A’D’ = the given length a+ b. 
B’D’ is drawn. 

A\A’B’'D’ can be constructed immediately, since we know two sides 
and the included angle. Since A B’C’D’ is isosceles, C’ is equidistant 
from B’ and D’. Hence the perpendicular bisector of BD will locate 
point C. 

2. Construct a right triangle, given an acute angle and the sum 
of the legs. 

: 3. Construct a right triangle, given the hypote- C c’ 
nuse and the altitude to the hypotenuse. 


Hint. — Why are C and C’ vertices of the required A B 
triangle? 


4. Is the construction in Ex. 3 always possible? 
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6. Construct a triangle, having given a side and 


; : | One 
the altitudes to the other two sides. AX 
Hint. — On AB as hypotenuse construct right tri- y 


angles A’B’D’ and A’B’E’. A B’ 
6. Construct a triangle, having given a side, the altitude to the 
given side, and the radius of the circumscribed circle. 


Hint. — Draw the circle first and then draw the given side a chord in the 
circle. 


7. Construct a parallelogram, given a diagonal and two sides. 


*g8. Construct a triangle, having given the medians. 

Recall § 278 and see Ex. 2, § 279, using the figure of this exercise for 
analysis and discuss how to construct the 
triangle. 

9. Construct an isosceles triangle, 
having given the perimeter and the alti- 
tude to the base. 


Anatysis. — If ais the given altitude, AB A ECF B 
the given perimeter, and DEF the required 
triangle, then DE = AE and DF = BF. How, therefore, are FE and F 
located? 

Make the constructions and write the construction and proof in full. 

10. Construct a circle with a given - Cc 
radius and tangent to the sides of a given 
angle. 





Ana.ysis. — If r is the given radius and 
ZABC the given angle, the center O must p 
be on a line parallel to AB, at the distance r 
from AB, and also on the bisector of Z ABC, and hence is their intersection. 

Make the construction, and write the construction and proof in full. 





11. Construct a circle tangent to a 
given arc and to the sides of the central 
angle which intercepts the arc. 


Cc 


Ana.ysis, — To what point of AB is 
radius CD drawn? How is EF drawn? 
How are points Z and F located? Then a D F 
the circle is inscribed in AEFC. 


ANGLES, ARCS, AND CONCURRENT LINES 259 


12. Construct within a given square four equal circles each tangent 
to two others and to two sides of the square. 

13. Construct a circle with given radius tangent to a given circle 
and to a given straight line. 

Hint. — If a circle with radius r be tangent to circle O, what is the locus 
of its center? What is the locus of the center of a circle with radius r 
tangent to a line /? Find the intersection of these loci. 

14, Construct a circle with given radius which shall be tangent to 
two given circles. 

*15. Construct three circles each tangent to the other two, with the 
vertices of a given triangle as centers. 


ANALysis. — If xz, y, and z are the required 


radii, 5 
zr+y=0b (1 
z+z=c (2) IM SX 
ytz=a (3) 

Solve for z, y, and z. See Review of Algebra for 

solution. 


Make the construction, and write the complete construction and proof. 


*16. Construct a circle which shall pass through a given point and 
be tangent to a given circle at a given point. 


*17, Construct a circle with given radius which shall pass through a 
given point and be tangent to a given circle. 


*18. Through a given point draw a straight line cutting a given circle 
so that the chord intercepted on it by the circle shall equal a given 
length. 


*19. Construct a circle which shall be tangent to a given circle and 
to two equal chords of the given circle. 


*20. Through an intersection of two given circles draw a segment of 
given length terminating in the two circles. 


Hint. — If O and O’ are the centers of the circles and A is a point of 
intersection, on OO’ as hypotenuse construct a right triangle with one leg 
O'C equal to half the given segment. Through A draw a line || O’C, and 
terminated by the circles, 
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*21. Construct a chord of given length in a given circle which, if 
extended, intersects a given line outside the circle at right angles. 


*32. Construet a chord of given length in a given circle parallel to a 
given line outside the circle. 


*28. Construct a chord in a given circle at a given distance from the 
center which, if extended, makes a given angle with a given line. 


*24. Prove that the circumcenter of a triangle is the orthocenter of 
another triangle formed by joining the mid-points of the sides of the 
first. 


*26. The circle through the mid-points of the sides of a triangle passes 
through the feet of the altitudes of the triangle. 


283. Summary of the Work of Unit Five. In this unit 
you have learned about: 


IJ. The measurement of angles in circles by means 
of their arcs. 


1. <A central angle is measured by its intercepted arc. 


2. An inscribed angle is measured by half the inter- 
cepted arc. 


3. An angle formed by a tangent and a chord drawn 
to the point of contact ts measured by half the 
intercepted arc. 


4. Anangle formed by two chords intersecting with- 
an a circle ts measured by half the sum of the 
intercepted arcs. 


5. An angle formed by two secants, by a secant and 
a tangent, or by two tangents, intersecting out- 
side the circle ts measured by half the difference 
of the interce pted arcs. 


II. 


Til 


e 
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The locus of points which satisfy some given con- 
ditions. 
In solving a locus problem you have learned: 


1. 


2. 
3. 


Get a general idea of the form of the locus by 
locating a sufficient number of points. 


Accurately define what the locus is. 
Prove the correctness of your statement in (2). 
This is done when you prove: 


a. Every point on the locus satisfies the given 
conditions; and either 

b. Every point satisfying the given conditions 
lies on the locus; or 

c. A point which does not satisfy the require- 
ment does not lie on the locus. 


The fundamental locus theorems. 


1. 


The locus of points at a given distance from a 
given point is a circle with the given point as 
center and with the given distance as radius. 

The locus of points each equidistant from two 
given points is the perpendicular bisector of the 
segment connecting the points. 


3. a. The locus of points equidistant from the sides 


of an angle 1s the bisector of the angle; or 
b. The locus of points equidistant from two 
intersecting straight lines is the pair of lines 
bisecting the angles formed. 
The locus of points equidistant from two parallel 
lines is the line parallel to each of them and mid- 
way between them. 
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5. 


The locus of points at a given distance from a 
given line is a pair of lines, one on either side of 
the given line, each parallel to the given line, 
and at the given distance from it. 


. The locus of the vertex of the right angle of a 


right triangle having a given .hypotenuse is a 
circle having the given hypotenuse as diameter. 


The locus of the vertex C of a triangle with a given 
base AB and given angle C is the arc of a circle 
in which ZC can be inscribed and which are 
has AB as chord. 


IV. Concurrent lines ina triangle. 


1. The perpendicular bisectors of the sides are 
concurrent at the center of the circumscribed 
circle (circumcenter). 

2. The bisectors of the angles are concurrent at the 
center of the inscribed circle (incenter). 

3. The altitudes of a triangle are concurrent (ortho- 
center). 

4. The medians of a triangle are concurrent 
(centroid, center of gravity). 

Constructions. 

1. Construct a tangent to a circle from a given outside 
point. 

2. Inscribe a circle in a triangle. 

3. Construct, on a given segment as chord, an arc 


of a circle in which a given angle can be inscribed. 
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REVIEW OF UNIT FIVE 


See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference is made. Then study 
that section before taking the test. The references given are those most 
closely related to the exercise. 


1. State any additional ways you have learned of proving angles 
equal; of proving arcs equal. §§ 241-248. 


2. Give all the theorems about the measurement of angles which 
intercept arcs on a circle. §§ 237, 241-248. 


3. What do we mean when we say a central angle has the same 
measure as its intercepted arc? § 237. 


4. Distinguish between an angle degree and an are degree. §§ 235, 


236. 


5. Do the incenter, orthocenter, and circumcenter of a triangle ever 
coincide? §§ 271, 275, 277. 


6. How many arcs does a chord have? § 187. 
7. Can two lines be said to be concurrent? § 268. 


8. Is the point of intersection of the bisectors of the angles of a 
triangle ABC equidistant from A, B, and C? § 256. 


9. How many chords may be drawn from a point ona circle? How 
many diameters? How many tangents? 


10. If two circles are unequal, can they have arcs containing the 
same number of arc degrees? Can the arcs be made to coincide? § 236. 


11. If two unequal circles have equal central angles, how do the 
intercepted arcs compare in are degrees? Do you think they will 
have the same length? § 236. 


Complete the following statements: 


12. An inscribed angle .....  § 241. 
13. An angle inscribed in a semicircle .....  § 243. 
14, An angle formed by two secants ..... § 248. 


15. An angle formed by two tangents ..... § 248. 
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16. An angle formed by a tangent and asecant ..... § 248. 
17. An angle formed by a tangent and a chord ..... § 245. 
18. An angle formed by two intersecting chords ..... § 246. 


19. The perpendicular bisectors of the sides of a triangle ..... 
§ 270. 


20. The bisectors of the angles of a triangle .....  § 273. 
21. The altitudes of a triangle ..... § 276. 
22. The medians of atriangle ..... § 278. 


23. What is the orthocenter of a triangle? The center of gravity? 
§§ 277, 279. 


24. What is another name for the center of gravity of a triangle? 
§ 279. 


25. In what kind of a triangle do the centroid, incenter, circum- 
center, and orthocenter coincide? 


26. What are the steps in proving a locus theorem? § 251. 
27. What are the steps in making a construction? § 232. 


28. State the seven fundamental locus theorems. § 283 - III. 


NUMERICAL EXERCISES 


1. A central angle of a circle is 35° and its chord is 3 in. long. How 
does this chord compare with the chord of a central angle of 70°? 
Show that the second chord is less than twice the first. 


2. The diameter of a circle is 6 in. What is the length of the 
radius? Of the longest chord in the circle? 


3. How many tangents can be drawn to a circle from a point 
on the circle? From an outside point? From an P 
er . A 
inside point? D 

4. AC is 140°. How many degrees in Z B? EB 

6. If Z1 is 95° and BC is 100°, how many 2 
degrees in BA? C 

6. If Z D is 40° and EF is 40°, how many degrees in AC? 
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7. RadiiOA and OB are perpendicular to PA and PB, respectively. 
If PA is 8 in., how long is PB? 


8. If Z1 is 30°, how many degrees in DB? £ 
9. If AB is 110°, how large is Z P? P oN E 
— 
10. If AEB is 245°, how large is ZO? au7 


11. If AB is 100°, how large is Z PBA? 


B 
12. If ABis 55°, AC isa diameter, and BD is 40° 
a. How many degrees in Z P? Cc 
b. How many degrees in Z 2? A 
c. How many degrees in 21? P 
d. Is AD || PB? B 


GENERAL EXERCISES 


1. The bisector of an inscribed angle bisects the intercepted are. 

2. The bisectors of all angles inscribed in a given arc of a circle are 
concurrent. 

3. If a circle is drawn with one of the equal sides of an isosceles 
triangle as its diameter, it bisects the base. 

4. A parallelogram inscribed in a circle is a rect- . 
angle. \ 

5. If ABCD is an inscribed square and M any ( 
point on AB, then MC and MD trisect (divide into — 
three equal parts) Z AA/B. 2 

6. Chords AB and CD intersect within a circle at M. Prove that 
ABCM and AADM are mutually equiangular, that is, the angles 
of one, respectively, equal the angles of the other. 

7. Chords AB and CD extended meet outside of a circle at M. 
Prove ABCM and AADM mutually equiangular. 

8 If an angle is greater than the inscribed angle 
of a circle which intercepts the same arc, its vertex is 
within the circle; if it is equal to the inscribed angle, 
its vertex is on the circle; and if it is less than the 
inscribed angle, its vertex is outside of the circle. 


B 


@ 


Succestion. — In each case find the measure of the angle. 
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9. Draw a large figure like the one shown. Make the radius of the 
circle about 2 in. and the distance PO about 
4in. From P draw the tangents PA and PB, 
the secant PCD through O, and a number of 
other secants like PC’D’. Mark the mid- 
points of PA, PB, of each secant PD’ and of 
each external segment PC’. What does the 
locus of the mid-points seem to be? 





10. Two circles are tangent internally at A. Any 
two chords ABD and ACE are drawn, cutting the D 
circles at B,«D, C, and E, as in the figure. Prove 
DE || BC. 


11. Is the statement in Ex. 10 true when the circles 
are externally tangent? Prove it. E 


awa ae 


12. If two circles intersect and a straight line is 
drawn parallel to their common chord and cutting 


both circles, the segments of the line intercepted between the circles 
are equal. 


13. A circle is drawn with the radius of another circle as its diameter. 
Through A, their point of contact, any chord AB of the larger circle is 
drawn, intersecting the smaller circle at C. Prove that C bisects AB. 


14. Show that the locus of the centers of all circles tangent to a 
given circle at a given point is the straight line determined by the 
given point and the center of the given circle. 


Hint. — What two things must be proved (§ 251)? 


15. What is the locus of the centers of all circles with a given radius 
r and tangent externally or internally to a given circle? Prove the 
answer. 


16. If two circles are externally tangent and a line is drawn through 
the point of contact intersecting the circles, tangents to the circles 
at the points of intersection are parallel. 


Succestion. — Draw the common internal tangent. What is the 
telation between the angles formed? 
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17. What is the locus of the vertices of triangles having a given 
base AB and a vertex angle of 45°? What is the locus of the vertices 
of triangles having a given base AB and a given vertex angle? Prove 
your answer. 

18. Construct a right triangle, given the hypotenuse and the sum 
of the legs. 

19. Prove that the locus of the middle points of all of the equal 
chords of a circle is a concentric circle. 

*20. Prove that the locus of the mid-points in Ex. 9 is a circle with 
radius 3 OC and with center O’ at the mid-point of MM’, where M 
and M’ are the mid-points of PD and PC, re- 
spectively. 

*21. Two circles intersect at A and B, andCD © 
is any line segment drawn through A termi- 
nating in the circles. Prove that Z DBC is B 
constant (has the same size) for all positions of CD. 


A D 


Hint. — 4 C and D have the same measure as what arcs? 


*22. Through A, a point of intersection of two equal circles, two 
line segments BC and DE are drawn, terminating in the circles. Prove 
the chords BD and EC equal. 

*23. If the opposite angles of a quadrilateral 
are supplementary, a circle may be circumscribed 
about it. 


SuacGestion. — Draw a circle passing through 
A, B, and C, and prove by the indirect method 
‘that it passes through D. There are two possi- 
bilities: D is either on the circle or it is not. If it is not on the circle we 
have (1) D is outside the circle, or (2) D is inside the circle. Show that in 
(1) and (2) ZD is not supplementary to ZB. 





*24. A circle can be circumscribed about 
an isosceles trapezoid. 

*25. Circles are drawn tangent to a 
given line at the same point of it. From 
another point of the line tangents are 
drawn to all of the circles. Prove that 
the locus of the points of contact of 
these tangents is a circle. 
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MAINTAINING SKILLS IN MATHEMATICS 
(See Review of Algebra, pages 463-467.) 


1. Divide Sab’ — 12ab? + 4a%b by 4ab. 
2. Multiply 322 — 2x -+ 2 by x — 1. 
3. If 4r + s = 23, solve r. 


4. In the formula A = = (b+ b’), find b if h = 10, A = 90, and 
b’ = 12. 




















ot 

5. Solve fort:s= 10—°,. 

6. Find the value of 22 — 3a + 6ifx= — 1. 

7. The graph of x = 3 is a line parallel to the axis. 

8. The graph of y = 4 is a line parallel to the axis. 

Simplify: 

aon 
fee qe : 
Gc 10. — ; 
i+ x a 
y a 

11. Find the roots of 272 — zx = 1. 

12. (V2-+ v5)? = —. _ 13. V6. v8 = —. 
> 7 2— 3V3 

14. If V3 = 1.732, find Tmge correct to the nearest hundredth. 
Simplify: 

15. V128 16. V50 17. V27 18. Vr? + Qry + y? 
19, 4/162" 27 at. 4)? 22, 4% 

25y! Sb 3 5 
23. (28)} 24. VI2+ V75— Vis 
25. What is the value of 2.375 to the nearest tenth? 
26. Change the equation aa a to the form ar?-+ ber +e 
= 0. 2 tl 

27. Ifa = 4,6 = — 2,c = — 1, find the value of b+ Vb? = 4ac 


2a 
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PRACTICAL APPLICATIONS 


1. Pattern makers and others use the carpenter’s 
square as follows to determine if a half round hole 
is a true semicircle: The square is placed as in the 
figure. If the heel of the square touches the bottom 
of the hole in all positions of the square, while the 
blades rest against the edges of the hole, the hole isa 
true semicircle. Prove that the method is accurate. 


2. Prove that the center of any circular object may be located by 
means of a carpenter’s square by the follow- 


ing method: Lay the square on the object, F, 
with the heel at the rim, and mark the points DA 





A and B where the blades cross the rim. Now, 
by placing the blade of the square on A and B, 
find the middle point of AB. That is the 


center. 

3. In railroad surveying, curves are laid out by turning off equal 
angles and setting stakes every 100 ft. If the Q 
curve begins at A, Z BAP is turned off from the p/ 


tangent AP and AB measured 100 ft., then 
ZCAB is turned off and BC measured 100 ft., 
etc., the process being continued until the curve 
ends in the tangent DP at D. Since the curve is 
to be an arc of a circle, prove that ZBAP, 
ZCAB, etc., must be made equal, and that each must equal one half 
the central angle of a 100-ft. chord. 

4. In. Ex. 3, Z DPQ is called the intersection angle, and Z BAP, 
ZCAB, etc., the deflection angles of the 
curve. Prove that the intersection angle 
equals twice the sum of all the deflection 
angles at A. Show that the intersection 
angle has the same measure as the central 
angle of the curve. 





5. Draw the connecting curve of given 
radius r at the intersection of the curbs of 
two given streets. 
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6, The railroad curve ACB is a compound 


curve, composed of AC and CB, with centers 
at O and P, respectively. Point P is on OC. 
Prove that the intersection angle BQR equals 
the sum of the central angles, ZCOA and 
Z BPC. 


Svuacestion. — Draw the common tangent 
at C. 





PRACTICE TESTS 


These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the 
reference and be sure you understand it before taking other tests, 


TESTS ON UNIT FIVE 


TEST ONE 
Numerical Exercises 
In Ex. 1-5 PD is tangent to the circle at A and PC, AC, and DC 
intersect at C. 
For Ex. 1-8, see §§ 241-248. 
1. If AB = 70°, how large is Z BC'A? 
2. If EBC = 90° and AHG = 170°, how large 
is ZCFE? 
3. If AH = 64° and ABC = 150°, how large 
is Z D? 
-_—> 
4. If AEG = 190°, how large is Z DAG? 
6. If BE = 10° and CG = 40°, how large is ZG-PC? 





D 





A D B 
Ill 





I 


6. (Fig. I) AC is 50°, PA is a tangent, and Z P is 7°, find Z BAQ. 
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7 (Fig. II) If AC is 30° and DB is 50°, how large is Z1? 

8 (Fig. III) AC is a diameter of cirele O and A ABC is isosceles 
(AC = BC). AB intersects the circle at D. If Z B = 50°, how large 
is AD? 

9. A chord of a circle is equal to the radius. How many degrees 
in the major arc of the chord? § 238, Ex. 3. 

10. How many lines can you draw, all points of which are 4 in. 
from an indefinitely extended line AB? § 259. 

11. What is the greatest possible number of points in the locus 
of points 2 in. from a given point P and also 1 in. from a given line l. 
§§ 252, 259. 

12. The base of a triangle is the fixed segment AB and its altitude 
is 5in. How many such triangles can you draw? § 259. 


TEST TWO 
True-False Statements 


If a statement is always true, mark it so. If not, replace each word in 
italics by a word which will make it a true statement. 


1. An angle made by two secants drawn to a circle from an exter- 
nal point is measured by half the sum of the intercepted arcs. § 248, 

2. A circle may be inscribed in an obtuse triangle. § 274. 

3. The locus of the vertex of a right triangle with a given hypote- 
nuse is a circle with the hypotenuse as its diameter. § 260. 

4. The altitudes of a triangle are concurrent in a point two-thirds 
the distance from one vertex to the mid-point of the opposite side. 
§ 278. 

5. The locus of a point 3 inches from a given line is one straight 
line. § 252. 

6. The angle between two tangents intersecting outside the circle 
is measured by half the swm of the intercepted arcs. § 248. 

7. An angle inscribed in an are greater than a semicircle is an acute 
angle. § 241. 

8. There may be not more than four points equidistant from two 
given points A and B and at the same time 3 inches from a given point 
P. §§ 252, 254. 
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9. The point of intersection of the angle bisectors of a triangle is 
the center of the inscribed circle. § 275. 


10. The point of intersection of the altitudes of a triangle is called 
the orthocenter of the triangle. § 277. 


11. A circle can be circumscribed about a quadrilateral if, and only 
if, the opposite angles are supplementary. Page 267, Ex. 23. 


12. The locus of the mid-points of parallel chords of a circle is the 
diameter parallel to the chords. § 195. 
TEST THREE 
Matching Exercises 


Under B a brief description is given or a comment is made about the 
partial statements under A. Match them correctly. 


A B 
I. An angle inscribed in a 1. Is measured by half the sum 

semicircle. § 243. of the intercepted arcs. 

II. Complementary arcs. 2. Is a pair of lines bisecting 
§ 238. the angles formed. 

III. An are degree. § 236. 3. Is a right angle. 

IV. An angle formed by two 4, Are three or more lines which 
tangents. § 248. have a point in common. 


V. An angle formed by two _ 5. Is called the circumcenter. 
intersecting chords. § 246. 


VI. An angle formed by atan- 6. Is a circle. 
gent and a chord drawn to 
the point of contact. § 245. 


VII. The point of intersection 7. Is an arc which is one 
of the angle bisectors of a ninetieth of a quadrant. 
triangle. § 275. 


VIII. The point of intersection 8. Are two arcs whose sum is @ 
of the perpendicular bi- quadrant. 
sectors of the sides of a 
triangle. § 271. 
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TX. The locus of points equi- 9. Is measured by half the dif- 


distant from two inter- ference of the intercepted 
secting lines. § 257. arcs. 

X. The locus of points at a 10. Is measured by one half the 
given distance from a given intercepted arc. 
line. § 259. 

XI. The locus of points at a 11. Is a pair of lines parallel to 
distance d from a given the given line and at the 
point P. § 252, given distance from it. 


XII. Concurrent lines. § 268. 12. Is called the incenter. 


CUMULATIVE TESTS ON THE FIRST FIVE UNITS 
TEST FOUR 


Numerical Exercises 


1. What is the sum of the angles of a pentagon? A Cc 
§ 133. 

2. AB is parallel to CD, Z1 = 70°, 23 = 30°. _™ 
How many degreesin 22? §§ 113, 128. B D 


4. If one acute angle of a right triangle is 
four times the other, how many degrees in each? 
§ 125. A B 
5. One diagonal of a rhombus is equal to a side. How many 
degrees in each angle of the rhombus? § 71. 


3. ABCD isa square. If XY is perpendicular p Cc 
to AC, how many degrees in Z1? §§ 142, 125. ia 


6. Angle A is formed by two tangents touching a circle at B and 


C. If BCis 120°, how large is ZA? § 248. 
7. In a circle a chord is equal to the radius. How many degrees 
in its arc? § 238, Ex. 3. 2 é 


8 In trapezoid ABCD, AB||CD. M and N - e 
are mid-points of AD and BC respectively. If DC / 
is 5 in., and MN is 8 in., find AB. § 157. a ® 


9. Triangle ABC has a right angle at C. If AB = 16 in., how 
long is median CM? § 159. 
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10. In triangle ABC, AB = 8 in., and AC = 6 in. Side BC must 
be greater than what value? § 175, Ex. 9, 10. 


11. In Ex. 9, if AC = 8 in., how largeis ZA? §161. 


12. A parallelogram has a fixed base AB and an altitude of 2 in. 
How many such parallelograms can you draw? 


TEST FIVE 
True-False Statements 


If a statement is always true, mark it so. If not, replace each word in 
italics by a word which will make it a true statement. 


1. The diagonals of a parallelogram bisect the angles. § 147. 


2. The diagonals of a rhombus are perpendicular to each other. 
§ 147, Ex. 1. 


8. The opposite angles of a parallelogram are supplementary. 
§ 141. 


4, If the sum of the interior angles of a polygon equals the sum 
of the exterior angles, the polygon is a quadrilateral. §§ 133, 134. 


5. The hypotenuse of a right triangle equals twice the median 
drawn to the hypotenuse. § 159. 


6. If the sum of two angles of a triangle equals the third angle, 
the triangle is a right triangle. § 125. 


7. If astatement is true, its converse is always true. § 74. 


8. If two angles have their sides parallel, they are either equal or 
complementary. § 116. 


9. The diagonals of a rhombus are equal. § 162, Ex. 6. 


10. The angle opposite the longest side of a triangle may be acute. 
§ 172. 


11. If two parallel lines are cut by a transversal, the two interior 
angles on the same side of the transversal are complementary. § 115. 


12. The line which passes through the mid-points of two equal 
chords passes through the center of the circle. § 197, 
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TEST SIX 
Multiple-Choice Statements 


From the expressions printed in italics select that one which best com- 
pletes the statement. 


1. Complementary angles are angles having 45°, adjacent angles, 
angles whose sumis90°. § 38. 


2. The locus of points at a given distance from a given point 
is the center of a circle, a circle with its center at the given point, a per- 
pendicular bisector. § 252. 


3. The number of triangles that can be constructed on a fixed 
base AB with an altitude of 4 in., is one, two, as many as you please. 
§ 259. 


4, An acute triangle is a triangle having one, two, three, acute 
angles. § 30. 


6. The sum of the angles of a hexagon is 360°, 600°, 720°. § 133. 


6. The circumcenter of a triangle is the point of intersection of the 
medians, angle bisectors, perpendicular bisectors of the sides. § 271. 


7. The converse of a theorem is sometimes, always, never true. § 74. 


8. The indirect method of proof is frequently used to prove 
axioms, the converse of a theorem, corollaries. § 101. 


9. A triangle cannot be constructed unless the sum of two given 
sides is equal to, less than, greater than the third side. § 175, Inx. 9. 


10. Each angle of a regular twelve-sided polygon contains 150°, 
135°, 120°. § 133. 


11. The sum of the exterior angles of any polygon is 180°, 360°, 
you cannot tell. § 134. 


12. The point of intersection of the medians of a triangle is the 
center of the inscribed circle, two-thirds the distance from a vertex to the 
mid-point of the opposite side, the center of the circumscribed circle. 
§ 278. 





EOMETRY IN Nature 


G 


Snow crystal 
5. Cross-section of orange 


4. 


Milkweed 
2. A mollusk 


3. Starfish 


1, 


Spider web 


6. 


UNIT SIX 
SIMILAR POLYGONS (BOOK THREE) 


PROPORTION AND SIMILAR TRIANGLES 


284. Similar figures. When you look through a mag- 
nifying glass, you see an image larger than the object at 
which you are looking, but having the same shape. Figures 
related as are the object and image are called similar 
figures. In order to study similar geometric figures, 
however, we shall need a definition worded in mathe- 
matical terms. We shall denote the amount of mag- 
nification of the figure by means of a ratio. 


285. The meaning of ratio. The ratio of two quan- 
tities is the quotient of their numerical measures in terms 
of acommon unit. 

Thus the ratio of 13 in. to 73 in. is 13 + 7}, or }. 
The ratio of 1 pint to 33 gallons is .',, since there are 28 
pints in 33 gallons. 2 

In the figure at the right a common 7; 
unit has been applied to segments a, 6, | 
c, and d. The ratio of a tobis 4; of g 
atocis 4; of ctodis }. We write the 


ratio of a to b as ; or, with two dots, a : 6. 


286. Proportion. An equality between two equal ratios 
is called a proportion. 


Thus in line segments a, b, c, and d, tke ratio of a to b 
277 


278 SIMILAR POLYGONS 


is 4; the ratio of ctod is. Since 4 = 2, we say that the 
four quantities a, b, c, and d are in proportion. That is, 


ne 
= 3 

287. Terms of a proportion. ‘The terms a, b, c, and d 
are called the first, second, third, and fourth terms, re- 
spectively, of the proportion. 

The first and fourth terms are called the extremes and 
the second and third terms, the means of the proportion. 


oma 


We may read the proportion 7 = - in one of two ways; 


thus, ‘‘ the ratio of a to b is the same as the ratio of c to 
d’’; or, “ais tobascis to d.’’ Sometimes the proportion 
is writtena:b =c:d. 


EXERCISES 
Notes. — Refer to the review of algebra in the A ppendiz. 
1. What is the ratio of 3} in. to 1 yd.? 
2. What is the ratio of 1 ft. to 1 in.? 
3. What is the ratio of 3 right angle to 3 straight angles? 


State the extremes and the means in each of the following proportions: 


3 _ 10 6_5 2_y t 
ae 2G 6. 50 5 % ] 


8-11. Solve for the literal number in each proportion in Ex. 4- 


7 
8 
7. 


Express each of the following ratios in simplest form: 











2-5 m? — n? 3t 23 .03 

12, 13, ~~ “5p 8. 
Find the value of x in each proportion: 

a_c v_ il x a—-n r+2_ 4 

1 > =H 18. - = - 1 'e = OCC e — 

b £ a <9 2 atn b ou z+3 7 


Find the ratio of the literal numbers if: 
21. 3m=4n 22, 4y=Ser 23. x= 3y 24. a= 146 
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Find the ratio of a to b tf: 

25. am = bn 26. ote .3 27. ay = bir + y) 
2ar_27R 1 3 
28, —— = —— : - = LS 

7 29. 3a—6b=0 30 aes: 


31. A segment 18 in. long is divided into two parts whose ratio is 
2to7. Find the length of each part. 

32. Two complementary angles are in the ratio of 1 to 5. How 
large is each? 

33. The acute angles of a right triangle are in the ratio 2 to 13. 
How many degrees in each? 

34. If the ratio of two supplementary angles is 3 to 7, how many 
degrees in each? 

35. The angles of a triangle are in the ratio of 1 to 2 to 3. How 
large is each? 


Go¢ ip f 
36. If 5 =<, why is a. 


288. The formula for a proportion. The formula 


= 5 can be considered a general statement of a pro- 


oI 


portion. By writing this in different forms as in the 
exercises below, we shall discover some _ interesting 
theorems. 





EXERCISES 
1. If = oo then ad = be. To clear of fractions multiply both 
sides by What axiom is used? 


2. From the result in Ex. 1 complete: If four numbers are in 
proportion, then the product of the is equal to the product of 
the (What are the first and fourth terms called? The second 
and third?) ° 

3. If ; = a we know from Ex. 1 that ad = bc. What do you 
get if both sides of this second equation are divided by cd? Prove 


~~ @_C a_ 6. 
that if 5 = 5) then == 3 
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4. Complete from the result in Ex. 3: If four numbers are in 
proportion, the —— term is to the third as the —— is to the fourth. 


5. By what must you divide both sides of ad = be to get = 2 


From this result complete the statement: If four terms are in pro- 
portion, the second term is to the —— as the is to the ——. 





6. If = 5 and a = c, what can you say about 6 and d? Why? 


Complete: In a proportion, if the numerators are equal the —— 
are equal. 


Nore.— The numerators are sometimes called antecedents and the 
denominators are called consequents. 


7. If = 5 and ; - =, what conclusion can you draw about @ 
and x? Can you state the result as a theorem? 

8. See how many different proportions you can make by using 
the four numbers in the equation 3 X 8 = 4 X 6. You should get 
four. In how many of the proportions do you use 3 and 8 as means? 
3 and 8 as extremes? 

9. If ad = bc, write two proportions using 6 and c as means and 
two using 6 and c as extremes. 


10. If you add 1 to each side of the equation } = §, do you get 














8+1_6+1, 
4 8 
11. Add 1 to each side of the equation ;= 5 and simplify. Do 
a+b_ct+d 
you get a ? 
12. Can you prove a Bex oF d» What axioms do you use? 


(Begin by using the result obtained in Ex. 5. Then add 1 to both 
sides. ) 
a—b_c-—d 


6 d 


, prove that Ge Soe, 
a c 


13. If 


, prove that 








. Give a numerical example. 


14. If 





cla Ga 


2 
d 
& 
d 
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289. Fundamental theorems. The results obtained 
in § 288 are used so often we shall express them as 
theorems. 

1. In any proportion, the product of the means equals 
the product of the extremes. (Ex. 1, 2) 

2. In any proportion, the first term is to the third as 
the second term is to the fourth. (Alternation) (Ex. 3, 4) 

3. In any proportion, the second term is to the first as 
the fourth is to the third. (Inversion) (Ex. 5) 

4. If the two numerators of a proportion are equal, the 
denominators are equal. (Ex. 6) 

5. if three terms of one proportion are equal, respectively, 
to three terms of another proportion, the remaining terms 
are equal. (Ex. 7) 

6. If the product of two numbers is equal to the product 
of two other numbers, either two may be made the means in 
a proportion in which the other two are the extremes. (Ex. 
8, 9) 

7. In a proportion, the sum of the first two terms is to 
the second (first) as the sum of the last two is to the fourth 
(third). (Addition) (Ex. 11, 12) 

8. In a proportion, the difference between the first two 
terms is to the second (first) as the difference of the last 
two is to the fourth (third). (Subtraction) (Ex. 18, 14) 


EXERCISES 


1. Write the proportion 3 = 3’; by alternation; by inversion; 


by addition; by subtraction. 
2. Write four proportions involving the four numbers in cach 
of the following equations. 


(a2) 4X3=2xX6; (6) am= bz; (c) 1-2= be; (a) x = &. 
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3. Write the proportion Fa by subtraction; and then write 


the resulting proportion by alternation. 


4. Write the proportion eee by alternation, and then write 





























b 6d 
the resulting proportion by addition. 
5. From 2 — en and @ aL ne q how can you obtain 
b d 5 d 
a—b_ce—d, 
a+b ct+d - 
Given the proportion ;= “i tell how each of the following state- 
ments is obtained. 
b_d a_b Ep eeee a+b_a ra _ xc 
ere ae d oa Be eal c "yb yd 
a+tb_ct+d 
a aaa 
a_e.atl_ectl, 
12. If; ge bac rag 
a_c.a_b 
ioe _=-? 
13. If; 7 84 = 


14. Transform the proportion a:b =c:2 so that zx is the first 
term; the second term; the third term. 

15. Construct a triangle with a = 1} in., b= 2 in., and c= 22 
in. Construct another triangle with a’ = 3 in., b’= 4 in., and 


c’= 4} in. What is the ratio of |, a2 7? =? Are the sides pro- 


portional? 
290. Special terms in a proportion. In the pro- 
portion 7 _© the last term, d, is called the fourth pro- 


b d 
portional. 


In the proportion 5 = ct the last term, c, is called the 
third proportional, and b is called the mean proportional. 
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291. Axiom 12. Like powers or like positive roots of 
equals are equal. 

Ex. 1. What is the mean proportional between 4 and 25? 1 and 
36? 12 and 27? a? and b?? wR? and 4 rR? 

Ex. 2. Find the fourth proportional to 2, 5, and 6; 3, 8, and 9; 3, 
$, and }; a, b, and c. 

Ex. 3. Find the third proportional to 4 and 6; 4 and 10; 3 and 6. 


Ge @ ae eh 
Ex. 4. If; yep Rp Why? 
Ex. 5. 1¢=2, ish = Vac? Why? 


Historica Norse. — The use of proportion for the solution of prob- 
lems was once called solution by the rule of three. One of the parts 
of the Chinese mathematical work A’iu-ch'ang Suan-shu or Arithmetic in 
Nine Sections (about 1000 B.c.) was devoted to the solution of problems by 
this method. 


292. Lines parallel to the base of a triangle. Draw any 
triangle and divide side AB into five equal parts. (See § 162.) 
Through the points of division draw lines 
parallel to BC. Why are the segments 
on AC equal? What is the ratio of AD 

AD AE 
? nt? os, tae ? 
to DB? Of AE to EC? IsnB EC. p 

When two sides of a triangle are divided into segments 

so that the ratio of one pair of segments is equal to the ratio of 


the other pair, the sides are said to be divided proportionally. 


A 


ye 








If aline DE is parallel to BC in AABC, by finding a common 
unit of measure for AD and DB, and drawing parallels, can 
you prove the sides are divided proportionally? If the unit 
is contained in AD two times and in DB three times, what 
is the ratio of AD to DB? Will AE and EC be divided into 
equal segments? What will be the ratio of AE to EC? Then 
what proportion can be formed? 


284 SIMILAR POLYGONS 


PROPOSITION 1. THEOREM 


293. A line parallel to one side of a triangle and inter- 
secting the other two sides divides those two sides propor- 
tionally. 


Given: Triangle ABC, DE || BC, AD and DB com- 
mensurable. 
To prove: AD: DB = AE: EC. 





Plan: With a unit which is contained a whole number of 
times in each, measure AD and DB. Then draw parallels 
to BC through the points of division. By § 152 show that the 
ratio of AE to EC is the same as the ratio of AD to DB. 

Proof: Write the proof in full. 


Nore. — Two segments are said to be commensurable when there is a 
common unit contained in each a whole number of times. 


294. CoroLLARy. One side is to either of its segments 
as the other side vs to the corresponding segment. 


From the conclusion in § 293 we have, by addition: 


AD+DB_AE+EC ., AB_AC.,, 
DB EC DB EC’ 

AD+DB_AE+EC ,, AB_AC 
AD AE AD AE 


d also 
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295. Some other proportions can also be developed 
from the conclusions in § 293 and § 294. Explain how 


the following are derived from § 293. 





DB _ EC AD_ DB 
Ex. 1. AD ABE Ex. 2. AE EC 
Explain how to obtain the following from § 294. 

AB _ DB ABAD 
Ex.3. 7a = bo Ex. 4. AC. 4B 


296. If a line is parallel to one side of a triangle we 
shall assume that ‘“ divided proportionally ’’ means, as in 
§ 293, 1D: DB = AE: EC, or any of the forms derived 


in §§ 294-295. 


Construction XVIII 


297. To construct the fourth proportional to three given 


line segments. 





Given: Segments a, b, and c. 


Required: Construct the fourth proportional to a, 6, 
and c. Construction and proof left for you to write out. 


EXERCISES 
In the figure of § 293: 


1. If AD = 10in., DB = Sin., and AF = 6in., find EC. 
2. If AD = Gin., DB = Vin., and EC = 5in., find AE. 

3 If AF = 5in., DB = 12 in., and FC = 3 in., find AD. 
4, 


If AD is half of BD, and AE = 6 in., find EC. 
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6. If EC = 2 AE, and BD = 8 in., find AB. 

6. If AE = 3 EC, and AB = 16 in., find AD and DB. 

7. If AB = 10in., AC = 15 in., and AE = 6 in., find DB. 

8. Construct the fourth proportional to three segments which are 

1 in., 2 in., and 1} in. long. Measure the resulting segment and 
compare with the computed result. 

- 9. Construct the third proportional to two segments which are 
£ in. and 1} in. in length. Compare the measured result with that 
found by computation. 

10. Some boy scouts measured the 4 
length of a pond AB by constructing 
a triangle ACE and taking BD 
parallel to CE as indicated by the 
drawing. Explain what measure- 
ments were necessary. 

11. If AEF = 200 yd., DE = 60 yd., BC = 40 yd., how long is AB? 





12. In AABC with DE || BC, prove that any A 
transversal from A to point G in BC will be 
divided by DE at F into segments so that D if 
AD : DB = AF : FG. B K 
: 4 G Cc 
13. In the figure of Ex. 12, prove that if AK 


is cut by DE produced in H, and by BC produced in K, then AF : FG 
= AH: HK. . 

*14, If lines a, b, c, and d 
are parallel, and AD and EH 
are any two transversals, prove 
that r:s =r’: 3’. 

Hint. —In AACE, b || AE; 
and in AECG, b || CG. 


*15. In the same figure prove 
that s:t= 8’ :0’. 

Hint. — Use A DFB and 
FDH. 

*16. From the results of Ex. 14 and 15 prove that 
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PROPOSITION 2. THEOREM 


298. The segments cut off on two transversals by a series 
of parallels are_proportional. 


Given: Parallels a, b, c, and d cut by transversals p and 
q into segments r, s, t, 7’, s’, and ¢’, respectively. 


r 
To prove: 





Plan: Draw transversals CE and DF forming triangles as 


, 
shown. In triangle ACE, = ; and in triangle CEG, “ = . 


8 
ae = 8 Ge 63 : ‘ 
Why? Hence, Fie ef Similarly, using triangles 
DHF and DFB show that -; = a 
Proof: Write the proof in full. 
EXERCISES 


For the following exercises use the figure in § 298. 
1. Ifr = 4in., s = 5in., ¢ = 2in,, and?’ = 5in., find s’ and #. 
2. Ifr = 8in., s = 10in,, ¢ = 5in,, and s’ = 15 in., find?’ and ¢’. 


3. Ifr =4 in, s = 5 in. ¢ = 2 in. and EH = 163 in., find r’,-s’, 
and ¢’. 


288 SIMILAR POLYGONS 


ConstTRUCTION XIX 


299. To divide a segment into parts proportional to any 
number of given segments. 


Given: Segment AB, and segments a, b, and c. 


Required: Divide AB into segments proportional to 
a, 6, and c. 

A 

Construction: 

1. Draw AX, making any con- 
venient angle with AB. 
2. On AX take AC =a, CD = 
band DE =. 
3. Draw BE, and construct CC’ and DD’ || BE. 
4. Segments AC’, C’D’, D’B are proportional to a, b, and c. 
EXERCISES 

1. Divide a given segment into parts whose ratio is 5 to 8. 

2. Divide a segment into two parts whose ratio shall equal 23. 

8. Divide a segment 23 in. long into parts whose ratio is 2:3 as 
follows. Draw any convenient angle with vertex A. On one side of 
the angle take a segment AB = 23 in. On the other side of the angle 
mark off any convenient unit five times so that AM = MP= PQ = 
QR = RC. Draw BC, and draw a line through P || BC, cutting AB 
in P’. Provethat AP’: P’B = 2:3. 

4. Can you explain from the figure how a piece of 
ruled paper can be used to divide a segment AB into 
parts whose ratio is 2 : 5. 

5. Using the method of Ex. 4, divide a segment 23 
in. long into parts whose ratio is 1 to 5. 








6. Having given a point P within Z ABC, Cc 
draw a line through P so that the segment E 
of it lying within the angle shall be divided 
at P in the ratio of 1 to 2. 


Suaccestion. — If EP : PF = 1 : 2, what rela- B 
tion must exist between ED and DB if PD || AB? cy 
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PROPOSITION 3. THEOREM 


300. If a line divides two sides of a triangle propor- 
tionally, vt 1s parallel to the third side. 


Given: Triangle ABC with DE drawn so that AB: 
DB = AC: EC. 
Toprove: DE || BC. 





Plan: Use the indirect method. If DE is not parallel to 
BC, and DF is, what proportion is there between the segments 
DF intercepts on AB and AC? Compare this proportion 
with the proportion given and use § 289-5. 





Proof: 
STATEMENTS REASONS 
1. If DE is not || BC, suppose that | 1. Post..12. 
DF is. 
2. Then AB: DB = AC : FC. 2. § 296. 
3. But AB: DB = AC: EC. 3. Given. 
4. .. EC = FC. 4. § 289-6. 
5. Then since F coincides with LE, | 5. Post. 3. 


DE coincides with DF. 

.. DE || BC. 6. DE coincides with DF. 
Ex. 1. If AD= 12 in, DB=9 in, AE = 8 in., and EC =6 
in., is DE || BC? 

Ex. 2. What relation does the theorem in § 300 have to the theorem 
in § 293? 


oS 
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301. Corresponding sides and angles. Two polygons 
which have the angles of one equal, respectively, to the 
angles of the other, are called mutually equiangular. 

The pairs of equal angles are called corresponding 
angles. The sides included between corresponding angles 
are called corresponding sides. 


302. Similar (~) polygons. Similar polygons are 
those which (1) are mutually equiangular and (2) have 
their corresponding sides proportional. 


D 
D’ 
E E% 
Cc c’ 
/ 
A B A 2 
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Thus, polygons ABCDE and A’B’'C’D’E’ are similar if 
(1) ZA = ZA’, ZB= ZB, ZC = LC’, ZD= LD, 
ZE= LE’; and 
AB BC _ CD DE _ EA 


AB BC" CD DE Bx 
303. The ratio of two corresponding sides is called the 
ratio of similitude. 
EXERCISES 


‘1. Polygons A and B are mutually equiangular. Are their corre- 
sponding sides proportional? Are they similar? 


Cc <> 


Polygons C and D have their sides proportional. Are they mutually 
equiangular? Are they similar? 
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2. Are any two squares similar? Any two rectangles? Any 
two rhombuses? 
8. Isa square ever similar to a rhombus? 
4. Are any two equilateral triangles similar? Any two isosceles 
triangles? Any two right triangles? 
6. Divide a line 3 in. long into segments proportional to 1, 3, and 4. 
6. Construct the fourth proportional to segments a, b, and c. 
7. Construct the third proportional to a and b. 
8. Construct a segment x so that x = be + a, 
9. Construct a segment x so that x = B + a. 
10. Construct a segment x so that cx = ab. 
11. Construct a segment x so thatxr +c=a-+b, 


12. Prove that a line parallel to the bases of a trapezoid intercepts 
proportional segments on the non-parallel sides z 
D al C 


and on the diagonals. 
13. ABCD and EFGD are rectangles, F being ele H 
SEE SS 


a point on diagonal DB. Prove that the two 4 
rectangles are similar. 
14. In Ex. 13 if AZ = 3 ED, what is the ratio of similitude? 
15. PA isatangent and PBC asecant. Prove 
that APAC and PAB are mutually equiangular. 
16. Prove the theorem in § 300 by assuming 
that if DE is not || BC, it is parallel to BG which B C 
intersects AC produced in G. 


A 


304. Mutually equiangular triangles. If A ABC and A’B’C’ 
are mutually equiangular, what must we prove to show that 
they are similar (§ 302)? 

If the triangles are placed as shown in the 
figure, can you prove B’C’ || BC? What pro- 
portion follows? 

Place the triangles again so that ZB’ coin- 
cides with ZB, and see if you can prove that 
two triangles are similar if they have two angles of one equal, 
respectively, to two angles of the other. 
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Proposition 4. THEOREM 


305. Two triangles are similar if two angles of one are 
equal, respectively, to two angles of the other. 


Given: AABC and A’B’C’ with ZA = ZA’ and 
LB = ZB’. 
Toprove: AABC ~ AA'B'C’. 





Plan: Place A.A’B’C’ on AABC so that Z A’ coincides with 
its equal ZA. Then show that B’C’ || BC, and use § 293. 
Repeat, placing Z B’ on ZB. 


Proof: 


STATEMENTS REASONS 


Place AA’B’C’ on AABC so that | 1. Given and § 119. 
ZA’ coincides with ZA. Then, 
since ZB = ZB’, BC’ || BC. 
2. AB: AB’ = AC: AC’ or 2. § 293 and Az. 7. 
AB: A'B’ = AC: AC’. 
3. In the same way, by placing A.A’B’C’ | 3. By reasoning as tn 


= 


so that ZB’ coincides with ZB it 1 and 2. 
can be proved that AB: A’B’ = 
BO? BC. 

4. .. AB: A’B’ = AC: AC’ = BC :| 4. Awd 
BC’. 

5. LC = Ze", 5. § 126. 

6. «. AABC ~ AA‘BC", 6. § 302. 
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306. CoroLLaRy. Corresponding altitudes of similar 
triangles have the same ratio as any two corresponding 
sides. 

EXERCISES 


In Ex. 1-3, similar triangles A BC and A’B'C' have corresponding sides 
a, b, c, and a’, b’, c’, respectively. 


1. a= 8in.,b = llin.,c = 9in.,a’ = 4in. Find’ andc.. 
2. a= 12in.,b = 15in.,a’ = 3in.,c’ = 5in. Findcand bd’. 
8 a= 27ft.,c = 30ft.,b’ = 6in.,c’ = 10in. Find banda’. 


4, The sides of a triangle are 2 in., 3 in., and 4 in. The shortest 
side of a similar triangle is 5in. Find the other two sides. 


5. The base of an isosceles triangle is 18 in. and one of the equal 
sides is 24 in. Find the sides of a similar triangle whose greatest side 
is 8 in. 


6. If an acute angle of one right triangle is equal to an acute 
angle of another, the triangles are similar. 


7. If two triangles have their sides respectively parallel, or, re- 
spectively perpendicular, the triangles are similar. 


8. A line parallel to the base of a triangle forms a triangle similar 
to the given triangle. 


9. Two isosceles triangles are similar if a base angle of one equals 
a base angle of the other. 


10. Two isosceles triangles are similar if their vertex angles are equal. 


11. Are two isosceles triangles always similar if an angle of one 
equals an angle of the other? 


12. If each of two triangles is similar to a third triangle, they are 
similar to each other. 


13. Corresponding angle bisectors of similar triangles have the 
same ratio as any two corresponding sides. 
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PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. A stick B’C’ held vertically casts a 
shadow A’B’ which is 33 ft. long. At the 
same time a tree BC casts a shadow AB, 
which is 50 ft. long. If B’C’ = 6 ft., 
find BC. 


2. The instrument shown in this draw- 
ing is a diagonal scale, used by draftsmen 
for measuring very short lengths. AB=1 in. AB and AC are 
each divided into 10 equal parts, and parallels are drawn through the 























points of division as shown. By means of this scale distances can be 
measured to hundredths of an inch. 

Find .01 in. on this scale; .02in.; .03 in.; .04 in., ete. 

Upon what theorem does this depend? 

8. Find .12 in. on the diagonal scale; .35in.; .93 in.; .68 in. 


4, What is the distance between the points marked z---z on the 
diagonal scale? 

6. Find 1.63 in. on the diagonal scale; 1.85 in.; 1.19 in. 

6. The fact that the heights of two objects are to each other as 
the lengths of their shadows has been used since the time of the ancient 
Greeks. Thales (about 600 B.c.) is said to have amazed the Egyptians 
by measuring the heights of the pyramids by the lengths of their 
shadows. 

Give a proof of this principle. 
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307. A. Trigonometric ratios. Some very interesting 
ratios follow from similar triangles. If from any two 
points P and P’ on a side of ZA perpendiculars are 
dropped to the other side, the triangles formed p 
are similar. Why? We have, therefore: 


OP) OP? AG AO 2.4 QP OP" 


AP AP’? AP AP” 


P 


AQ AQ’ 


Since these ratios are the same for any angle 
A, no matter where points P and P’ may be, we have 
named them the sine, cosine, and tangent of angle A. 


If we call the side PQ the side opposite angle A, the 
side AQ the side adjacent to angle A, and AP the hypot- 
enuse, we have: 


A qg & 


sine A = Side Opps cosine A ae ad). tangent A = 
hyp. hyp. 
side opp. side adj. 
side adj.’ covaneene side opp. 


The abbreviation of sine is sin; of cosine is cos; of 
tangent is tan; of cotangent is col. Notice that the co- 
tangent is the reciprocal of the tangent. 


308. A. How to find the value of the trigonometric 
ratios. To find the value of any of these ratios approxi- 
mately you can measure the sides PQ, AQ, and AP and 
divide. Thus you can find the value to at least one decimal 
place. The table on page 298 gives the values of the sine, 
cosine, and tangent to three decimals. 


To find the value of an angle when the ratio is given, 
find the value of the ratio under the proper heading at the 
top and read the angle in the column at the left. 
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HistoricaL Note.—While Thales, in measuring the height of a pyra- 
mid. used the ratio between its height and its shadow, which corresponds 
to the tangent, he did not definitely connect this ratio with the angle. 

An Arab. Abtil-Wefa, about the year 1000, made the first table of 
tangents. Tangents were called in Latin umbra versa, meaning the turned 
shadow. 


EXERCISES 

Check these values from the table: 

1. sin 3° = 0.052 4. tan 54° = 1.376 

2. tan 7° = 0.123 6. sin 73° = 0.956 

8. cos 20° = 0.940 6. cos 84° = 0.105 
Find the value of: 

7. sin 38° 10. cos 18° 13. tan 43° 

8. tan 13° 11. sin 41° 14. sin 69° 

9. cos 62° 12. tan 63° 15. cos 45° 
Find the value of angle x if: 
16. sin x = 0.857 18. cosx = 0.500 20. tan xz = 1.000 
17. tanz = 0.510 19. sin x = 0.500 21. cos x = 0.857 


309. A. Interpolation. We interpolate when we find 
values of functions between those given in the table. 

To find the value of a ratio not given in the tables. Find 
tan 42° 35’. 

From the table we find that tan 42° = 0.900 and tan 43° = 
0.933. Then since 42° 35’ lies 32thof the way between 42° 
and 43° 

tan 42° 35’ = tan 42° + 383 X (0.933 — 0.900), or 

tan 42° 35’ = 0.900 + 23 xX 0.033 = 0.900 + 0.019. 

Thus, tan 42° 35’ = 0.919. 

To find the value of an angle when its ratio vs not given 
in the table. Find ZA when sin A = 0.667. From the 
table we find that sin 41° = 0.656 and sin 42° = 0.669. 
Since 0.667 lies between 0.656 and 0.669, ZA must lie 
between 41° and 42°. Thus 
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0.667 — 0.656 0.011 
LA = 41° + —_——_— xX 60’ = 41° + —— : 
* 0.669 — 0.656 aS a 0.013 mee 


= 41° + 51’ = 41° 5)’ 


EXERCISES 
Check these values: 
1. sin 48° 15’ = 0.746 4. tan 57° 10’ = 1.550 
2. tan 32° 45’ = 0.643 6. sin 9° 40’ = 0.168 
3. cos 27° 30’ = 0.887 6. cos 29° 20’ = 0.872 
Find: 
7. tan 18° 30’ 10. sin 43° 30’ 13. tan 50° 35’ 
8. tan 61° 45’ 11. cos 26° 30’ 14. cos 41° 10’ 
9. sin 5° 13’ 12. cos 29° 55’ 15. sin 75° 40’ 
Find angle x if: 
16. sin x = 0.600 21. tan x = 0.667 
17. cos x = 0.800 22. tan x = 1.611 
18. tanz = 0.443 23. tan z = 1.840 
19. cos x = 0.862 24. cosx = 0.495 
20. sin x = 0.531 26. cosx = 0.947 


Historica, Note.—Although there are some earlier traces of the use 
of trigonometry, it is probably true that the real beginning of this study 
was made by Hipparchus, the greatest of Greek astronomers, who, it is 
said, wrote twelve books on the computation of chords of angles (140 B.c.). 
These probably were the first trigonometric tables. 


310. A. Angles of elevation and depression. Angle 1, 
the angle between the horizontal line aw: 
AC and the line of sight AB, is called ? 
the angle of elevation; 22 is called the 
angle of depression. A Cc 
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VALUES OF SINES, COSINES, AND TANGENTS 


CosINnE | TANGE i SINE CosINE | TANGENT 


0 
mi 
a 


1.000 0.017 0.707 0.707 1.000 
0.999 0.035 0.719 0.695 1.036 
0.999 0.052 0.731 0.682 1.072 
0.998 0.070 0.743 0.669 1.111 
0.996 0.087 0.755 0.656 1.150 
0.995 0.105 0.766 0.643 1.192 
0.993 0.123 0.777 0.629 1.235 
0.990 0.141 : 0.788 0.616 1.280 
0.988 0.158 : 0.799 0.602 1.327 
0.985 0.176 ‘ 0.809 0.588 1.376 
0.982 0.194 0.819 0.574 1.428 
0.978 0.213 0.829 0.559 1.483 
0.974 0.251 0.839 0.545 1.540 
0.970 0.249 0.848 0.530 1.600 
0.966 0.268 0.857 0.515 1.664 
0.961 0.287 0.866 0.500 1.732 
0.956 0.306 0.875 0.485 1.804 
0.951 0.325 0.883 0.469 1.881 
0.946 0.344 ‘ 0.891 0.454 1.963 
0.940 0.364 0.899 0.438 2.050 
0.934 0.384 0.906 0.423 2.145 
0.927 0.404 0.914 0.407 2.246 
0.921 0.424 0.921 0.391 2.356 
0.914 0.445 0.927 0.375 2.475 
0.906 0.466 0.934 0.358 2.605 
0.899 0.488 0.940 0.342 2.747 
0.891 0.510 0.946 0.326 2.904 
0.883 0.532 : 0.951 0.309 3.078 
0.875 0.554 0.956 0.292 3.271 
0.866 0.577 0.961 0.276 3.487 
0.857 0.601 5 0.966 0.259 3.732 
0.848 0.625 0.970 0.242 4.011 
0.839 | . 0.649 0.974 0.225 4.331 
0.829 0.675 ‘ 0.978 0.208 4.705 
0.819 0.700 ¢ 0.982 0.191 5.145 
0.809 0.727 0.985 0.174 5.671 
0.799 0.754 0.988 0.156 6.314 
0.788 0.781 S: 0.990 0.139 7.LLS 
0.777 0.810 : 0.993 0.122 8.144 
0.766 0.839 0.995 0.105 9.514 
0.755 0.869 ; 0.996 0.087 11.430 
0.743 0.900 0.998 0.070 14.301 
0.731 0.933 0.999 0.052 19.081 
0.719 0.966 0.999 0.035 28.636 
0.707 1.000 : 1.000 0.017 57.290 


COONS MA we 
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EXERCISES 


1. What trigonometric function would you use to find the side 
opposite in a right triangle, if the acute angle and the side adjacent 
are given? If the acute angle and hypotenuse are given? 

2. How would you find the acute angle if the side opposite and the 
side adjacent are given? The side opposite and the hypotenuse? The 
side adjacent and the hypotenuse? 

3. If — = tan 43° find x. ree pee 
50 z 





= sin 38°, find z. 


5. The angle of elevation of a church steeple from a point 100 ft. 
away is 36°. How high is the steeple? C 

6. In order to find the distance from A to 
B across a lake, a surveyor measured a line AC 
at right angles to AB, then measured Z ACB. 
If AC = 820 ft. and Z ACB = 56°, find AB. «a c= 

7. The sides of aright triangle are 6 in., 8 in., 
and 10 in. Find the angle included between the 8 in. and 10 in. sides. 

8. Find the base angles of an isosceles triangle when one of the 
equal sides is 15 in. and the altitude is 10 in. 

9. When a man 5 ft. 11 in. tall casts a shadow 8 ft. 7 in. long, 
what is the angle of elevation of the sun? 

10. What is the angle of elevation of the sun when a man’s shadow 

is twice his own height? 

, 11. The distance from the base to the top of a hill, up a uniform 
incline of 40°, is 300-yd. What is the altitude of the top above the 
base? iG 

12. A ship is sailing from New York~on a S 
course 24° north of east. When the log shows 
that it has gone 450 mi., how far is the ship A 
east of New York? How far north? E 

13. The top of a building known to be 136 ft. high forms an angle 
of elevation of 23° at a point of observation. How far is the observer 
from the building? 

14. The Empire State Building in New York City is 1024 ft. high. 
What is its angle of elevation from a point in New York Bay, 23 miles 
away? 
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15. A vertical rod 8 ft. high casts a shadow 3 ft. 6 in. long. Find 
the angle of elevation of the sun. 

16. A house 32 ft. wide has a gable with 
rafters 22 ft. long, excluding the part which 
projects below the eaves. Find the pitch of the 
roof, or one-half the tangent of the angle be- 
tween a rafter and the horizontal. 

17. A boat has sailed 20 mi. in a north- 
easterly direction. How far east has it gone? How far north? 

18. The vertex angle of an isosceles triangle is 47°. One equal side 
is 18 in. Find the altitude on the base. 

\j *19. A method used by navigators for determining the predicted 
distance at which a ship will pass a given point if the ship maintains 
its present course is called bow and beam sail- 

ing. The method depends on taking a first 

sight (at A) on a landmark L and then tak- 

ing a second sight (at B) at the moment when 

cot A — cot ZDBL = 1. If this is done the 

predicted distance (x) will be equal to the A a sB 
distance traveled by the ship between sights (a)., Nautical tables 
give pairs of values of angle A and angle DBL such that cot A — cot 
DBL = 1. Prove that if such sights are taken x =a. 





eet “Glee 


311. A. Law of Sines. In the triangle shown (1) sin 
A= Z and (2) sin B = +, Dividing (1) by (2) gives 





b 
Cc 
h 
sn A 6 a b us 
sn Bh” Ob 


This formula is called the law of sines. It can be stated: 

The ratio of the sines of any two angles of a triangle is 
equal to the ratio of the sides opposite the angles. 

State the law of sines in terms of sides a and c; b and c. 
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PROPOSITION 5. THEOREM 


312. Two triangles are similar if an angle of one equals 
an angle of the other and the sides including these angles are 
proportional. 





Given: Triangles 4 BC and A’B’C’, with ZA = ZA’, 
and AB: A’B’ = AC: A'C". 
Toprove: AABC ~ AA’'B'C"’. 





Plan: Will superposing AA’B’C’ on AABC so that 
ZA’ coincides with ZA enable you to prove B’C’ || BC? 
(§ 300.) 

Proof: Write out the proof. 


313. Triangles with their sides proportional. See if you 
gan prove the next theorem after studying these exercises. 
1. In A ABC and A’B’'C’ A 
AB AC BC 


A‘'B’ AC’ BIC” 
AD=A'B',andAE=A'C’. 7 
Prove DE || BC. B 

2. In Ex. 1 prove AADE ~ AABC. 


3. Using the results of Ex. 1 and 2, can you prove AADE 
~ AA'B’'C’”? 

Hint. — It will be sufficient to prove DE = B/C’. Why? Why 
is AB: AD= BC: DE? Why is AB: A’B’ = BC: B'C’?: Then why is 
DE = B'C? 


given 
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PROPOSITION 6. THEOREM 


314. Two triangles are similar if their corresponding 
sides are proportional. 
A 


U , 


B C B C 
Given: Triangles ABC and A’B’C’ with AB: A’B’ 
= AC:A'C’ = BC: BC". 
Toprove: AABC ~ AA’BC’. 





Plan: Why cannot you superpose AA’B’C’ on AABC? 
Construct AA DE, making AD = A’B’ and AE = A’C’, and 

prove AADE ~ AABC. Then prove AADE + AA’B'C’, 
Proof: 


STATEMENTS REASONS 
1. On AB take AD = A’B’ and on AC | 1. Given and Az. 7. 
take AE = A’C’. Draw DE. 
Since AB: A’'B’ = AC:A'C’, 
AB:AD = AC: AE. 


2. AADE ~ AABC. 2. § 312. 

3. ..AB:AD = BC: DE. 3. § 302. 

4. AB: A’B’ = BC: B'C’ or AB: AD | 4. Given and Az. 7. 
= BO UBC. 

5. “. DE = B’C’. 5. § 289-6. 

6... AADE™ AA‘B'C". 6. § 80. 

7. “ AABC Ww AA'BC’. 4 LABS 7, 


Ex. 1. In the figure of §314: If AB = 12 in AC = 8 in., and 
BC = 10in., and A’B’ = 8 in., find B’C’ and A’C’. If BD = 2 AD, 
what is the ratio of similitude? 
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315. Maps and plans. A map or plan is a figure 
similar to the figure formed by the object which it repre- 
sents. Thus, a map of a 
state is a drawing similar to 
the figure formed by the state 
itself. The drawing shows 
an architect’s floor plan of a 
house. 

A map or plan is always 
drawn to scale, i.e. in the map 
or plan the distances are 
made proportional to the actual distances which they 
represent. 





Thus, a map of the United States which is drawn so that 
200 miles measured anywhere across the country is represented 
on the map by a distance of 1 inch, is said to be drawn to the 
scale of 200 miles to an inch (scale: 200 mi. = 1in.). 


EXERCISES 


1. Consult a map of the United States. Find the scale to which 
itis drawn. Find from this map the number of miles in a straight line 
from Boston to San Francisco. 

‘2, A map of Illinois drawn to the scale of 200 mi. to an inch is 1% 
in. long. How many miles long is the state? 

3. On a map drawn to the scale of 240 mi. to an inch, the distance 
from Chicago to Denver is 3;%g in. How many miles is it from Chicago 
to Denver? 

4. In the house of which the floor plan is shown in § 315, the scale 
is 2 ft. = 745 in. What is the width of the living room? 

5. In Ex. 4, determine the number of feet in the width of the 
dining room. Find the length. 

6. How many feet wide is the hall of this house? 

7. Draw a rectangle representing a rectangular field that is 1200 ft. 
long and 480 ft. wide to a scale of 240 ft. to an inch. What are the 
dimensions of the drawing? 
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8. The distance from A to the inaccessible point B may be ob- 
tained as follows: Measure a base line AC. B 
Measure Z ACB and Z BAC. Then construct yen 
a map of the measurements to scale, and de 
termine from the map the distance from A == 
to B. 

If AC = 960 ft., Z ACB = 40°, and Z BAC 
= 75°, draw a map of the measurements to the scale of 160 ft. to an 
inch, and compute AB from the 
map. 

9. In order to find the height 
of a church spire CD, the base 
line AB is measured 75 ft. long 
toward the foot of the spire D. It 
is found that Z DAC = 50° and 
Z DBC = 80°. Make a drawing 
of these measurements to the scale 
of 25 ft. to an inch, and compute 
the height CD of the spire. 

10. A and B are two forts in the lines of the enemy, and it is desired 
to know their distance apart and their distances 
































7 : An 
from our lines. From point C in our lines, we Sau 
measure Z DCA and Z DCB. Then we go toa ~s as: 
second point D and measure Z ADC and Z BDC. x Sy at 
ZDCA = 120°, ZLDCB= 50°, ZADC = 45°, a ae 
Z BDC = 100°, and CD = 2000 ft. Draw a plan sy 


to the scale of 500 ft. to the inch, and find the dis- 
tances AC, BD, and AB. 


316. The bisector of an angle of a triangle. If CD 
bisects ZC in AABC, see if you can prove that AD : DB 
= AC :CB. 


A1E 
If BE is drawn parallel to CD, what Cry 
proportion is there between the segments / 
made by CD on AB and AE? Find the 3, 
B 


relations between the angles and show that 4 D 
CB = CE (§ 76). 
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PROPOSITION 7. THEOREM 


317. The bisector of an ‘interior angle of a triangle 
divides the opposite side into segments which are propor- 
tional to the adjacent sides. 


\ 


=~ 
S| 


Cans 


; 
ZN 


Given: Triangle ABC, with CD bisecting ZC. 
To prove: AD: DB = AC:CB. 





Plan: If BE is drawn || CD, what relation is there between 
segments of the sides of AABE (§ 293)? Compare that pro- 
portion with what you are to prove, then find the relation 
between 4A 1 and 4, 2 and 3, and 3 and 4. 


Proof: For you to write. 


EXERCISES 
In Ex. 1-4, triangle ABC is given with CD the bisector of ZC. 

1. a= 12in., b= 16 in.,c = I4 in. Find Cc 
x and y. 

2.a=8in, b= 10 in, c= 12 in. Find b a 
x and y. 

— i = 39] i i wh 
3. a = 28in., b = 32in., x= 16in. Finde. eae ae eae \B 
4, a= 15in.,x=12in.,,y=10in. Findb, /------ ie + 


6. Is Prop. 7 true when A ACB is isosceles? What can you then 
say about C'D? 


6. The diagonals of a trapezoid divide each other into proportional 
segments. 
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7. The corresponding medians of two similar triangles have the 
same ratio as any two corresponding sides. 


8. The line joining the mid-points of two sides of a triangle forms 
a triangle which is similar to the given triangle. 


9. ADand BE are altitudes of AABC. Prove AADC ~ ABCE 
and write the proportions that follow. 


Succestion. — Prove A ADC and BCE mutually 
equiangular. Then to get corresponding sides make 
a plan like the following. 

(Corresponding sides are opposite equal angles.) 

In AADC, side CD is opposite 21; in ABCE, 
side CE is opposite 22. Since 21 = 22, CD and CE are corresponding 
sides. 

In AADC, side AC is opposite 2D; in ABCE, BC is opposite ZE. 
Since ZD = ZE, AC and BC are corresponding sides. 

In AADC, side AD is opposite ZC; in ABCE, 

BE is opposite ZC. Since ZC = ZC, AD and BE 
are corresponding sides. B 


10. If PA is a tangent, prove that APAC ~ p 
APAB, and write the resulting proportions. A 


11. If ZC isaright angle and CD 1 AB, prove 


& ABC, ACD, and BCD similar and write all the 
proportions. wk 
B 


12. Chords AB and CD intersect at E within 4 D 
the circle. Prove AE :CE = DE: BE. 


13. In triangle ABC altitudes BD and CE intersect at O. Prove 
CO :0B = DO:0OE. 


14. Rectangle ABCD has side AD extended to FE and BE is drawn 
intersecting diagonal AC in F. Prove AE: BC = EF :FB. 


15. A ABC is inscribed in a circle. A tangent at the extremity D 
of diameter AD mects AB produced at E and AC produced at F. 
Prove AABC ~ AAFF., 


16. If AD and BE are altitudes of A ABC, prove that AD: BE = 
AC :BC. That is, the altitudes are inversely proportional to their 
bases. 





C 
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17. Pisany point outside A ABC. ot wee 
From any point A’ on PA, A’B’ is Spasees 7 
drawn || AB, BYC’|| BC, and C’A’ P-<S=-----> ar f--->B 
is drawn. Prove C’A’||CA and SAS 
AA'B'C ~ LABC. Aon 
18. In Ex. 17, if PA’= A’A, A 


what is the ratio of similitude of A ABC and A’B’C’? 


318. Parts of a segment. You know that the point 
P divides the segment AB into two parts, AP and PB. 





Probably you have never thought of P 

the point P as dividing a segment with- 4 8 

out being between A and B. __P 
It is often convenient to say that P 4 


in the second figure divides the segment AB externally 
into the segments AP and PB, while in the first figure 
we say that P divides AB internally. 

Notice that just as in the first figure, the segments are 
AP and PB measured from P to each end of the segment 
AB. 

EXERCISES 

1. If a segment AC is divided internally at B, what are the parts? 
What are the parts if it is divided erternally at B? Draw a figure for 
each case. 

2. AB is 6in. long and is divided internally at Pso that AP: PB = 
34. How long is PB? How long if AP: PB=4? #? 

3. AB is 15 in. long and is divided externally at Q. How long is 
AQ if AQ: QB is 2? If it is 3? If it is $? 


_ 4 A-segment AB, 5 in. long, is divided internally at P so that AP 
is 3 in. long. If AB is divided externally at Q so that AP: PB = 
AQ : QB, find the length of AQ. 

*§, If, from any point P on a circle a perpendicular PD is drawn to 
the diameter AB, prove that APAD~ APDB~ APAB. 

*6. From the result in Ex. 5, prove that PD* = _AD- DB. 

*7, Using the result found in Ex. 5, prove that AP’ = AD- AB, 
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PROPOSITION 8. THEOREM 


319. B. The bisector of an exterior angle of a triangle 
divides the opposite side externally into segments propor- 
tional to the adjacent sides. 

EB 


Given: Triangle ABC with CD bisecting exterior 
Z BCE and dividing side AB externally into segments 
AD and DB. ; 

To prove: AD: DB = AC:CB. 





Plan: Think: “ If I draw BF || CD, I shall have the sides of 
A ACD divided proportionally” (§293). ThenCF=CB. Why? 


Proof: Write the proof. 


320. A. Harmonic division of a segment. A segment 
is said to be divided harmonically when it is divided 
internally at P and externally at Q so that AP: PB 
= AQ :QB. 

321. A. CorotLary. The lisector of the interior 
angle of a triangle and the bisector of the exterior angle at 
the same vertex divide the opposite side of the triangle har- 
monically. 

Ex. 1. In AABC, AB =7 in., CA = 5in., and BC=6in. Find 
the segments made on each side by the bisector of the opposite angle. 

Ex. 2. The sides of a triangle are 14 in., 18 in., and 20in. Find the 
segments made on each side by the bisector of the opposite exterior 
angle. 
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PROPOSITION 9. THEOREM 





322. In any right triangle, the perpendicular dropped 
from the vertex of the right angle to the hypotenuse divides 
the triangle into two triangles similar to the given triangle. 


vA ZN \, 
A D A D B D B 
Given: Triangle ABC, with ZC a right angle and 
CD 1 AB. 


Toprove: A ACD and BCD ~ AABC. 





Plan: Prove the A mutually equiangular. 
Proof: Left for you to prove. 


323. Corottary 1. Under the conditions in § 322, 
I. The two triangles are similar to each other. 


II. The perpendicular is the mean proportional be- 
tween the segments of the hypotenuse. 

III. Either side is the mean proportional between the 
hypotenuse and the segment of the hypotenuse adjacent to it. 

SuGcestion. — Use the plan explained in Ex. 9, § 317. 

324. CoroLiary 2. The perpendicular to the diameter 
of a circle from any point on the circle (a) is the mean pro- 
portional between the segments of the diameter; and (b) the 
chord from that point to either extremity of the diameter 
vs the mean proportional between the diameter and the 
segment of the diameter adjacent to that chord. 


Hint. — Recall that an angle inscribed in a semicircle is a right angle 
and use § 323. 
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EXERCISES 


For a review of algebraic processes see the Appendix. 


1. The bisector of Z A of A ABC divides side BC into segments 
of 3 in. and 4 in. If one of the other sides is 6 in., find the third side. 


2. Prove by § 317 that the bisector of the vertex angle of an isosceles 

triangle bisects the base. 
In the figure of § 322: 

3. If AB = 25 in. and AD = 16 in., find AC and BC. 
. If AB = 18 in. and AC = 15 in., find AD. 
If AD = 12 in. and DB = 27 in., find CD. 
If AB = 26 ft. and CD = 12 ft., find AD and DB. 
If AD = 4 ft. and AB = 20 ft., find CD, AC, and BC. 
If AC = 4 in. and AB = 8 in., find BC, AD, and CD. 
. If BC = 6 in. and AB = 12 in., find AC, AD, and CD. 
10. If ZA = 30°, prove AD: DB=3:1. (See § 160.) 


OH AH Ap 


11. Prove that AC’: BC’ = AD: DB. 
12. If BC = aand AC = 3a, prove that AD = 9 DB. 
13. If CD = 12 ft. and AB = 25 ft., find AD and BC. 


325. Pythagoras was a famous Greek philosopher and 
mathematician who lived about 540 B.c. He is believed to 
have given the first rigorous proof of the theorem that bears 
his name: The square of the hypotenuse of a right triangle is 
equal to the sum of the squares of the legs. 

The truth of the theorem for special cases was known by 
the Egyptians centuries before the time of Pythagoras, and 
was used by them in building their pyramids. They laid out 
perpendicular lines by stretching a rope around three pegs 
so placed that the distances between them were proportional 
to 3,4, and 5. The same principle is employed today. 

The proof of the Pythagorean (Pythag’o-ré’an) theorem 
given in the next section is based on § 323-III. This proof 
is attributed to the Hindus. 
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Proposition 10. THEOREM 


326. In any right triangle the square of the hypotenuse 
as equal to the sum of the squares of the legs. 


Cc 


Given: Triangle ABC, with sides a, b, and c, ZC a 
right angle. 
To prove: c? = a? + 6. 





Plan: Use § 323-III. 


Proof: 
STATEMENTS REASONS 
1. Draw CD 1 AB forming segments | 1. § 323-III. 
x and yon AB. 
z:b=b:cy:a=aie. 

2. b? = cx, a? = cy. 2. § 289-1. 

3. P+a@=crateo=c(xet+y). 3. Ax. 2. 
4.P+a=c?. 4. Az. 7. 


Nore. — Another proof of the Pythagorean theorem is given in § 360. 
It was given in the first great geometry, Kuclid’s Elements, about 300 B.c. 
Still other proofs are suggested in the exercises following § 360. Just 
what proof was given by Pythagoras is not known. 


EXERCISES 
In the following set of exercises, c 1s the hypotenuse of a right triangle, 
and a and b are the legs. 
1. If a= 12 in. and b = 9 in., finde. 
2. If a = 21 ft. and db = 20ft., find c. 
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. Ifc = 17 ft. and a = 8 ft., find b. 
If a = 5 in. and c = 13 in,, find b. 
If a = 24 in. and b = 7 in., find c. 
If a = 9 in. and c = 41 in., find 6. 

7. The hypotenuse of a right triangle is 18 ft. and one leg is 14 ft. 
Compute the length of the other leg correct to the nearest tenth of a 
foot. 

8 A baseball diamond is a square whose side is 90 ft. Find the 
length of the throw from first to third base. 

“9. Find correct to the nearest hundredth of an inch the diagonal 
of a square whose side is 4 in. 

10. Find a formula for the diagonal of a square whose side is a. 

11. Find the altitude of an equilateral triangle if each side is 12 in. 

12. If each of the equal sides of an isosceles trapezoid is 61 ft., one 
base 40 ft., and the other base 62 ft., find the altitude. 

13. How long a rope is required to reach from the top of a tent pole 
12 ft. high to a peg in the ground 15 ft. from the foot of the pole? 

14. The gable of a house is to be made 36 ft. wide and 12 ft. high 
above the eaves. How long must the rafters be cut if they are to 
extend 18 in. below the eaves? 

15. A piece of cloth 27 in. wide is to be cut on the bias, at an angle 
of 45° with the edge. How long will the bias cut be? 

16. An ancient Chinese problem: ‘A pool of water was 10 ft. across, 
and in the middle of it stood a reed which projected one foot above the 
water. When the wind blew the reed over, the top just reached to 
the edge of the pool. How deep was the water? ” 


PP wo 


17. The diameters of two concentric circles are 84 in. and 86 in., 
respectively. Find the length of a chord of the larger that is tangent 
to the smaller. 

18. The radius of a circle is 28 in. Find to tenths of an inch the 
length of the shortest chord that can be drawn through a point 6 in. 
from the center. (The shortest chord through a point is perpendicular 
to the diameter through that point.) 

19. If the diagonals of a quadrilateral are perpendicular to each 
other, the sum of the squares of one pair of opposite sides equals the 
sum of the squares of the other pair. 
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20. In any rectangle the sum of the squares of the four sides is equal 
to the sum of the squares of the diagonals. 


21. Inrt. AABC, AB=1m?+1, AC =im?— 1, and BC =m. 
Show that AB’ = AC’+ BC’. 


22. Show that a? — 62, a? + 8, and 2 ab can represent: numerically 
the sides of a right triangle. 
n—1 n+l 


23. Pythagoras showed that n, 5 5 


the numerical values of the sides of a right triangle. Verify this. 


, and 








can represent 


24. Proclus, a Greek mathematician who lived about 460 B.c., 
showed that the sides of a right triangle can be expressed by the literal 
numbers 2n-+ 1,2 n?-+2n,and2n?+2n+1. Verify. 


25. For the same purpose Plato used the formulas 2 n, n? — 1, and 


n?+ 1. Show that they are Pythagorean numbers. 


26. Show that if two perpendicular lines are drawn 
through the center of a circle, and x and y are the per- 
pendicular distances of any point P of the circle from 
these lines, and r is the radius, then 2? -+ y? = r, 


*27. The lengths of the radii of two circles are 10 in. and 6 in., 
respectively, and the distance between their centers 20 in. Find the 
lengths of their common external tangents. (See § 223.) 

*28. If medians are drawn from the ex- Cc 
tremities of the hypotenuse of a right tri- 
angle, four times the sum of the squares of D E 
the medians is equal to five times the square 
of the hypotenuse. A B 

To prove that 4 (AE’ + BD’) = 5 AB’. 


PROJECTION 


327. Meaning of projection. By the pro- 
jection of a point P on a line | we mean the 
foot of the perpendicular from P to 1; that 
is, the point Q. The line PQ is used only to /—!___. 
obtain the projection, Q. 


sarseatichy 


© 
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The projection of a segment AB on a line / is A’B’, 
found by dropping perpendiculars, AA’ and BB’, from 
A and B, respectively, to l. a 


What relation do you think exists } 
between the length of AB and A’B’? ; 
Are they ever equal? If ABis perpen- ——}———+,———_- 
dicular to 1, what is its projection on /? 

Notre. — A convenient abbreviation for ‘projection of AB on l” is 
pap. 

EXERCISES 

1. Draw an acute triangle with sides a, b, and c. Show by a draw- 
ing the projection of each side on each of the others. 

2. Repeat Ex. 1, using an obtuse triangle. 

3. If AB produced makes an angle of 60° with 1, and AB = 
find p4?. 

4, Can p4? ever be greater than AB? 

5. If AB produced makes an angle of 45° with 1, and AB = 16, 
find p4P 

6. If the equal sides of an isosceles trapezoid are each 10 and inter- 
sect a base at an angle of 60°, find the projection of one of the sides 
on the base. 

7. In Ex. 6 find the projection if the angle is 30°; 45°. 

8. Prove that the projection of the equal sides of an isosceles trape- 
zoid on the base are equal. 

9. In AABC: Given a = 6, pf = 3, find h,; find ZB. 


Ree et) lex Wer 
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PROPOSITION 11. THEOREM 





328. A. In any triangle, the square of a side opposite 
an acute angle 1s equal to the sum of the squares of the 
other two sides, diminished by twice the product of one 
of those sides by the projection of the other side on it. 


Given: Triangle ABC, with acute ZA, side a opposite 
ZA, 6 and c the other sides, b’ the projection of 6 on c, 
h the altitude on c. 


Toprove: @ = +c? — 2b’c. 





Plan: Express A in terms of the sides in both mght A. 
Then eliminate h. 


Proof: 
STATEMENTS REASONS 
1. h? = & — b”. 1. Why? 
2. h? = a? — (c — b’)? (in J), or 2. Why? 
kh? = a? — (b’ — c)? (in II). 


Complete the proof by equating the values of h? found in 1 
and 2. 
Ex. 1. If 6 = 10 in., c = 21 in., and A, = 8 in., find a. 
Ex. 2. If 6 = 13 in., c = 14 in., and b’ = 5in., find a. 
*Ex. 3. If b = 43 in., c = 61 in., and p§ = 11 in., find a. 
*Ex. 4. If a = 48 in., b = 29 in., and p? = 20 in., find c. 
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329. A. Theorem. In any obtuse triangle, the square 
of the side opposite an obtuse angle is equal to the sum of 
the squares of the other two sides, increased by twice the 
product of one of those sides by the projection of the other 
side on it. (Prop. 12) 


Given:—A ABC with obtuse ZA, 
side a opposite Z A, b and c the other 
sides, b’ the projection of b on c, h the a 
altitude on c. 


To prove: a? = b? + c? + 2 b’c. B - Akpos 
Proof: Proceed as in § 328. 


330. A. Corotuary. If a? < 62+ c?, ZA is an 
acute angle; if a2 = b? + c?, ZA is a right angle; and uf 
a2 > 62 + c?, ZA ts an obtuse angle. 


331. B. Ifa, b, and c are sides of a triangle and A is an 
acute angle, we have the formulas: a? = b? + c? — 2 cp’, 
ora? = b? + c? — 2 bps. If A is an obtuse angle, we have: 

a? = b2 + c2 + 2cp’, or a? = b? + c?2 + 2 bps. 


When the projection of side b on c lies on c, we may 
consider it positive; if it lies on c produced, negative. Then 
§§ 328 and 329 are special cases of the Pythagorean 
theorem and we have a? = 62 + c? — 2 cp?. 


332. A. Law of Cosines. You know from both figures 
in § 328 that b’ = bcos A. (See § 307.) In other courses 
in mathematics it is shown that, when A is an obtuse 


angle, as in the figure in § 329, b’ = — bcos A. Sub- 
stituting these values in the appropriate formula in §§ 328 
b2 + ce — a2. 


or 329 and solving for cos A we get cos A = Tbe 


This is the law of cosines. State the law for cos B; for 
cos C, 
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EXERCISES 


The following exercises can be solved by the formulas in §§ 330, 331. 


1. The sides of a triangle are § in., 9 in., and 12 in. What kind of 
angle is the largest angle of the triangle? 


2. The sides of a triangle are 12 vd., 16 vd., and 20 yd. What 
kind of angle is the largest angle of the triangle? 
Ifa = 13 in, b = 15 in.,c = 14 in: 
8. What kind of angle is Z B? 
4. Find p?; p?. 6. Vind h,. 
Ifa = 17 in., b = 10 in., ¢ = 21 in: 
6. What kind of angle is Z C? 
7. Find p?; p?. 8. Find h,. 


9. If a = 35in., b = 29 in., and pt = 28 in., find c, 

10. If a = 43 in., b = 68 in., and p? = 32 in., find c. 

11. If a = 25in., b = 26in., and p? = 10 in,, find c. 

12. If a = 25in., c = 25in., and p? = 7 in., find b. 

13. If a = 18 in., b = 12in., and Z C = 60°, find pg. 

14. Ifa = 8in., b = 6in., and Z C = 30°, find hy. 

16. Ifc = 2lin., Z B = 45°, and p? = 9 in., find h,; find p?. 

16. If a = 20in., b = 12 in., and Z C = 120°, find c. 

17. Prove the principle used by the Egyptians, that a triangle whose 
sides are proportional to 3, 4, and 5 is a right triangle. 


ll 
Ml 


SuGcEstion. — Let 3 n, +n, and 5 » be the three sides. 


18. The legs of a right triangle are 9 in. and 12 in., respectively. 
Find the lengths of their projections upon the hypotenuse. 
; : b2 + c2 — a? 
19. Prove that if A is an acute angle, p? = ate, 
c 
a2? — b2 —c? 
2¢ 
21. Write the formulas for b? if Z B is acute; if Z B is obtuse. 


22. Write the formulas for c? if Z C is acute; obtuse. 


20. Prove that if Z A is obtuse, p? = 
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PROPOSITION 13. THEOREM 







333. If two chords intersect in a circle, the product of 
the segments of one is equal to the product of the segments 
of the other. 






Given: Circle O, with chords AB and CD, inter- 
secting at P. 
Toprove: AP. PB =CP.: PD. 







Plan: Show that AAPC ~ ABPD. 


Proof: 
STATEMENTS REASONS 
1. Draw AC and BD. Z1= 22,1] 1. § 241. 
Z3 = LA, 

2. ZCPA = ZDPB. 2. § 46. 
3. AACP ~ ABDP. 3. § 305. 
4. AP-PB=CP.- PD. 4. Why? 

334. Secants and tangents. In the Cc 
figure, PA is tangent to the circle at A BE 
and PBC is a secant. The segment 
PA is called the length of the tangent, S 


the length PC the whole secant and 
PB the external segment. Can you prove that PA is the 
mean proportional between PB and PC? Draw BA and 
CA and prove APBA ~ APAC. 
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ProposiTIon 14. THEOREM 
335. If, from a point outside a circle, a secant and a 


tangent are drawn, the tangent is the mean proportional 
between the whole secant and its external segment. 


Given::Circle O, with PBC a secant and PA tangent 
at A. 


Toprove: PC: PA = PA: PB. 





Plan: Prove that A PAC and PAB are similar. 
Proof: Write in full. See Ex. 10, § 317. 


336. CoroLuary. If, from an external point, secants 
are drawn to a circle, the product of each secant by ts ex- 
ternal segment vs a constant. 


EXERCISES 
In the figure for § 335: 
1. If AP = 30in., and PC = 45 in., find PB. 
2. If AP = 16in., and PC = 64 in., find PB and BC. 
3. If PB = 8 in., and BC = 10 in,, find PA. 
4, If AP = 8in., and PC = 20 in., find PB. 
6 If AP = 12in., and BC = 10in., find PC. 


In the figure for § 333: 
6. If AP = 6in., PB = 10in., and PC = 5in., find PD. 
7. If AB = 13 in., PB = 9 in., and PD = 6 in., find CD. 
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8& If CD = 11in., CP = 3 in., and AP = 4 in,, find AB. 
9. If AB = 16in., CD = 20 in., and PD = 4 in., find AP. 
10. If AB = 17 in., CD = 13 in., and AP = 3 in., find CP. 
11. Two secants are drawn from an external point to a circle. One 


secant and its external segment are 14 in. and 6 in., respectively. If 
the other secant is 12 in., find its external segment. 

12. A tangent and a secant are drawn from a point to a circle, the 
secant passing through the center. If the tangent is 10 in. long and the 
external segment of the secant 4 in. long, find the radius. 

13. In a circle whose radius is 12 in., a chord 18 in. long is drawn 
through a point 8 in. from the center. Find the segments into which 
the chord is divided at the point. ; 

*14. (Figure § 333) If AB = 8 in., CD = 12 in., and AP= 56 in,, 
find CP. 
*15. (Figure § 335) If AP = 12 in. and BC = 12 in., find PC. 





Fia. 1 Fig. 2 


Notes. — In 1864 M. Peaucellier, an officer in the French army, invented 
the linkage (see § 264) shown above in Fig. 1. Points D and E are fastened 
to a base so that, as point C traces a circle, point J traces a straight line 
perpendicular to DE produced. 
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*16. The illustration below shows Peaucellier’s cell. DB = DA 
=m, and BC= BI=IA= AC=n. Prove that points J, C, 
and D lie in a straight line. 


Hint. — How is ]D related to BA? See § 87. 





A 


*17. Show that, no matter what the position of the links in Peaucel- 
lier’s cell, DC X DI is a constant. 

Hint. — By applying § 326 to triangles DOB and COB, show that 
m? —n? = a(a+2b); that is, m? — n? = DC X DI. 

*18. The diameter DP of a circle is 
produced to any point Q and JI’ is 
drawn perpendicular to DQ. Secants 
DCI and DC’I’ are drawn through D 
and cut the circle at C and C’ and the 
perpendicular at J and I’. Prove that 
DC X DI = DC' x DI' = DP x Dd. 
That is, prove that the product of the 
segments made by the circle and JI’ 
on any secant drawn from point D is 
a constant. 





Hint. — Draw CP and compare simi- 
lar right triangles DQ] and DCP. 

*19. Referring to Fig. 2 on page 320 and to Ex. 16-18, show why, as 
point C traces the circle with center E, point I traces the straight line 
II’ perpendicular to DE. 


Nore. — When the bar CE (Fig. 1, page 320) is lengthened, J traces an 
arc of a circle. 
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CONSTRUCTION XX 


337. To construct the mean proportional between two 
given line segments. 


= 
ae 
A ots 


Given: Segments a and b. 
Required: Construct the mean proportional between a and 6. 
Construction: Write the construction and proof. See § 324. 


Ex. 1. Construct a segment equal to 1/6 in. 
Hint. — If z is the required segment, z? = 6. Therefore 2:2 = 27:3. 
Ex. 2. Construct a segment equal to 1/3 in. 


Ex. 3. Construct a segment a \/3 in. long, if a is a segment of given 
length. 

Ex. 4. If xa = 6, construct x. (Recall § 289-6.) 

Ex. 5. If a quadrilateral is inscribed in a circle, the product of the 
segments of one diagonal equals the product of the segments of the 
other diagonal. 


HAOO 


Fia. 1 Fic. Fic. 3 Fia. 4 


338. A. Continuity. The theorems in §§ 333, 335, 
and 336 can be stated as a single theorem by considering 
that the point P divides the lines AC and BD internally 
in Fig. 1 and externally in Fig. 3. In each case the seg- 
ments of AC are PA and PC and the segments of BD 
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are PB and PD. In each case PA- PC = PB: PD. 
In Fig. 2, PA and PB are each zero; in Fig.4, PA = PC. 
Draw the figure for two tangents. 


339. Summary of the Work of Unit Six. 


I. 


II. 


III. 


IV. 


You can prove two triangles are similar by prov- 

ing that: 

1. They are mutually equiangular. 

2. They have an angle of one equal to an angle of the 
other and the including sides proportional. 

3. They have their sides, respectively, proportional, 


You can prove that four segments are in propor- 
tion by proving that: 


1. They are corresponding segments intercepted 
by parallel lines. 

2. They are segments intercepted on two sides of a 
triangle by a line parallel to the third side. 

3. They are corresponding sides of similar tri- 
angles. 


You can prove that the product of two segments 
is equal to the product of two other segments by 
proving that: 


1. One pair is the means and the other pair the 
extremes in a proportion. 

2. They are segments of two intersecting chords 
ina circle. 

3. They are formed by two secants drawn from an 
external point to a circle. 


You can prove that one segment is the mean 
proportional between two others by using the 
theorems about: 
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1. A tangent and a secant drawn from an external 
point. 

2. The altitude drawn from the vertex of a right 
triangle to the hypotenuse. 


V. Constructions: 
1. To construct the fourth proportional to three 
given line segments. 
2. To divide a segment into parts proportional to 
any number of given segments. 
3. To construct the mean proportional between two 
~~ given line segments. 


REVIEW OF UNIT SIX 
See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference is made. Then study 
that section before taking the tests. The references given are those most 
closely related to the exercise. 


1. What is a ratio? A proportion? § 285, § 286. 

2. Define antecedent; consequent; means; extremes. §§ 287, 288, 
Ex. 6. 

8. Is the ratio of similitude of two similar polygons the ratio of 
any two sides? § 303. 

4. Is the fourth proportional the fourth term in any proportion? 
§ 290. 

5. Is the third proportional the third term in any proportion? 
§ 290. 

6. What is the mean proportional? § 290. 

7. What two conditions are necessary for the similarity of two 
polygons? § 302. 

8. Write the proportion ;= 


addition; by subtraction. § 289. 
9. If xy = zw, write four proportions involving z, y, z, and w. 
§ 289. 


< by alternation; by inversion; by 
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10. If two polygons have their corresponding sides proportional, are 
they similar? § 302. 

11. If two triangles have their corresponding sides proportional, are 
they similar? § 314. 

12. If two polygons are mutually equiangular, are they similar? 
§ 302. 


13. If two triangles are mutually equiangular, are they similar? 
§ 305. 

14. Must similar polygons have the same number of sides? Of 
angles? § 302. 

15. How can you find geometrically 7? § 337. 

16. How can you construct a segment xz, if 2? = ab? If r= a 
If ax = 8°? = §§ 297, 337. 

17. How do you divide a segment into parts proportional to m, n, 
and p? § 299. 

18. Is it correct to say: “Segment AB is proportional to segment 
CD”? §286. 

19. If a:b = c:d, what can you say about ad? § 289. 

20. If a:b = c:b, what can you say about c:a? § 289. 


21. If a:b=c:d and a:b=c:e, what can you say about ¢ 
§ 289. 


Complete the following: 


22. Corresponding altitudes of similar triangles ... § 306. 

23. Two triangles are similar if an angle of one... § 312. 

24, The bisector of an interior angle of a triangle divides the op- 
posite side... § 317. 

25. If a perpendicular is drawn from the vertex of a right triangle 
to the hypotenuse: 


(a) The perpendicular is the mean proportional ... § 323. 
(b) Either side is the mean proportional ...  § 323. 

26. In any right triangle the square ...  § 326. 

27. If two chords intersect in acircle,... § 333. 


28. If from a point outside a circle a secant and... § 335. 
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29. The bisector of an exterior angle of a triangle divides the oppo- 
site side... § 319. 

30. If P divides a segment AB externally, the two parts are . 
and... §318. 

81. A. The ratio of the side adjacent to the hypotenuse is called 
the ... § 307. 

32. A. The tangent is the ratio of ...  § 307. 

83. A. If, in a right triangle, you are given an acute angle and the 
side adjacent, the side opposite can be found by using the... § 307. 

34. A. In any triangle, the square of a side opposite an acute angle 

§ 328. 

35. A. In any obtuse triangle, the square of a side opposite an 
obtuse angle ... § 329. 

36. A. Points P and Q divide segment AB harmonically. How 
can you find the length of the external segments if you are given the 
length of the internal segments? § 320. 

37. Tell how to find the diameter of a circle if you know the length 
of the tangent from a point P to the circle and the distance of P from 
the nearer arc of the circle. § 335. 

38. Tell how to find the length of a chord if you know the length of 
the diameter and the distance from the center of the circle to the chord. 
§ 333. 

NUMERICAL EXERCISES 

1. In AABC, AB=3 in., BC = 4 in,, 
CA=6 in. If DE|| BC and AD=1 in., 
find AE and EC. D E 

2. If AD=4 in, DB=3 in, AE = 6 
in., and DE || BC, how long is EC? 

3. If DE || BC, AB = 8 in., DB = 3 in., 
AC = 10 in., and BC = 12 in., find AE and DE. 

4, If DE || BC, BD = 12 in, AD= 18 in., CB = 25 in,, and 
AC = 50 in,, find DE and EC. 

5. If DE || BC, AB = 4 in., AE = 12 in., and AD = 2 DB, find 
AD, DB, and EC. 

6. If AB=8 in, AD=2 in., AE = 3 in., and AC = 12 in, is 
DE || BC? 


B Cc 
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In Ex. 7-11, given ZC in A ABC a right angle, with CD L AB. 
(See the Appendix for the solution of quadratic equations.) 
7. If AC = 6in. and AB = 18 in., find AD, BC, and CD. 
8 If BC = 12 in. and AD = 7 in., find AB. 
Suacestion. — BC? = AB X BD. If BD =z, 
Then z(z +7) = 144 
e+72r—-144=0 
(x + 16) («@ — 9) =0 
z=9 
9. If}BC = 12 in. and AD = 18 in., find AC, BD, and AB. 
*10. If BC = 9 in. and AD = G in., find AB. 
*11. If BD = 12 in. and AC = 20 in., find AB. 
12. The hypotenuse of an isosceles right triangle is 12 in. Find 
the other sides. 
13. The side of an equilateral triangle is 20 in. Find the altitude. 
14. If one acute angle of a right triangle is 45° and a leg is a, find 
the hypotenuse. 
16. If one acute angle of a right triangle is 30° and the leg opposite 
that angle is 5 in., find the hypotenuse and the other leg. 
16. The altitude of an equilateral triangle is 20 in. Find the side. 
17. In AABC, ZB= 30°, ZC = 45°, and AB=8 in. Find 
AC and BC. 
Hint. — Draw AD 1 BC. 
18. In AABC, ZC = 135°, ZB = 30°, and AB= 10 in. Find 
AC and BC. 
Hint. — Draw AD L BC produced. 
19. In AABC, ZC = 120°, ZB is 45°, and AB = 20 in. Find 
AC and BC. 
20. Chords AB and CD intersect at F within a circle. If AB is 
24 in., CE is 16 in., and ED is 5 in., find the segments of AB. 
21. If chord AB is 28 in., CF is 8 in., and ED is 12 in., find AE. 
22. The sides of a triangle are 12 in., 15 in., and 18 in. Find the 
segments of the 18 in. side made by the bisector of the opposite angle. 
23. In Ex. 22 find the segments of side 15 in. made by the bisector 
of the opposite angle. 
24. A map is drawn to the scale of 1 in. to 10 mi. How far apart 
are two places that are 3} in. apart on the map? 
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26. In AABC, BC = 15 ft. and altitude AD = 7 ft. In similar 
A A’B'C’ side B’'C’ corresponding to BC is 50 yd. Find altitude A’D’. 

*26. In trapezoid ABCD, AB||CD. If AB = 16 ft., BC = 10ft., 
CD = 12 ft., DA = 15 ft., and if AD and BC meet at E, find the 
perimeter of AECD. 

27. The bases of a trapezoid are 12 in. and 15 in.; its altitude is 8 
in. If the non-parallel sides are produced to meet, what is the altitude 
of each triangle thus formed? 

28. A. The angle of elevation of a house at a distance of 300 feet 
is 20°. Find the height of the house. 

29. A. From a lighthouse the angle of depression of a boat was 18°. 
If the lighthouse was 125 feet high, how far away was the boat? 

30. When a ship sails for 3 hours at an average speed of 18 miles 
per hour on a course 30° west of south, how far west of its starting 
point is it? 

31. A. Two forces, one of 80 lb. and the other of 96 lb., are exerted 
on an object at A at an angle of 30°. Find the value of the resultant 
force and the angle it makes with the given force. 


Hint. — See Ex. 1, page 141. 


32. A. An airplane is flying on a compass course due east at 
the rate of 90 miles per hour. Ifa north wind causes the plane to drift 
south at the rate of 12 miles per hour, find the direction in which the 
plane is moving and the distance it travels in 10 hours. 

83. A. If the average inclination of a river bed is 6° 10’ with the 
horizontal, how far does it descend in 1 mile of its course? 

*34, A. The Washington Monument is 555 ft. high. From points 
due west of the Monument, two observers note that its angles of eleva- 
tion are 25° and 42° 20’, respectively. 
How far apart are the observers? B 

*35. A. Two men are lifting a stone by 
means of ropes. One man pulls 90 Jb. in 
a direction 23° from the vertical, and the 
other man pulls 105 Ib. in a direction 40° 
from the vertical. Find the weight of 
the stone. 


Hint. — The total weight of the stone is 
WA’ + WB’. 
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CONSTRUCTIONS 


1. Construct geometrically /5. 
2. Construct the third proportional to two segments 2 in. and 3 in. 
3. Construct the fourth proportional to the segments 1 in., 13 in., 
and 2 in. 
4. Divide a segment 43 in. long into parts proportional to 1, 3, and 5. 
*6. Inscribe in a given circle a triangle similar to a given triangle. 


Hint. — Circumscribe a circle about the given triangle and copy in the 
given circle the central angles formed by each side. 


*6. Construct a circle which shall pass through two given points and 
be tangent to a given line. 


Hint. — Let A and B be the given points and let AB intersect the given 
linelin P. Then if X is the supposed point of tangency of l, PA X PB = 
PX?, by § 335. 

*7. Construct a circle through a given point and tangent to two 
given lines. 


Hint. — Draw a line through the given point perpendicular to the 
bisector of the angle formed by the given lines. On this line produced, 
locate a second point the same distance from the bisector as that of the 
given point. Then use Ex. 6. 


GENERAL EXERCISES 


1. Prove that corresponding angle bisectors of two similar triangles 
have the same ratio as any two corresponding medians. 

2. In AABC, AD is drawn to a point in BC so that ZCAD = 
ZB. Prove AACD~ AABC. 

3. Prove that the altitudes of two similar trapezoids have the same 
ratio as any two corresponding sides. 

4. Prove that two corresponding diagonals of two similar hexagons 
have the same ratio as any two corresponding sides. 

5. Prove the converse of § 317. 


Hint. — Use the indirect method. 


6. Prove that the product of the segments of all chords drawn 
through a point within a circle is a constant. 
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7. Prove that if, from an external point, any number of secants 
are drawn to a circle, the product of any secant and its external seg- 
ment is a constant. 


*g. If three circles intersect one another, 
the three common chords all pass through the 
same point. 


Suacestion. — Let the chords AB and CD 
intersect at O. Draw EO and produce it. 
Suppose that HO produced meets arc EAB again 
at F and arc EDC at G. Prove that OF = OG, 
and hence that F and G coincide. 





*9. If two circles are tangent externally, 
the corresponding segments of two lines drawn through the point ‘of 
contact and terminated by the circles are proportional. 


*10. If two circles are tangent externally their common external 
tangent is the mean proportional between their diameters. 


*11. Prove the converse of § 319. 


PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. The instrument shown in the figure is called a sector, By means 
of it various constructions and measurements can 
be made. Thus, to bisect a segment, open the 
sector until the transverse distance from A to B 
on the scales OA and OB equals the given seg- 
ment. Then the distance between the mid- 
points of OA and OB is equal!to one half of the 
segment. Give the proof. 


2. Show how the sector may be used to 
divide a line segment into five equal parts, by 
opening them until the transverse distance between the fifth divisions 
on the scales equals the given segment. Give the proof. 





3. Show by use of the sector how to divide a given segment into 
nine equal parts. 
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4. The instrument shown in the drawing is 
a@ pair of proportional compasses. The lengths 
AE, BE, ED, and EC are adjusted propor- 
tionally by means of the screw at E. Prove that 
AB_ AE 
CD ED 

If AE = 8 in. and ED = 2 in., the distance 
between A and B is how many times the dis- 
tance between C and D? A 

5. The following method may be used for 
estimating the distance from the observer to an inaccessible object: 

With the left eye closed, the finger is pointed, at arm’s length (at 
O), toward the object A. Then without A 
moving the finger, the right eye is closed ie 
and the left eye opened, when the object 
appears to have moved to B. The dis- 
tance AB through which it appears to have 
moved, being transverse to the line of sight, ss 
is estimated. The distance from the finger B 
O to the object is approximately 10 times the distance AB. 

Show that, if the distance CO from the eye to the outstretchec! 
finger of the average person is approximately 10 times the distance C'D 
between the eyes, OA = 10 AB. 

6. The French liner Normandie (1935) is 981 ft. long. When 
observed at sea by the method of Ex. 5, it appeared to move through 
a distance of four ship lengths. How far away was it? How many 
miles? 

7. Several centuries ago, before modern instruments were invented, 
a method used for determining the dis- 
tance from A to an inaccessible point B 
was as follows: Upon a vertical staff AC 
was placed an instrument resembling a 
carpenter’s square. The blade CD was 
pointed toward B, and at the same time 
the point B’ on the ground at which the 
blade CE pointed was marked. B’A and AC were measured. Then 
AB was computed by the proportion B’A : AC = AC: AB. 

Prove that this proportion is true. 





s] 
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8 In Ex. 7, if AB’ = 6 in. and AC = 62 in., find AB. 


9. The distance between two accessible points A and B which are 
separated by an obstacle 
may be measured as fol- 
lows: From a convenient 
point P the distances 
PA and PB are meas- 
ured. Then in _ these 
lines points C and D, re- 
spectively, are located so 
that PC: PA = PD: PB. Finally, CD is measured. 

Prove the proportion by means of which AB may now be com- 
puted. 

If PA = 240 ft., PC = 40 ft., CD = 20 ft., find AB 

Use the method explained here to find the distance between two 
inaccessible points. 


10. Before modern in- 
struments were invented, an 
inaccessible distance AB 
was measured by use of 
drum heads. On a drum 
head placed at B a line a 
was drawn toward C' and a 
line c toward an accessible 
point A. BC was then 
measured, and the drum head removed to C and placed with a in the 
direction BC as indicated. Then a third line b was drawn toward A. 
Show how it was possible from these measurements to compute AB. 
If BC = 200 yd., B’C = 12 in., and c = 16 in., compute AB. 








11. The cross-staff may be used to find B 
the height AB of an object as follows: ie 
The horizontal cross-bar DE is raised or seer Eee 4 


lowered on the staff FG until D, F, and B 
fall in a straight line. Then DE, EF, 
GE, and GA are measured. 
Explain how AB may be computed. 
If DE = 18 in., EF = 6in., GE = 5ft., andGA = 60ft., find AB. 
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12. Explain how the cross-staff 
may be used to obtain the horizon- 
tal distance from a point A to an 
inaccessible point B. 

13. In Ex. 12, if AC is 5 ft., 
EC is 2} in., and ED is 18 in., find AB. 

14. The geometric square was used in practical measurements before 
modern engineering instruments were invented. It consists of a 
square frame, along two adjacent 
edges of which is marked a scale, 
and from the opposite corner of 
which a plumb line is suspended. A 
pair of sights on another edge aid in 
pointing the instrument. Sal 

When the height AB of an object 
is to be found, the square is held in a vertical plane and the edge 
bearing the sights is pointed toward B. The point D where the plumb 
line then crosses the scale is noted. PB is computed by proportion. 

Prove that CE: CP = DE: PB. 

16. If CE is 12 in., DE is 8 in., FA is 100 ft., and CF is 5 ft., find 
AB. 

16. A modern form of the 
geometric square can very 
easily be made by tacking a 
piece of graph paper on a 
board and attaching sights 
and a plumb bob. 

Show that AA’B’C’~ 
A ABC and that the length of BC can be computed from B’C’ 
Such an instrument is called ahypsometer. 

17. If A is 5 ft. from the ground, 4B 
is 60 ft., A’B’ is 50 and B’C’ is 20 find 
the height of the tree. 

18. If a large protractor is made and 
tacked to a board with a pointer swing- 4 
ing freely at O, the angle A of any slope can be read from the protractor. 

Show that the angular reading at O is equal to Z A. 

This instrument is called a clinometer. 


_D 


Cc ~ 
E 
A _- 
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19. A pantograph is an instrument for drawing a figure similar to a 
given figure, and is useful for enlarging 
or reducing maps and drawings. It 
consists of four bars, parallel in pairs 
and jointed at B, C, D, and FE. A 
turns on a fixed pivot, and pencils are A > 
carried at Dand F. BD and DE are 
so adjusted as to form a parallelogram 
BCED and such that any required ratio AB : AC is equal toCE : CF. 

Show that A, D, and F are always in a straight line. 


Hint. — Prove that ZDAB = ZFAC. 


20. Show that the ratio AD: AF remains constant and equal to 
AB: AC so that if the point D traces a given figure, the pencil F will 
trace a similar figure. 


21. A. The instrument shown in the drawing is called a telemeter. 
It is used for estimating distances. AB is pointed toward the object 
E to which the distance is to be found. The plumb line points on the 
scale to the number of feet that 
the object E is distant. The 
instrument is made to be held 
at a height BD of 5 ft. above 
the ground. 

In making the scale of feet See ot ee Set 
on the telemeter, the 15-ft. mark sas 
of the scale must be placed at a point C so that Z ABC is how many 
degrees? 

Compute in the same way the number of degrees in Z ABC when 
C is at the 6-ft. mark. When C is at the 25-ft. mark. (See sections 
on numerical trigonometry, §§ 307-310.) 

22. A railroad surveyor who wished to find the radius of the 
railroad curve ACB, measured the 
chord AB and the distance CM from 
the middle point of the are to the 
middle point of the chord. Show how 
he was then able to compute the radius. 

If AB is 100 ft. and CM is 2 ft., compute the radius of the 
curve. 
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MAINTAINING SKILLS IN MATHEMATICS 
(See Review of Algebra, pages 463-467.) 


The formula for solving a quadratic equation is x = 


Find x if: 
1a=1,b=2,c= — 48 
3.a=1,b=0,c=-—9 
§. a= 8,b=6,c=—5 
7a=1,b=-—-4,c=— 12 





— b+ VR = dac 
2a 
2a=2,b6=—-—1e=-—15 
4,.a=—1,b=3,c= 54 
6.a=2,b=—i,c=-—7 
8 a=3,b6=-—-10,c=3 


If V2 = 1.414, V3 = 1.732, and V5 = 2.236, find the value of the 


following to the nearest hundredth: 








9, 2 2N2 1, StNB yy 44 VB 
- 8 ll 
‘gel ANS 13, 2 V125 ie se 


15. If = V5, what does x2 — 20 equal? 
16. If z = 2V2, what does x2 — 4 equal? 
17. If c= 3 — V2, what does 22 — x — 13 equal? 
The general quadratic equation 1s ax? + br + ¢ = 0. In the following, 


what represents a, b, and c? 
18. 22+ 62+3=0 
19. 22— 64+ 4=0 
20. 22 — 107+ 2=0 
21. 22+ 44—1=0 


22. 22— 64 -—1=0 
23. 227 — 3 = 42 
24. 22+ 8r€ = 1 
25. 472+ 4r = 1 


Using the formula and the table of square roots on page 470, solve 


Ex. 18-25. 
26. Solve A = $bh for b. 


27. Solve bx + c = a— bz for z. 


28. Solve 2mz — 3m = 2m — mz for z. 


29. Solve d = ¥ $h for h. 


30. Sol a 
5 ak cca TS or v. 
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31. A tangent is drawn from an external point to a circle whose 
diameter is 10 in. How far is the point from the nearer arc of the circle 
if the tangent is 7 in. long? 

32. Two chords intersect in a circle. The segments of one chord 
are 2 in. and 3 in., respectively. If the other chord is 6 in. long, what 
are the segments into which it is divided? 


33. The hypotenuse of a right triangle is 12 in. If the altitude on 


- 


the hypotenuse is 5 in., what are the segments on the hypotenuse 
made by the altitude? 


34. In triangle ABC, AC is 10 in., AB is 20 in., angle B is an acute 
angle, and AD is perpendicular to BC. Find the length of BD (the 
projection of AB on BC) if BC is 15 in. (See § 331.) 


PRACTICE TESTS 


These are practice tests. See if you can do all the exercises cor- 
rectly without referring to the text. If you miss any question look up 
the reference and be sure you understand it before taking other tests. 


TESTS ON UNIT SIX 


TEST ONE 
Numerical Exercises 
1. PBisa tangent and CD isadiameter. If 


PB is 12 in. and PC is 8 in., what is the radius B 
of the circle? § 335. 
2. In AABC, AB is 18 in., BC is 12 in., and ?~—GE D 


AC is 14in. Aline PQ parallel to BC is 10 in. 
Find AP if point Pison AB. § 302. 


3. Find the fourth proportional to 3, 36, and 2. § 290. 


4. Chords MN and PR intersect at C. If PC is 4 in., CR is 12 in., 
and CN is 6 in., find MN. § 333. 


Cc 
6. If CD bisects ZC, AC is 6 in., BC is 
14 in., and AB is 15 in., how long is DB? , B 
§ 317. D 


6. How high is a tower which casts a shadow 110 ft. long when a 
vertical pole 6 ft. high casts a shadow 8 ft. long? § 302. 
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7. In AABC, ZC is a right angle and CD L c 
AB. If AB is 25 in. and AD is 5 in., how long is 
CD? § 323. Au, B 
8. The perimeters of two equilateral triangles are 
36 in. and 24 in., respectively. What is the ratio of their altitudes? 
§ 306. M 
9. If diameter AB is 18 in. and MN is perpen- 
dicular to AB, find MB if NB is Sin. § 324. 
10. In the figure of Ex. 7, if BC is 35 in. and AB 4 B 
is 37 in., how long is AC? § 326. 
11. Find the length of the longest and the shortest 
chord that can be drawn through a point 5 in. from the center of a 
circle whose radius is 13 in. § 333. 
12. In AABC, AC = 6 in., BC = 10 in., AB = 10 in,, and PQ || 
AB. PandQare points on AC and BC, respectively. If BQ is 2 in., 
how long is PQ? § 302. 


TEST TWO 
True-False Statements 


If a statement is always true, mark it so. I f wt ts not always true, 
replace each word in italics by a word which will make it a true statement, 


1. Two isosceles right triangles are similar. § 312. 

2. The corresponding angle bisectors of two triangles have the 
same ratio as any two corresponding sides if the sides of the triangles 
are perpendicular each to each. § 306, Ex. 13. 

3. If two polygons are similar, their corresponding sides are pro- 
portional. § 302. 

4. Corresponding altitudes of similar triangles have the same ratio 
as corresponding sides. § 306. 

5. If two polygons are similar, their corresponding angles are 
equal. § 302. 

6. In similar triangles, if we know the ratio of two corresponding 
sides, we also know the ratio of corresponding angle bisectors. § 306, 
Ex. 13. 

7. A third proportional to two numbers C and D, is Y in the fol- 
lowing: C:Y=Y:D. § 290. 
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8. If two polygons are similar, they are equiangular. § 302. 
9. Two triangles are congruent if the sides of one are respectively 
perpendicular to the sides of the other. § 305. 
10. All rectangles are similar. § 302. 
11. Similar triangles are never congruent. § 302. 
12. Two polygons may be mutually equiangular without being 
similar. § 302. 


TEST THREE 
Multiple-Choice Statements 


From. the expressions printed in italics select that one which best-com- 
pletes the statement. 


1. The median on the hypotenuse of a right triangle divides the 
triangle into two triangles which are congruent, similar, isosceles, 
equilateral. § 159. 

2. A proportion is a ratio, a statement about similar figures, an 
equality between equal ratios. § 286. 

3. In the proportion a :b = 6 :¢, bis called the third, fourth, mean 
proportional. § 290. 

4. If a line divides two sides of a triangle proportionally, it is 
parallel to, proportional to, equal to half the third side. § 300. 

6. Mutually equiangular polygons are similar, have each angle of 
one, respectively, equal to the corresponding angles of the other taken in 
order, have all their angles equal. § 301. 

6. Two triangles are similar if their corresponding angles, sides are 
proportional. § 314. 

7. The bisector of an interior angle of a triangle divides the op- 
posite side into segments which are equal, proportional, similar to the 
adjacent sides. § 317. 

8. In any right triangle, if a perpendicular is drawn from the vertex 
of the right angle to the hypotenuse, this perpendicular is the mean 
proportional between the two legs, the hypotenuse and an adjacent side, 
the segments of the hypotenuse. § 323. 

9. If from any point on a circle a perpendicular is drawn to a 
diameter, the segment connecting the point with the extremity of the diame- 
ter, the perpendicular, is the mean proportional between the diameter 
and its adjacent segment. § 324. 
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10. If two chords intersect in a circle they bisect each other, their 
products are proportional, the product of the segments of the one is equal 
to the product of the segments of the other. § 333. 

11. If two secants are drawn from an external point to a circle the 
product of one secant by tts external segment 1s equal to the product of the 
other secant by its external segment, the product of the segments of the one 
is equal to the product of the segments of the other, they divide the circle 
into equal arcs. § 336. 

12. In showing that the ratio between two segments a and b is the 
same as the ratio between two other segments c and d, the same unit 
must be used in measuring all four segments, different units may be used, 
one unit may be used to measure a and b and a different one to measure 
cand d. § 285. 


CUMULATIVE TESTS ON THE FIRST SIX UNITS 
TEST FOUR 


Numerical Exercises 


1. The ratio of each interior angle of a regular polygon to each 
exterior angle is 3 to 1. How many sides has the polygon? § 134. 

2. AB is the diameter of a circle whose radius is 143 in. If chord 
AC is 20 in., find chord BC. §§ 243, 326. 

3. In AABC, AB is 25 in., BC is 15 in., and AC is 20 in. From 
P on BC a line PQ is drawn parallel to AC. Find BP if PQ is 16 in. 
§ 302. 

4. In a circle whose diameter is 40 in., a chord is drawn 16 in. from 
the center. What is the product of the segments of the chord? § 333. 

5. If the vertex angle of an isosceles triangle is three times the sum 
of the base angles, how many degrees are there in each angle of the 
triangle? § 123. 

6. How many sides has a polygon the sum of whose interior angles 
is eight right angles? § 133. 


7 AB||CD; Z1= 115°. Howmanyde- , % 
grees are there in 22? § 113. 1 
8 How many degrees are in the angle . 


formed by the bisectors of two angles of a 2 


triangle, 45° and 75° respectively? § 123. 
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9. Given: Right triangle ABC with right angle at C; ZA = 30°, 
BC=7in. Find the length of AC. §§ 160, 326. 


10. The hypotenuse AB of right triangle ABC is 28 in. How long 
is the median from C to AB? § 189. 


A 
11. AM and BN are medians of AABC. 
They intersect at G and are perpendicular. Lm 
If AM = 133 in. and BN = 18 in., how p Cc 
long is AB? §§ 278, 326. ba 
12. Given AABC with AB = 8 in., AC = 9 in., and BC = 10 in. 


Find the segment BD made on BC by the bisector of the exterior angle 
at A. §319. 


TEST FIVE 
True-False Statements 


If a statement is always true, mark it so. If it 2s not always true, 
replace each word in italics by a word which will make tt a true state- 
ment. 

1. The perpendicular to the hypotenuse of a right triangle is the 
mean proportional between the segments of the hypotenuse. § 323. 

2. In a right triangle, if one acute angle is 30°, the longer leg and 
the median to the hypotenuse are equal in length. §§ 159, 160. 

8. If an isosceles triangle is obtuse, the base is the shortest side. 
§ 172. 

4. An equiangular polygon is a polygon all of whose angles are 
equal. § 135. 


_ ° 
5. Each angle of a regular polygon equals eo. 


§ 133. 

6. Equal supplementary angles are right angles. § 28. 

7. A straight line cannot intersect a circle in more than one point. 
§ 185. 

8. Two triangles with three angles of one equal to three angles of 
the other are congruent. § 80. 

9. All angles of an isosceles triangle are always acute. §§ 69, 123. 

10. If two chords intersect in a circle, the product of the segments 

of one is equal to the square of the segments of the other. § 333. 
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TEST SIX 


Completing Statements 
Complete the following statements: 

1. The to the hypotenuse of a right triangle is equal to half 
the hypotenuse. § 159. 

2. The angle made by a tangent and a secant drawn to a circle 
from an external point is measured by half the of the intercepted 
ares. § 248. 

3. The side opposite the 30° angle in a 30°-60° right triangle is 
equal to half the ——. § 160. 

4. An —— angle of a triangle is equal to the sum of the two oppo- 
site interior angles. § 128. 








6. The altitude drawn to the hypotenuse of a right triangle 
is a —— proportional between the segments of the hypotenuse. 
§ 323. 

6. If the diagonals of a quadrilateral bisect each other, the figure 
isa ——. §148. © 

7. If one angle of a right triangle is 60°, the altitude on the hypote- 
nuse is one half the side opposite the ° angle. § 160. 

8. The locus of points equidistant from two intersecting lines and 
also equidistant from two other parallel lines may, at most, be —— 
points. §§ 257, 258. 

9. The point of intersection of the perpendicular bisectors of the 
sides of a triangle is the center of the circle. § 271. 

10. If two sides of a triangle are unequal, the angles opposite are 
unequal, and the smaller angle ts opposite the side. § 170. 

11. If two chords intersect within a circle the angle formed is 
measured by half the of the intercepted arcs. § 246. 

12. If two parallel lines are cut by a transversal, the interior angles 
on the same side of the transversal are § 115. 

13. If, from an external point, secants are drawn to a circle, the 
product of each secant by its external segment is a § 336. 

14. Two triangles are —— if their corresponding sides are propor= 
tional. § 314. 
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GEOMETRY IN INDUSTRY © Gendreau 


These great machines and the building in which they are housed were 
designed on geometric principles. 


UNIT SEVEN 
AREAS OF POLYGONS 


340. Area of a surface. In earlier units you have 
measured lengths, angles, and arcs. In each case you 
have used a unit of measure of the same 
kind as the quantity you were measuring. 
In the same way, in order to find the 
area of a surface, such as rectangle A, 0 Gr ienern 
we must find how many times it contains [J unit or Area 
a unit of surface, such as a unit square. 








If A is 8 units long and 4 units wide, we 
can draw 4 rows with 8 squares in a row. 
Thus its area will be 4 X 8 or 32. 

If B is 4 units wide and 83 units long, there 
will be 32 whole squares and 4 half squares. 
That is, 4 X 8} or 34 in all. 

Even if the sides of the rectangle have a length of 8* and a 
width of 3+, its area will be approximately that of the rectangle 
outlined within Cor 8.+ X 3.+ = 24.+ 





Hence we have: 


341. Theorem. The area of a rectangle is equal to 
the product of its base and altitude. 


Historicat Note. — We can give, as Euclid, a full geometric proof of 
the theorem above, first showing that. the areas of two rectangles having 
equal bases (altitudes) have the same ratio as their altitudes (bases). 
Then by comparing the rectangle with the unit square the theorem follows. 
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342. Polygons equal in area. While it is evident 
that congruent polygons are equal in area, polygons equal 
in area are not necessarily congruént. 


Thus, in the adjoining figures, the 
rectangle and the isosceles triangle 
have the same area betause they 
are composed of the equal parts, 
A and B. But they are not con- 


gruent. 
When there is no possibility of misunderstanding we may 
use the word equal to mean equal in area. 


EXERCISES 


1. Find the approximate areas of the figures below, using one of 
the small squares as the unit of area. In counting the squares, include 
a square in the figure if one half of it or more lies within the figure; 
otherwise do not include it. 
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2. The altitude of rectangle A is 10 ft. and of rectangle B is 12 ft. 
The base of each is 30 ft. Find the ratio of A to B. 


3. Find the ratio of the areas of two rectangles whose dimensions 
are 8 ft. by 1 ft., and 10 ft. by 8 in., respectively. 


4. All lots of a city block are 120 ft. deep. Ifalot A 


in this block is 50 ft. wide and lot B is 60 ft. wide, compare 
the areas of the two lots (find their ratio in lowest terms). 


6. Find the cross-sectional area of this I-beam if the 
width of the upper and lower rectangles is i3 in. k---3--»| 
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6. If one field is 80 rd. long and 40 rd. wide, and another field is 
60 rd. square, find the ratio of their areas without computing the areas. 


7. A rectangle is 50 in. wide and 200 in. long. Compare its per- 
imeter with that of an equal square. 


8. A fence incloses a field 25 rd. wide and 64 rd. long. How much 
greater area would the fence inclose if the field were square? 


9. Show that two rectangles having equal bases are to each other 
as their altitudes. 


Hint. — Assume b the common base, and a and a’ the altitudes. 


10. Two rectangles having equal altitudes are to each other as their 
bases. 
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11. Show geometrically that (a+ 6)? = a? + 2ab+06% (Fig. I.) 
12. Show geometrically that (a — b)? = a — 2ab+ 6%. (Fig. IT.) 
13. Show geometrically that (a+ 6) (a@a— b)=@— 6% (Fig. IIT.) 


14. Show geometrically that (a+ b) (a+ c) = a+ ac+ ab-+ be. 
(Fig. IV.) p_D c 


\ 
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*15. In trapezoid ABCD, FG is drawn parallel \ 
to BC so that EF = EG. Prove that ABCD= 
GBCF. 


#16. ABCD isa parallelogram. DE and CF are 
drawn perpendicular to AB. Prove that ABCD 
has the same area as EFCD. 
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PROPOSITION 1. THEOREM 


343. The area of a parallelogram is equal to the product 
of rts base by its altitude. 


Fr---- 


Given: C/ABCD with base 6 and altitude h. 
To prove: Area of DABCD = hb. 





Plan: Show that ABCE ~ AADF; hence DAC = DAE. 
Proof: 


STATEMENTS REASONS 
1. Draw BE 1 CD and AF 1 CD pro-| 1. § 107. 
duced. AF || BE. 


2. AFisad. Area AE = hb. 2. Give reasons. 

3. ABCE = AADF. 3. Why? 

4. ABED + ABEC = ABED 41] 4. Az.2. 
AADF. 

§. COAC = CAFE andO AC = Ab. 5. Az. 7. 


344. CoroLuary 1. Parallelograms having equal bases 
and equal altitudes are equal in area. 


345. CoroLuaRy 2. Two parallelograms are to each 
other as the products of their bases and altitudes. 


346. CoroLuaRy 3. Parallelograms having equal alti- 
tudes are to each other as their bases. 


347. CoroLuary 4. Parallelograms having equal bases 
are to each other as their altitudes. 
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EXERCISES 


1. Find, using § 345, the ratio of the areas of two parallelograms 
with bases 10 in. and 16 in., and altitudes § in. and 12 in., respectively. 

2. How many pieces of sod will it take to sod a lawn 42 ft. wide 
and 56 ft. long, if the pieces are 12 in. by 14 in.? 

3. On a map drawn to the scale of 60 mi. to the inch, what area 
is inclosed in a strip 3 in. wide and 5 in. long? 


4. Construct a parallelogram which shall be twice a given parallelo- 
gram. 


6. Construct a rectangle equal to half of a given parallelogram. 


6. From two opposite vertices of 
parallelogram ABCD line segments are 
drawn to the middle points of the sides. 
Prove that AECG is a parallelogram and 
is half C7ABCD. 

7. In Ex. 6, prove that ANC is a parallelogram. 

8 Prove that AN = 2 AF and AM = 2 AG. (See § 278.) 

*9. Using the results of Ex. 6-8 prove 
that COANCM = 3} DOABCD. 

*10. Upon two sides of any triangle 
ABC the parallelograms ACED and 
BCFG are drawn. DE and GF are pro- 
duced to intersect at P, and PC is 
drawn. Parallelogram AHIJB is drawn 
with side AH equal and parallel to PC. 
If HA produced cuts DE at Q, prove that AE = CAP. 

+11. In Ex. 10, if PC produced cuts AB at M and HI at N, prove 
that OHM = OAP. 

#12. Using the results of Ex. 10 and 11 prove that DHB = OAE + 
CUCG. 

*13. Can you prove AABC = 3 hb? 

Hint. — Form a parallelogram by drawing parallels to the opposite 
sides through C and B. 
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PROPOSITION 2. THEOREM 


348. The area of a triangle is equal to half the product 
of rts base by tts altitude. 


Given: Triangle ABC with base }, and altitude A. 
To prove: AABC = $hb. 





Plan: Form a J and show that the A is half the 0. 
Proof: Write in full. 


349. CoroLtuary 1. Two triangles having equal bases 
and equal altitudes are equal in area. 


350. CoroLuary 2. Two triangles are to each other 
as the products of ther bases and altitudes. 


351. Corotuary 3. Triangles having equal altitudes 
are to each other as their bases. 


352. Corouuary 4. Triangles having equal bases are 
to each other as their altitudes. 


EXERCISES 
1. Find the base of a triangle whose area is 288 sq. ft. and whose 
altitude is 9 ft. 
2. Find the side of a square whose area equals that of a triangle 
with base 48 in. and altitude 24 in. 
8. Find the ratio of the areas of triangles 7’ and 7” if they have 
equal bases and the altitudes are 18 in. and 15 in., respectively. 
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4. Trapezoid ABCD has AB = 24 ft., D c 


CD = 12 ft., ZA = 30°, and AD = 10 ft. eS ae 
Find its area by finding the area separately 4 « B 
of triangles ABC and ACD. & 
5. What is the area of a rhombus whose diagonals are 24 in. and 
30 in., respectively? 
Hint. — Why are the diagonals perpendicular to each other? (§ 87.) 


6. Prove that the area of a rhombus is equal to half the product of 
its diagonals. 

7 Prove that the diagonals of a parallelogram divide it into four 
equal triangles. 

8. A triangle is half a parallelogram having the same base and 
altitude. 


9. Find, to tenths, the altitude of an equilateral triangle whose 
side is6in. (See § 326.) 
*10. Prove that the area of an equilateral triangle whose side is 


s is o V5. Find the area if s = 20 in. 


11. Prove that two triangles are equal if two B 
sides of one are equal to two sides of the other, 
and the included angles are supplementary. 


Sucarstion. — Place the triangles with the sup- 4 D 
plementary angles adjacent, as in the figure. b C b 


12. Prove that the line segments joining the middle points of the 
sides of any triangle divide the triangle into four equal triangles. 

13. If, from the middle point of either diagonal of any quadrilateral, 
segments are drawn to the two opposite vertices, prove that they 
divide the quadrilateral into two equal quadrilaterals. 

14. If, from the middle point of any side of a triangle, straight lines 
are drawn parallel to the other two sides, prove that the parallelogram 
thus formed is equal to half the triangle. 

*15. Prove that the area of a triangle equals half the product of its 
perimeter and the radius of the inscribed circle. 
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Proposition 3. THEOREM 


353. The area of a trapezoid is equal to half the product 
of the sum of rts bases by its altitude. 


Given: Trapezoid ABCD with bases 6 and 0’, and 
altitude h. 
Toprove: Trapezoid ABCD = 3 h(b + b’). 





Plan: 1. If 0’ is the base of ABCD, what is its altitude? 
2. Add the areas of A ABD and BCD. 


Proof: 
STATEMENTS REASONS 


1. Draw BD. The area of AABD = | 1. § 348. 
3 bh, and the area of ABCD 


3 Oh. 
2 

2. AABD + ABCD = 3bh+ 30h = | 2. Az.2. 
5h(b + 0’). 

3. Trapezoid ABCD = $h(b + 0’). 3. Az. 7. 


354. B. Theorem. The area of a trapezoid is equal 
to the product of its altitude and the segment connecting the 
mid-points of the legs. (See § 157.) 


EXERCISES 


1. Find the area of a trapezcid whose bases are 17 in. and 23 in. 
and whose altitude is 15 in. 
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2. Find the area of a trapezoid the sum of whose bases is 45 in. 
and whose altitude is 10 in. 

3. The area of a trapezoid is 1701 sq. yd., the altitude is 42 yd., 
and one base 36 yd. Find the other base. 

4. A canal is 28 ft. deep, 120 ft. wide at the top, and 90 ft. wide 
at the bottom. What is the ares of a cross section of it? 

5. One base of a trapezoid is 10 ft., the altitude 4 ft., and the area 
32 sq. ft. Find the length of the segment drawn between the non- 
parallel sides, parallel to the given base and 1 ft. from it. 

Hint. — See §§ 156, 157. 

6. Any trapezoid is bisected by the line segment joining the middle 

points of its bases. 


7. A parallelogram is bisected by any straight line drawn through 
the intersection of the diagonals. 


8. The triangle having one of the non-parallel sides of a trapezoid 
as base and the middle point of the opposite side as vertex is equal to 
one half of the trapezoid. 


9. The area of a trapezoid is equal to the product of one of its non- 
parallel sides and the distance to it from the middle point of the op- 
posite side. (See Ex. 8.) 

10. Through a given point draw a straight line that shall bisect a 
given parallelogram. (See Ex. 7.) 
11. Draw a straight line parallel to a given straight line and which 
shall bisect a given parallelogram. (See Ex. 7.) 
*12. Find the area of a trapezoid ABCD, if AB = 30in., AD = 10 
in., ZA = 30°, and ZB= 45°. (See § 160.) 


355. A. Continuity. In §§ 341, 343, 348, and 353 you 
have had theorems about the areas of certain geometric 
figures. See if you can show how each of them can be 
made to depend on the statement: If two sides (at least) 
of a quadrilateral are parallel, the area 1s equal to half the 
sum of the parallel sides multiplied by the perpendicular 
distance between them. 


352 AREAS OF POLYGONS 
PRopos!ITIon 4. THEOREM 
356. B. Two triangles having an angle of one equal to 


an angle of the other are to each other as the products of the 
sides including the equal angles. 


Given: Triangles A BC and A’B’C’ with ZA = ZA’. 
Ma secees AABC _AB X AC 
CE DA BC” AB x AO 





Plan: Place AA’B’C’ on AABC so that ZA’ coincides 
with ZA. Compare the areas of 4 AB’C’ and ABC’; also 
of A ABC’ and ABC. Recall § 351 and multiply. 


Proof: For you to write. 


EXERCISES 


1. Two triangles that have an angle of one equal to an angle of the 
other, have the sides including the equal angles 4 in. and 9 in., and 12 
in. and 5 in., respectively. Compare their areas. 

2. In the figure of § 356, AC = 12 in., AB = 9 in., A’C’ = 18 in. 
If the area of A ABC is 256 sq. in. and of A.A’B’C’ is 240 sq. in., find 
A’B’. 


*3. Two corresponding sides of similar triangles are 8 in. and 12 in., 
respectively. If the area of the smaller triangle is 48 sq. in., find the 
area of the larger. 

*4, Two triangles having an angle of one supplementary to an angle 
of the other are to each other as the products of the sides including 
those angles. 
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> SS 
357. A. A formula for the altitude of a triangle. 


Given: Triangle with sides a, 6, and c, altitude h, on ¢, 
s the semi-perimeter, ZA an acute angle. 


To prove: h, = ov =a G Sb) o) 





__ Proof: 
STATEMENTS REASONS 
1. h2Z = B — AD? 1. Why? 
b2 2 2 
2 AD = ph =. 2. § 331. 
2 2 7_2\2 
Se ae (=A): 3. Why? 


Reducing to a fraction and factoring 
4 b2c? — (bh? + Id =a a’)? 


4, he= TH 
_(atbt+oyat+th—c)\b6+te—-ala—b+t+e) 


4¢ 
5. Since 2s =a+b+e, then 2(s -—a) =b+c—a, 
2(s —b) =a—b+c, and 2(is—c)=at+tb—e. 
Substituting in (4) 
6. h2 = 4s(s — a) e= b)(s — c) 


h, =2Vae= ays — b)(s—c) 


or, 
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358. Hero’s formula. Since the area of a triangle is 
A = 3 bh, from § 357 we have, 


A = Vs(s — a)(s — b)(s — ¢). 


Historica Notes. — This formula was first given by Hero, an Egyptian 
mathematician who lived in Alexandria about the beginning of the Chris- 
tian era. 


EXERCISES 
In Ex. 1-8, find s,s — a,s— b,ands—c. 
1. a= 5in., b= 13 in., c = 12 in. 
2. a= 7 in., b = 24 in., c = 25 in. 
3. a= 17 in., b = 15 in., c = 8 in. 
4. a= 60 ft., d= 11 ft., c = 61 ft. 
5. a= 21 in., b = 29 in., c= 20 in. 
6. a= 13 ft, b= 15 ft, c= 14 ft. 
7. a= 20ft., b= 13 ft., c = 21 ft. 
8 a= 25 ft., b = 36 ft., c = 29 ft. 
9-16. Find the area of each of the triangles in Ex. 1-8. 
17. Find the altitude on side c in the triangle with side a = 25 in., 
b = 17 in., c = 28 in. 
18. Find the altitude on side c in the triangle with sides a = 39 ft., 
b= 17 ft., c = 44 ft. 
19. Find the altitude on side a in the triangle with sides a = 17 in., 
6 = 26 in., c = 25 in. 
20. Find the altitude on side 6 in the triangle with sides a = 41 ft., 
b = 51 ft.,c = 58 ft. 


21. Find correct to one decimal place the altitude on side c if a = 
21 in., 6 = 20 in., and c = 29 in. 


22. Find to one decimal place the area of a triangle whose sides are 
20 ft., 24 ft., and 28 ft. 


23. If a side of an equilateral triangle is 8 ft., find the area. 
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24. If a is a side of an cquilateral triangle, find the formula for the 
area by the formula in § 358. 

*25. Find the area of a parallelogram whose sides are 6 in. and 8 in. 
and whose diagonal is 12 in. 

*26. Explain how the area of a trapezoid can be found, if you are 
given the bases and one leg, and if the given leg makes an angle of 30° 
with the base. 

*27. Find the area of a trapezoid if its non-parallel sides are 15 ft. 
and 18 ft. and its bases are 20 ft. and 32 ft. 


Hinr. — Find the sides of the similar triangles formed by producing 
the legs. Then find their areas by § 358 and subtract. 


. 359. Algebra in geometric constructions. 


1. Construct a rectangle equal to 
a given square and having its side 
equal to a given segment. 
x 
So.LuTion. — If the side of the given 
square is s, and the given segment is a, s a 
let the other side of the rectangle be z. 
Then the area of the square is s*, and the area of the rectangle is az. 
The problem requires that: 
s? = ar 
Hence, by § 289-6, a:s =s:2z 
Therefore construct x by § 297. 
2. Construct a square equal to a given parallelogram. 
Hint. — x2 = hb. Hence h: x =2x:b. Construct z the mean pro- 
portional between handb. ($ 337.) 
3. Construct a square having half the area of a given square. 
Hint. — x? = 38?. Hences: 2 = 2:38. 
4. Construct a triangle equal to a given triangle, and having one 
side equal to a given segment. 


Hint. — Take the given segment as the base. 


5. Construct a right triangle equal to a given triangle, and having 
onc of its legs equal to a given segment. 
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6. Construct a rectangle having a given side and equal to a given 
rectangle. 


7. Construct a rectangle having a given side and equal to a given 
parallelogram. 


8. Construct an isosceles triangle equal to a given triangle and on 
the same base. 


9. Construct a rhombus having a given diagonal and equal to a 
given parallelogram. (See Ex. 6, § 352.) 


10. Bisect a given triangle by a line drawn through any vertex. 


11. Divide a given triangle into any ratio by a straight line drawn 
through any vertex. 


12. Construct a triangle having two of its sides equal to segments 
a and b and equal to a given triangle. (Take b as the base.) 


13. Construct a triangle having a given angle 
and equal to a given parallelogram. 


Hint. — If the base of the Z is b and its alti- 
tude is h, what is its area? Take 2 b for the base 
of the A. 





14. Construct a right triangle equal to a given right triangle and 
having its hypotenuse equal to a given segment. (Recall Locus VI, 
§ 260.) 


15. Construct a parallelogram equal to a given triangle and having 
one of its angles equal to a given angle. 


*16. Construct an equilateral triangle equal to a given triangle. 


(See Ex. 10, § 352.) ‘s 


*17, Bisect’ a given triangle by drawing a Q 
straight line through a given point on one side 
of the triangle. fs 
B 


Hint. — Let AABC be the given triangle with 4 P 
altitude h and base b, and P the given point. If 
PQ be assumed to bisect the triangle and if z is 1 PB, then by the 
conditions of the problem APQB = 3 AABC, or PB Xx =} hb. 
Hence PB:3h = 06:2. 
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*18, Bisect a given triangle by drawing a 
straight line parallel to one of the sides. 


Hint. — Let the area of AABC be } hb. Then 
3hb = AF - DE. Let AF = rand DE = y: 

Then (1) zy = 3hb, and, since AABC~ AADE, B 
z:y=h:bor 


(2) x= Ay . Substitute this value in (1) and simplify and we have 





yy =3b% Henceb:y =y:}b. 
*19. Construct a rectangle equal to a given square, and having the 
sum of its base and altitude equal to a given segment. 


Hint. — If AB is the given segment and s 2 side of the given square, 
make AC = s. 
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*20. Construct a rectangie equal to a given square, and having the 
difference of its base and altitude equal to a given seginent. 
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*21. If ABCD is any trapezoid, and the G K 


diagonals AC and BD intersect at O, fF 
then AAOD = ABOC. 


*99, Prove that 7AFED+FHGE+ ? 
COHMKG + OMBCK = ABCD. a es 
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*21. Construct a square having a given 
ratio to a given square. 





Hint. — Let it be required to construct a m 
square with side x so that z2?:s? = m:n. s 


Then c= 4/2 xm, 
n 


2 
Let y= ~, then z = Vym. 


Thus, x is the mean proportional between y and m. 
To construct y we have 
s2 
y = 7 orny = s?, 
Hence,n:s = s:y. 
Therefore, first construct y the third proportional to n and s. Then 
construct x the mean proportional between y and m. 


Historicat Nots. — History tells us of the effort to solve three famous 
problems called ‘‘The three famous problems of antiquity.”” They were: 
(1) Trisecting any angle. (2) Squaring the circle. (3) Duplicating the 
cube. 





Mathematicians long endeavored to solve them with the instruments 
of elementary geometry, which are the unmarked straight-edge and com- 
passes. In the 19th century their solutions by these instruments were 
proved impossible. All three problems can, however, be solved in several 
ways by using other instruments. Thus the linkage shown will trisect any 
angle. 
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PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. Surveyors sometimes find the area D 
of a tract of land as follows: A base line 
MN is staked off, and from the various aah 


points in the boundary, the distances 
to this line are then measured, as EP, 
DQ, etc., and the distances PQ, QR, 
etc., are also measured. Show how to oaers Q R ST M 


compute the area of ABCDE. 
If EP = 2000 ft., DQ = 2500 ft., CS = 2300 ft., BT = 1800 ft., 
AR = 800 ft., PQ = 800 ft., QS = 1900 ft., ST = 500 ft, TR= 


1700 ft., compute the area. 
. A MN OP FH 
2. In order to determine the flow of water 


in a stream, the area of a cross section 
ABCDEFGH of the stream, at right angles to 
the current, is first found as follows: Sound- 
ings are taken at A, M, N, etc., and the areas of trapezoids ABCM, 
MCDN, etc., are computed and added. 

If AM = MN = NO= OP = PH = 10 ft., AB=5 ft. MC = 
9 ft. ND = 12 ft, OF = 9 ft., PF = 7 ft., and HG = 5 ft., find the 
area of the cross section. This is known as the trapezoidal rule for 
finding an area. It is used in measuring the area of land bounded on 
one side by an irregular line. 


B ao RF OG 
Cc D’ = 


3. A fairly accurate method used for 
computing the area bounded by an irregular 
curve, known as the mean ordinate method, 
is as follows: At equal distances d measure 
the widths fy, he, h3, etc., of the area in- 
closed. Show that if a large number of widths are 
measured, a close approximation to the area is given 


by d(a + he+ h3+---). 


4. The formula Area = wh + 2c(a+ 6) for com- 
puting the area of the cross section of an I-beam, where 
w,h,c, a, and b are the dimensions shown in the drawing, 
is given in books on engineering. Prove this formula. 
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PRoposiTION 5. THEOREM 


360. B. In any right triangle the square on the hypot- 
enuse ts equal to the sum of the squares on the other two sides. 


Given: Right AABC, with ZC a right angle. BG, 
AE, and AH are squares. 


Toprove: Area AE = area BG + area AH. 





Plan: Show that rectangle AX and square AH are equal 
in area to twice the congruent A ACD and ABK, respectively. 


Proof: 


STATEMENTS REASONS 

1. Draw CX 1 DE, intersecting AB in | 1. §27. 

X’. Draw KB and CD. 

HCB is astraight line. 
2. AK is the common base and AC is | 2. § 145. 

equal to the altitude of square AH 

and of AABK. 
3. Area AABK = }area AH. 3. Why? 
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STATEMENTS REASONS 
4. AD is the common base and AX’ js | 4. Why? 


equal to the altitude of TAX and 


AACD. 
5. Area AACD = 3 area AX. 5. Why? 
6. AABK = AACD. 6. Prove. 
7 CIAX = square AH. 7. Az. 1. 
Complete, drawing CE and AF; show that BX = BG. 
EXERCISES 
(OPTIONAL) 


Prove the Pythagorean theorem by using the following figures: 


Kb As BA 


Fic. 1 Fic. 2 Fic. 3 


1. In Fig. 1, if the equal rectangles AB and CD are taken away, 
what remains? If the four congruent triangles at the corners are taken 
away, what remains? Give the proof in full. 

2. Fig. 2 suggests a proof given by James A. Garfield, once President 
of the United States. Give his proof in full. 

SuccEstion. — Compare the area of the trapezoid with the sum of the 
areas of the triangles. 

3. Fig. 3 is a drawing used by Bhaskara, who was born in India 
1114 a.pv. We do not know what his proof was. See if you can find 


one to fit the figure. 

4. In the figure prove the theorem by showing that ail 
triangles 7), T2, T3, and T, are congruent. If 7 and 
T. are subtracted from the figure, what remains? Bea 
What remains if 73 and 7; are subtracted? th, 
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5. Prove the Pythagorean theorem by using the results of Ex. 12, 
§ 347 when angle C is a right angle. 


Nore. — The extension of the Pythagorean theorem given in Ex. 10-12, 
§ 347, is due to Pappus, a Greek geometer, who lived about 300 a.p. 


6. Railroad curves are sometimes laid out by meas- 


uring offsets from the tangent line at the beginning of ul 
the curve. Show that if r is the radius of the curve 
and ¢ the distance along the tangent from the beginning N 
of the curve to any offset MN, then the offset = 
MN=r-vVr-— be. 
C DEF 
Fic. 1 ad 


7. In Fig. 1, if AB = BC = 1, BD= AC, BE = AD, and BF = 
AE, find the length of AC, AD, AE, and AF. (< B = 90°.) 

8. In Fig. 2, if AC is a square with AB = 1, and AC = AE, DE = 
DF, AF = AG, DG = DH, and AH = AJ, find AE, DF, AG, DH, 
and AJ. 


361. To transform a polygon into a triangle means to 
construct a triangle having the same area as the polygon. 


If p || AC, will any triangle with » D 
base AC and vertex on p have the 
same area as AACD? 

If BC produced intersects p at E, 
will A ABE have the same area 2 
as ABCD? Then how would you 
transform a quadrilateral into a triangle? Can you think of 
a way to transform a pentagon into a quadrilateral? Into a 
triangle? 


E 
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ConstRuUCTION XXI 


362. To construct a triangle equal in area to a given 
polygon. 
Given: Polygon ABCDE. 


Required: Construct a A 
equal in area to ABCDE. E C 


Plan: Draw CF || BD and 
replace ABCD by ABFD. 
Proceed in a similar way with G m1 3 F 
AAED. 


Construction: 1. Draw diagonal BD, and draw CF || BD 
meeting AB produced at F. Draw DF. 

2. Draw diagonal AD, and draw EG || AD meeting BA 
produced inG. Draw DG. 

3. AGFD is the required A. 


Proof: Prove ABCD = ABFD and AAED = AAGD 
(§ 349). 
Write the proof in full. 


D 


EXERCISES 


1. Using the method of § 362, construct a triangle equal to a given 
rectangle. 


2. Construct a square equal to a given triangle. 

Hint. — Let the triangle = }hb. Then z? = 3hb, or}h:2=2:b. 
3. Construct a square equal to a given polygon. 

Hint. — Construct a triangle equal to the polygon, then use Ex. 2. 
4, Construct a square equal to the sum of two given squares. 


SuccEstion. — If a side of one of the given squares is a, and of the 
other b, construct a right triangle with legs @ and b. Why is the hypot- 
enuse c the side of the required square? 


5. Construct a square equal to the difference of two given squares. 
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6. Construct a triangle equal to an irregular quadrilateral, and, 
by measuring the base and altitude of the triangle, compute the area 
of the quadrilateral. 


7. Construct a square equal to the sum of three given squares. 


8. How would you construct a square equal to the sum of any 
number of given squares? 


9. Construct a square equal to twice a given square. 
10. Circumscribe about a given circle a triangle similar to a given 
triangle. 


Hint. — Inscribe a circle O in the given triangle ABC and use the 
central angles. 


11. Construct z= Va+ 6 
12. Construct x = ~/a? — 6%. 


*13. Construct a triangle equal to the sum of two given triangles. 
Hint. — See Ex. 2 and Ex. 4. 


*14, Construct a triangle similar to a given triangle and having a 
given altitude. 


363. B. Some important relations are collected in the 
following exercises. A few of them you have had before. 
Prove each one. 


EXERCISES 
1. The altitude of an equilateral triangle with side a is 5 V3. 


2. If d and d’ are the diagonals of a rhombus, its area is $ dd’. 
3. The area of a right triangle whose legs are a and b is } ab. 


a 


. The diagonal of a square with side a is a v/2. 3 
5. The area of an equilateral triangle with side a is 7 v3. 


6. The radius of the circle inscribed in an equilateral triangle is 
one-third of the altitude. 


7. The radius of the circle circumscribed about an equilateral 
triangle is two-thirds the altitude. 
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8 The altitudes of an equilateral triangle bisect the angles and 
the opposite sides of the triangle. Hence the altitude from any vertex 
is equal to the median, to the angle bisector drawn from that vertex, 
and to the perpendicular bisector of the opposite side. Therefore the 
incenter, circumcenter, orthocenter, and center of gravity coincide in 
a point of trisection of the altitude. 


9. The area of a triangle circumscribed about a circle is equal to 

the perimeter of the triangle times half the radius of the circle. 

10. The area of any polygon circumscribed about a circle is equal 
to the perimeter of the polygon times half the radius of the circle. 

11. If r is the radius of a circle inscribed in an equilateral triangle, 
the area of the triangle is 3 12 ~/3. 

12. Find a formula for the area of an equilateral triangle inscribed 
in a circle in terms of the radius R& of the circle. 


MISCELLANEOUS EXERCISES 
In Ex. 1-6 use the formulas in Ex. 1-5 above. 


1. Find the area of a rhombus with diagonals 18 ft. and 20 ft. 
(Ex. 2.) 


2. Find the area of a right triangle with legs 12 ft. and 19 ft. 
(Ex. 3.) 


3. Find the area of an equilateral triangle with side 12in. (Ex. 5.) 
4. What is the altitude of the triangle in Ex. 3? (Ex. 1.) 


5. The side of a square is 16 in. Find the diagonal correct to the 
nearest tenth. (Ex. 4.) 


6. A rope attached to a flag pole is 8 ft. longer than the pole. 
When stretched out it just reaches the ground, 20 ft. from the pole. 
Find the height of the flag pole, assuming that the ground at its foot 
is level. 


7. The oldest mathematical book extant, a papyrus copied by the 
Egyptian scribe Ahmes about 1700 n.c. from a still older book, gives 
for an isosceles triangle whose equal sides are 10 ruths and base 4 ruths, 
the area of 20 square ruths. By what rule must this area have been 
computed? What is its true area? 
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*g. Trisect any given parallelogram by p Y C 
straight lines drawn through any vertex. IY 
Hint. — If BX = 2 BC and DY = 3 DC, show 

that AABX = AADY = 3 ABCD. A IR 
*9. Construct a parallelogram having a given altitude and equal to 
a given trapezoid. 
*10. Construct a square equal to a given trapezoid. 
*11. If from the point of intersection of the medians of any triangle 
segments are drawn to the three vertices, prove that they form with 
the sides three equal triangles. 





REGULAR POLYGONS IN Lace PaTTERNS 


- 364. A series of equal ratios. If a certain polygon P has 
sides of 2, 8, 4, and 6 and a similar polygon P’ has sides 3, 12, 
6, and 9 corresponding, respectively, to the sides of P, what is 
the ratio of similitude? 

What is the ratio of the perimeters of the two polygons? 

Is it equal to the ratio of similitude? 

iit arcre a, 

b d f’ b+d+f b 
fractions, why is ab + be + be = ab+ad+af? (Compare 
each term on the left with the corresponding onc on the right. 

Why is bc = ad? be = af?) 

See if you can prove: 

In a series of equal ratios, the sum of the numerators 1s to 
the sum of the denominators as any numerator is to iis 
denominator. 


do you think Clearing of 
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PROPOSITION 6. THEOREM 





365. The perimeters of two similar polygons have the same 
ratio as any two corresponding sides. 


a’ 
Given: Similar polygons P and P’, with perimeters 
p and p’, and corresponding sides a, b, c, etc., and a’, b’, 
c’, ete. 


[3 


a 
To prove: — = ae 


—~ 


Analysis: 1. What series of equal ratios is there in similar 


polygons P and P’? 
2. Express the proportions you are required to prove in 
terms of the sides of the polygon and use § 364. 


Proof: Left for you to write out. 


EXERCISES 
1. The perimeters of two similar polygons are 144 yd. and 256 yd., 
respectively. A side of the first is 18 yd. Find the corresponding 
side of the second. 


2. The sides of a polygon are 8 in., 12 in., 15 in., 6 in., and 20 in. 
Find the perimeter of a similar polygon whose longest side is 15 in. 


3. The perimeter of a rectangle is 44 in. and the ratio of two of the 
sides is . Find the perimeter of a similar rectangle if its larger side is 


15 in. 
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4. The perimeter of an isosceles triangle is 66 in., and the ratio of 
a leg to the base is 2. Find the perimeter of a similar triangle whose 
base is 25 in. 


5. Is the converse of the theorem in § 365 true? 

6. Prove that the perimeters of two similar triangles have the same 
ratio as any two corresponding medians, altitudes, or angle bisectors. 

7. The perimeter of a polygon is p and one side is x. If the per- 
imeter of a similar polygon is p’, find the side corresponding to z. 

8. A rectangular field is w yd. wide and 1 yd. long. Find the 
perimeter of a similar field 3w yd. wide. 

9. Prove that if two polygons are each similar to a third polygon, 
they are similar to each other. 

*10. If two quadrilaterals are similar, do the diagonals from cor- 
responding vertices divide the quadrilaterals into pairs of similar 
triangles? Prove it. 

*11. Prove that two corresponding diagonals of two similar polygons 
have the same ratio as a pair of corresponding sides. 

*12. Does a line parallel to the bases of a trapezoid divide it into two 
similar trapezoids? Prove that your answer is correct. 


366. Similar polygons D »p 
can be divided into similar Ome 
triangles. If polygon P~ ” a ge i 
polygon P’, and diagonals are c’ 
drawn in each from corre- A Ip i ip 


sponding vertices A and A’, 
see if you can prove AR ~ AR’, AS ~ AS’, AT~ AT". 


Suacestions. — What methods are available for proving AR~ AR’? 
(See § 339.) 


What does the fact that polygon P ~ polygon P’ tell you 
about the corresponding sides and angles of P and P’? 

If you cannot prove the corresponding triangles similar see 
the next section. 
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PROPOSITION 7. THEOREM 


367. If two polygons are similar they can be divided 
into triangles which are similar and similarly placed. 


Given: Polygon P~ polygon P’, A and A’ being 
corresponding vertices. 

To prove: P and P’ can be divided into similar A, 
similarly placed. 





Plan: Show that AR~ AR’, AS ~ AS’, AT~w AT’ 


and that they-are in the same order. 


1, 


wore oe 


Proof: 


STATEMENTS REASONS 
Draw diagonals from A and A’ form- | 1. Given and § 302. 
ing A R, S, and T, counterclock- 
wise about A; and R’, S’, T’ in the 
same order about A’. In A R and 
R’, Z1 = 22 and AB: A’B' = 


BC: B’C". 
ARwW AR’. 2. $312. 
ZC = ZC’,and 23 = Z4. 3. § 302. 
ZL 5 = ZG. 4. Ax. 3. 
BC: B’C'’ = AC: A’C’ = CD:C'D’. | 5. § 302. 
“AS ~w AS’. 6. $312. 


ATT AT". é. By a similar proof. 
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PRoposiITrion 8. THEOREM 


368. If two polygons can be divided into triangles which 
are similar and similarly placed, the polygons are similar. 


P 


\L=/ 


P’ 


A’ 

Given: Polygons P and P’ divided by diagonals from 
corresponding vertices A and A’ into A; Rw~R’, 
S~S', T~T’; the A taken counterclockwise about 
A and A’. 

Toprove: P~ P’. 





Analysis: Think: ‘To show that P~ P’ I must show 
that corresponding 4A are equal and that corresponding sides 
are proportional. 


Since the A are given similar, I know ——” 


Proof: Write out. 


EXERCISES 


1. Given quadrilateral ABCD with diagonal AC. On opposite 
sides of a given segment A’C”’ corresponding to AC, construct triangle 
A'C’D’ ~ A ACD, and AA'C’B'’ ~ AACB. Is A’B'C’D! ~ ABCD? 
Prove it. 


2. Construct a pentagon A’B’C’D’E’ similar to a given pentagon 
ABCDE, given segment A’B’ corresponding to segment AB. 


Hint. — Using the figure of § 367 construct AR’ ~ AR, AS’ ~ AS, 
and AT’ ~ AT by constructing equal angles. 
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ConstTRuCcTION XXII 


369. To construct on a given segment as side, a polygon 
similar to a given polygon. 


A B A! B’ 


Given: Polygon P and segment <A’B’, corresponding to 
side AB of P. 

Required: On A’B’ construct a polygon similar to P. 

Write out the construction and proof. 


EXERCISES 


1. In finding the distance AP of an inaccessible point P a base line 
AB was taken and the following measurements were made: AB = 
225 yd., Z BAP = 105°, Z ABP = 40°. Make a drawing with a 
scale of 1 in. = 100 yd. and compute the distance AP. 

2. Given any AABC, by copying its angles construct a AA’B’C’ 
similar to A A BC, and having one of its sides equal to a given segment. 

3. Find the area of an isosceles triangle whose vertex angle is 30° 
and whose legs are each 18 in. 

Hint. — Draw an altitude to the leg and use § 160. 


4. Find the area of AABC if ZA = 150°, side AC = 12 in., and 
side AB = 18 in. 

Hint. — Draw an altitude from C to BA extended. Find the altitude 
by § 160. 


5. Find the ratio of the areas of two isosceles triangles each having a 
vertex angle of 62°, if the legs of one are each 12 ft. and the legs of the 
other 16 ft. 


Hint. — See § 356. 
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6. Find the area of an isosceles triangle whose vertex angle is 135° 
if the legs are each 20 in. 

*7. The vertices of a given polygon 
ABCDE are joined to a given point P. 
A segment A’B’ is drawn parallel to AB 
so that A’ is on PA and B’ on PB. 
Then B’C’ || BC, C’D’ || CD, D’E’ || DE, 
and E£’A’ is drawn as in the figure. Prove 
A’'B'C'D' E'’ ~ ABCDE. 

Succestion. — How may E’A’ be proved 
parallel to HA? Derive a proportion to show that PE: PE’ = PA: PA’, 





370. The plane table. A plane table consists of a 
drawing board. A sheet of paper is 
fastened to the board with thumb tacks, 
and a straight edge is laid on it for 
sighting and drawing lines. The in- 
strument is used for finding the dis- 
tances between inaccessible points and 
for making maps of small areas where only rough approx- 
imation is required. 

To find the distance AP of the inaccessible point P, 
a triangle similar to AA BP is constructed as follows: 

1. Lay out a base line XY and 
setting the plane table at point A, 
sight the straight edge toward Yor-=——===7 
and draw a line along itfrom A. ~ 


2. Then sight and draw a line i 
toward P. : re 
3. Move the plane table to B ~~ = 


and, after sighting along your base 
line toward X, sight and draw a line toward P. 

4. The triangle on your plane table is similar to AABP. 
The ratio of similitude may be found by measuring A’B’ very 
accurately and comparing it with AB. 
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EXERCISES 
(OPTIONAL) 
1. In the figure of § 370, if AB = 350 ft., A’B’ = 20 in., and A’P’ 
= 233 in., find AP. P 


2. Study the figure and explain in No? 
their order the steps in finding the in- i ‘ge 
accessible distance PQ by use of the ' 


plane table. 5 ‘~ 9) 
3. In Ex. 2 prove that PQ may x Za ee DX Y 


be found by means of the proportion 
PQ: P’'Q’ = AB: A'B’. A B 

4. The following drawing shows the method of making a map 
C’D’E’'F’G’ of the river bank 
CDEFG by use of the plane 
table. Study the drawing, and 
explain how the points C’, D’, Z77f>-~; aN 
E’, F’, and G’ of the map are for es ' 
obtained as the intersections of Za : ~ OBER EH 
corresponding lines drawn to YY! EN 
the points C, D, E, F, G from ~~ (4 aia 
two points in the base line. 

5. If AB = 640 ft., A’B’ = 16 in., and A’D’ = 20 in., how far is 
it from A to D? 

6. If C’F’ is measured and found to be 10 in., how far is it from 
C to F? 


371. Ratio of the areas of similar figures. If cach 
side of a square is 2 in., into how many squares is it 
divided by lines connecting the mid-points of opposite 
sides? What is the ratio of similitude of the large square |—2—, 
and asmall square? What is the ratio of their areas? 

A triangle has a base of 6 in., and altitude 10 in. A similar 
triangle has a corresponding altitude of 15 in. What is the 
ratio of similitude? What is the base of the second triangle? 
What is the ratio of their areas? How does it compare with 
the ratio of similitude? 


N77 


7 \ 
N 
ra N \ 





A B 
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PRoposiTIon 9. THEOREM 


372. The areas of two similar triangles are to each other 
as the squares of any two corresponding sides. 


A 


Given: Triangle ABC with altitude h, and AA’B’C’ 
with altitude h’; AABC ~ AA’B'C’. 
AABC AB 


To prove: AA BC = iB" 





Plan: 1. Use the theorem in § 350. 
2. Recall: ‘‘ Corresponding altitudes of similar triangles...” 
(§ 306.) 
Proof: 
STATEMENTS REASONS 


1. Area AABC=13h- AB, areal i. §348. 
AA'B'C! = 1h! - AB’. 


9 AABC _ h- AB 2, § 350. 
" BABC” h'- AB 
h AB 
3. But h’ _ AB 3. § 306. 
r AABC AB. AB AB 


DAIBO ABE ABE age || eee 


EXERCISES 
In the figure for § 372 
1. If the area of A ABC = 47 sq. in., AB = 8 in., and A’B’ = 
12 in., what is the area of A A’B’C'? 
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2. If AB = 2 A’B’, what is the ratio of the areas? 

3. If AB = 3 A’B’, what is the ratio of the areas? 

4. The sides of a triangle are 3 in., 5 in., and 7in. Find the sides 
of a similar triangle whose area is nine times as great. 

5. What is the ratio of the areas of two equilateral triangles whose 
sides are 12 in., and 9 in., respectively? 

6. If the area of an equilateral triangle is four times that of another 
with a side of 12 in., how long must the sides of the larger triangle be? 


7. In AABC, DE is drawn parallel to BC. If AD = 2 in., and 
DB = 3 in., what is the ratio of the areas of the two parts into which 
the triangle is divided? 


8. The area of a triangle is 256 sq. in. Lines parallel to the base 
divide one side into four equal segments. Find the areas of the four 
parts into which the triangle is divided. 


9. The base of a triangle is 36 in. Find the length of a segment 
parallel to the base and drawn so that the area of the triangle above 
the segment is one ninth of the whole triangle. 

10. A line parallel to the base AB of A ABC and dividing A ABC 
into two equal parts cuts off what part of AC, measured from C? 
Compute to hundredths. 

11. Prove that the areas of two similar triangles have the same 
ratio as the squares of corresponding altitudes. 

12. Prove that the areas of two similar triangles have the same 
ratio as the squares of any two corresponding angle bisectors. (See 
Ex. 13, § 306.) 

13. Prove that the areas of two similar triangles have the same ratio 
as the squares of any two corresponding medians. (See Ex. 7, § 317.) 

*14, Construct an isosceles triangle whose ver- 
tex angle is one of the angles of a given triangle, 
and whose area is equal to that of the given 
triangle. 


Cc 


Succestion. — If AABC is the given triangle and 
ACDE the required isosceles triangle, CD? = CA X 
CB. (See § 356.) 


by & 
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Proposition 10. THEOREM 


373. The areas of two similar polygons have the same 
ratio as the squares of any two corresponding sides. 


P 
oy 
A a y omen 


Given: Polygons P and P’ similar, with corresponding 
vertices A and A’, and corresponding sides a and a’. 
az 


P 
To prove: pis Ge 





Plan: Think: “Since P ~ P’ I know that R ~ R’, S~ S', 
T ~ T’ (§367). Then since the areas of ~ A have the 
same ratio as the squares of corresponding sides, I can obtain 
a series of equal ratios.”’ 


Proof: 





STATEMENTS REASONS 

1. Draw diagonals from A and A’. 1. § 367. 
ThnR~ R,S~S',TO~T". 
RG of ST 


2 Rk’ a? zr? Sy? 2. § 372. 
ST 
3. Rr Ss 7 8. Az l. 
R+S+T _R_@. 
4. RS +? = R > a 4. § 364. 
2 
5. zi 5. Az. 7. 
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EXERCISES 


1. Two corresponding sides of two similar polygons are 5 in. and 
8 in., respectively, and the area of the smaller polygon is 100 sq. in. 
What is the area of the larger? 


2. The sides of a quadrilateral are 4 in., 6 in., 10 in., and 12 in., 
respectively. Find the sides of a similar quadrilateral whose area is 
twenty-five times as great. 


3. The adjacent sides of a parallelogram are 8 ft. and 12 ft., re- 
spectively. Find the corresponding sides of a similar parallelogram 
whose area is one fourth as great. 


4. The areas of two similar polygons are 324 sq. ft. and 576 sq. ft., 
respectively. What is their ratio of similitude? 

5. The sum of the areas of two similar polygons is 400 sq. ft. If 
the ratio of similitude of the polygons is 3 : 4, what is the area of each 
polygon? 

6. The areas of two similar hexagons are 121 sq. in. and 361 sq. 
in., respectively, and a side of the smaller hexagon is 6 in. Find the 
corresponding side of the other hexagon. 

7. The side of a square is 16 in. Find the area of a square erected 
on its diagonal. (See Ex. 4, § 363.) 


8. The non-parallel sides of a trapezoid form with the diagonals 
two equal triangles. 
9. If, in the parallelogram ABCD, point P is taken on AD and Q 
on CD, prove that ABPC = AAQB. 
10. Prove that the areas of two similar polygons have the same ratio 
as the squares of corresponding diagonals. 
11. Given a quadrilateral ABCD, construct a similar quadrilateral 
whose area shall be one-ninth as great as that of ABCD. 


12. If segments are drawn connecting the middle points of the seg- 
ments of the diagonals of a given trapezoid, compare the area of the 
trapezoid thus formed with the area of the given trapezoid. 
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Proposition 11. THEOREM 
374. A. In any right triangle, a polygon constructed on 


the hypotenuse is equal in area to the sum of similar polygons 
constructed on the other two sides. 


Given: Right AABC, ZC a right angle, similar poly- 
gons P,Q, and R, with corresponding sides c, b, and a. 
Toprove: P=Q+R. 





Plan: Compare Q with P and R with P, using § 373. Then 
add. 








Proof: 
STATEMENTS REASONS 
Q_& k_@ 1. § 373. 
1. p=a and = = ; 
pp ester 2. Why? 
P Cc? 


Complete the proof. 


Ex. 1. Using the method in § 374, construct an equilateral triangle 
equal to the sum of two given equilateral triangles. 

Ex. 2. Construct a hexagon similar to two given similar hexagons 
and equal to their sum. 

Ex. 3. Construct an equilateral triangle whose area is equal to the 
difference in the areas of two given equilateral triangles. 
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375. A. Continuity. In § 374 you have an extension of 
the Pythagorean theorem (§ 326). 

You have seen in § 332 how §§ 328 and 329 can be con- 
sidered as extensions of the same theorem from a different 
point of view. 

Again Ex. 5, § 360 shows that the Pythagorean theorem 
is a special case of the more general theorem given by 
Pappus (Ex. 10-12, § 347). 


MISCELLANEOUS EXERCISES 


1. The geometric figures of this book are printed from wax en- 
gravings. The cost of a wax engraving is computed at a certain price 
per square inch of its surface. If the geometric figures of this book 
had been made with the dimensions twice as great, how would the 
cost of the wax engravings have compared with the actual cost? 

2. A square air duct with side 12 in. has the same capacity as how 
many square air ducts 3 in. on a side? 

3. A trapezoid has bases of 3 in. and 1 in., respectively, and its 
altitude is 2 in. What is the altitude of a triangle with an equal area 
if the base is equal to the longer base of the trapezoid? 


4. Construct the triangle in Ex. 3. Cc 
6. Point O is any point in AABC, OD L AB, oe. E 
OE 1 BC,OF L AC. Provethat AD’ -+ BE*+ NS 
CF’ = DB’ + EC’ + FA’. A D B 
Succestion. — AD’ + DO’ = FA’ + FO’, ete. 


*6. Trisect a given triangle by 
drawing straight lines through any D 2 
given point on one of the sides. - er 

*7, If 41, 2, 3, and 4 are right 
angles show that 

AF=v@+P+e+ + &. 

*8. In the same figure, if a= b= 
c=d=e=1, find AC, AD, AE, B a4 
and AF, 





Cc 
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*9. Use the construction illustrated to construct the side of a square 
air duct the area of whose cross section is equal to the sum of the areas 
of five square ducts with sides 2, 3, 5, 6, and 7. 


*10. An isosceles triangle ABC has base AB = 40 in., and altitude 
CD = 21in. If AC is produced to E so that CE = 5 in., find the 
area of ABCE. (See Ex. 4, § 356.) 


*11. In AABC, E is taken on AC so that 3 AE = AB, and D is 
taken on ABsothat3 AD = AC. If AB = 2 AC, compare the areas 
of A ABE and ACD. (See § 356.) 


376. Summary of the Work of Unit Seven 


I. Formulas to be memorized. 
1. Area of a rectangle, A = hb. 
Area of a square, A = a*, where a is a side. 
Area of a parallelogram, A = hb. 
Area of a triangle, A = 3 hb. 
Area of a trapezoid, A = 3 h(b+ 0’). 
Area of a rhombus, A = 3 dd’, where d and d’ 
are diagonals. 


oF Sr cee ee 


7. Area of an equilateral triangle, A = ov a 
where a is a side. 

8. Areaofany triangle, A =Vs(s—a)(s—b)(s—c), 
where a, b, and c are sides and s 1s the semiper- 
ameter. 

9. The diagonal of a square with side a, d = aV2. 

10. The altitude h of an equilateral triangle with side 


aoz 
a,h= 5v3. 


Note. — h is the number of units of length in the altitude, b the number 
of the same kind of units in the base, A the number of square units in the 
area, etc, 


AREAS OF POLYGONS 381 


II. Formulas that are not to be memorized. 


11. InQABC, with ZA acute,a? = b+c?— 2b xX pj. 
12. In AABC, with ZA obtuse, a? = b? + 2+2bxX pj. 


13. In any triangle, h, = = /s(s— a)(s — b)(s— ce) 


h, =i V5 —a)(s — b)(s —c) 


h, =? Va —a)(s — b)(s —c) 


Nore. — See §§ 233 and 327 for the explanation of the symbols. Forme 
ulas 11 and 12 are from Unit VI. 


III. Important numerical relations in theorems. 


1. 


In svmilar triangles the perimeters, corresponding 
altitudes, angle bisectors, or medians, have the 
same ratio as any two corresponding sides. 

In similar polygons, the perimeters have the same 
ratio as any two corresponding sides. 

The areas of similar triangles have the same ratio 
as the squares of corresponding sides; and hence 
as the squares of the perimeters or as the squares 
of corresponding altitudes, angle bisectors, or 
medians. 


The areas of similar polygons have the same ratio 
as the squares of corresponding sides. 


IV. Constructions. 


1. 


To construct a triangle equal in area to a given 
polygon. 


2. To construct on a given segment as side a polygon 


similar to a given polygon. 
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REVIEW OF UNIT SEVEN 


See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference is made. Then study 
that section before taking the tests. The references given are those most 
closely related to the exercise. 


1. Is there any difference between equal figures and congruent 
figures? § 342. 

2. Can two rectangles have the same area and different perimeters? 
§ 341. 

3. If two parallelograms have the same area and the base of one 
is one third the base of the other, how do their altitudes compare? 
§ 345. 

4. Do you think you can draw a triangle with a perimeter of 3 in. 
that has the same area as a triangle with a perimeter of 12 in. or more? 
Illustrate. § 348. 

5. Can a rectangle with a perimeter of 6 in. have the same area as 
a rectangle with a perimeter of 9 in.? With a perimeter greater than 
9in.? § 341. 

6. Can two squares with different perimeters have the same area? 
§ 341. 

7. Explain two ways to find the approximate area of an irregular 
field with curved boundaries. See Practical Applications, § 359, Ex. 1, 3. 


8. What is meant by the product of two segments? How can it 
be constructed? §§ 297, 337. 
9. How can you construct the quotient of two segments? §§ 297, 
337. 
10. How do you find the base of a triangle if you are given the area 
and the altitude? § 348. 
11. How do you find the altitude of a trapezoid, given the bases 
and the area? § 383. 
12. If two triangles have equal areas, and the base of one is five 
times the base of the other, how do their altitudes compare? § 330. 


13. The sides of one triangle are three times the sides of another 


triangle. low do their areas compare? § 372. 
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14. How can you find the area of a right triangle, one of whose acute 
angles is 45°, if you are given the hypotenuse? §§ 348, 360. 


15. If you are given the hypotenuse of a right triangle, one of whose 
acute angles is 30°, how can you find the area? §§ 160, 348, 360. 


For Ex. 16-21, see § 362: 
16. How can you transform a triangle into a square? 


17. How can you transform a triangle into a rectangle? Into a 
parallelogram? 


18. How can you transform a square into a triangle? 


19. How can you transform a rectangle into a triangle? A paral- 
lelogram into a triangle? 


20. How can you transform any polygon into a triangle? 

21. How can you transform any polygon into a square? Into a 
parallelogram? 

22. Explain two ways of constructing V2. §§ 337, 360. 


23. How can you construct a square equal to the sum of two given 
squares? § 362, Ex. 4. 


24. How can you construct a square equal to the difference of two 
given squares? § 362, Ex. 5. 


NUMERICAL EXERCISES 

1. What is thé area of a parallelogram with sides 10 in. and 8 in. 
and included angle 30°? 

2. What is the area of a rhombus with side 10 in., if an angle is 45°? 

3. What is the area of the rhombus in Ex. 2 if an angle is 30°? If 
an angle is 60°? 120°? 

4. Find the area of an isosceles right triangle whose legs are 20 in. 

5. One of the bases of a trapezoid is 15 ft. and its altitude is 6 ft. 
If the area is 75 sq. ft., find the other base. 

6. Find the side of a square equal to the sum of three squares whose 
sides are 8 in., 9 in., and 12 in. 

7. Find the area of a triangle with sides 51 in., 75 in., and 78 in. 


8. Two similar triangles T and T’ have two corresponding sides 6 in. 
and 15 in., respectively. 7’ has how many times the area of T? 
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9. Find the area of an isosceles triangle if the base is 16 ft. and one 
of the legs is 17 ft. 

10. One side of an equilateral triangle is 10 ft. Find the area. 

11. Find the side and area of an equilateral triangle whose altitude 
is 20 in. 

12. The diagonal of a rectangle is 37 in. Find its area if one side 
is 12 in. 

13. The diagonal of a square is 15 in. Find its area. 

14. The area of a rhombus is 240 sq. ft. If one diagonal is 60 ft., 
what is the other? 

15. One diagonal of a rectangle is 20 in., and it makes an angle of 
30° with one side. Find the area of the rectangle. 

16. The areas of two similar polygons are 160 sq. ft. and 360 sq. ft. 
If a side of the smaller is 10 ft., what is the corresponding side of the 
other? 

17. Two similar polygons have areas 250 sq. in. and 160 sq. in. If 
a side of the first is 6 in., find the corresponding side of the second. 

18. Find the side of an equilateral triangle whose area is 25 V3 
sq. in. 

19. The areas of two similar triangles are 200 sq. in. and 450 sq. in. 
If an altitude of the first is 25 in., find the corresponding altitude of 
the second. 

20. Two chords AB and CD intersect at O. If AB is 24 ft., AO 
is 6 ft., and CO is 9 ft., find OD. 

21. A tangent to a circle from an external point is 12 in. If the 
external segment of a secant from the same point is 8 in., what is the 
length of the whole secant? 

22. If, in Ex. 21, the length of another secant from the same point is 
16 in., what is the length of the external segment? 

23. The sides of a triangle are 3 in., 5 in., and 6 in. The longest 
side of a similar triangle is 15 in. Compute the other sides. 

24. If the radius of a circle is 10 in., find the length of a chord whose 
arc is 60°. 

25. In Ex. 24, if the arc is 90°, how long is its chord? 

26. If the arc is 30°, how long is its chord? 
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27. Find the altitude on the 51 in. side of the triangle in Ex. 7. 


28. The area of a rhombus is 75 sq. ft. If the ratio of the diagonals 
is 2 : 3, find the diagonals. 


29. The sum of the areas of two similar triangles is 225 sq. ft. If 
one area is 1% times the other, what is the ratio of similitude of the 
triangles? 

30. Find the area of a rhombus if its perimeter is 40 ft. and one 
diagonal is 16 ft. 


31. Two sides of a triangle are 12 in. and 16 in. If the included 
angle is 60°, what is its area? 


32. What is the area of the triangle formed by the radii and chord, 
in Ex. 24, if the included angle is 30°? 45°? 


33. The perimeter of a quadrilateral is 46 in. If the radius of the 
inscribed circle is 6 in., what is its area? (See Ex. 10, § 363.) 


34. Two triangles each have an angle of 70°. If the including sides 
are 16 in. and 12 in. for the first and 15 in. and 24 in. for the second, 
what is the ratio of their areas? (See § 356.) 

35. A point P lies outside a circle at a distance of 13 in. from the 


center. A secant from P cuts the circle at Q and R so that PQ = 9 in. 
and QR = 7 in. Find the radius of the circle. 


36. In Ex. 35 what is the length of the tangent from P? 


37. If the sides of a right triangle are in the ratio of 4 : 5, find the 
ratio of the parts into which the altitude on the hypotenuse divides 
the hypotenuse. 


38. The sides of a triangle are in the ratio 15:13:14. If the area 
of the triangle is 336 sq. in., what are its sides? 


39. The bases of a trapezoid are 5 ft. and 20 ft. and its non-parallel 
sides are 12 ft. and 9 ft. Find its area. 


40. The altitude of a triangle is 15 in. How far from the vertex 
must a parallel to the base be drawn to cut off a triangle equal to one 
fourth of the original triangle? 


*41. If one leg of a right triangle is 25 in. and the altitude on the 
hypotenuse is 7 in., what is its area? 
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MAINTAINING SKILLS IN MATHEMATICS 
(See Review of Arithmetic and Algebra, pages 450-467.) 
In Ex. 1-4, select the correct answer: 


1. If a man is working on a commission, his total earnings will 
depend upon: (1) the rate of commission; (2) the amount of the sales; 
(8) the rate of commission and the amount of the sales. 


2. If the numerator of a fraction remains unchanged, multiplying 
the denominator of the fraction by a whole number: (1) multiplies the 
fraction by that number; (2) divides the fraction by that number; (3) does 
not change the value of the fraction. 


3. When a whole number is divided by a proper fraction, the quotient 
is always: (1) greater than the dividend; (2) a mixed number; (3) less than 
the dividend. 


4, The length of a kilometer is nearest that of: (1) 1000 feet; (2) 1000 
yards; (3) 1000 miles. 


5. Solve for n: 6 — 0.4n = n. 

6. Find the product of (2x — 6) (1 — 2z). 

7. Find the factors of x! — 16. 

8. Find the factors of 612 — 7x — 3. 

9. A man who is now 30 years old was how old a years ago? 
10. Find (5 — 24x — 52?) + (1 — 5z). 


11. In the formula s = 5 (a+ 1), find a if l= — 8, n= 16, and 
s=-— 58. 


2x 
12, 1 — 4p +, find 2. 
5) 5 +) 
13. Find the value of 2?-++ 2x — 3 when z takes the values — 4, 
— 3,-—2,-—1,0,+ 1, and+ 2. 


14, From the values found in Ex. 13, solve x2 + 2x — 3 = 0 graph- 
icaliy. 


AREAS OF POLYGONS 387 


GENERAL EXERCISES 


1. The area of a square is half the square on its diagonal. 

2. The diagonals of a trapezoid divide the trapezoid into two pairs 
of triangles, one pair similar and one pair equal. (See Ex. 6, § 317.) 
__3. In AABC, if AD is an altitude, prove AB’ — AC? = BD? — 
Dc’. 

4. The altitude to the hypotenuse of a right triangle divides it 
into two triangles whose areas have the same ratio as the squares of 
the legs of the given triangle. 

5. In AABC, ZA is 30°. Prove that the area of AABC is } 
AB X AC. 

6. The area of an isosceles right triangle is one-fourth the area of 
the square of the hypotenuse. 


7. If P is any point within a parallelogram ABCD, then APAD 
+ APBC is half the parallelogram. 

8. If a triangle ABC is formed by the intersection of three tangents 
to a circle, two of which, AD and AE, are fixed, while the third, BC, 
touches the circle at a variable point F on the are DE, prove that the 
perimeter of the triangle ABC is constant and equal to AD + AL. 

9. Construct an equilateral triangle equal to a given triangle. 

10. Construct an equilateral triangle equal to a given polygon. 
*11. A railroad Y consists of three 


tracks, AC, CB, and AB, upon which ——=+4 D_.— B 
a train is reversed in direction, by 1 fp 
moving as shown by the arrows, back- : \ 
ing from C to B. In constructing a oe aa7-= oO 


railroad Y, AB is a straight track, 
and point A is given. Locate the curves AC and CB with given radii 
R and r, respectively. Prove that AD = DC = DB=¥VR Xr. 

*12. If, through any point P within a triangle, lines AD, BE, and CF 
are drawn, then AAPC: AAPB= DC: BD. 


B 
Succestion.— Compare 4 PDC and PBD, ie ay a 
using the common base PD; then compare them, = > 
using the common altitude from P. Alsocompare A — > Cc 
A APB and APC. 





388 AREAS OF POLYGONS 


*13. The lines AD, BE, and CF are drawn from the vertices of 
A ABC so that they meet at point P. Show that 
BD_CEY, AF 
pO™ BA” FB 
Suacestion. — Use the result of Ex. 12. 
' *14, If P is any point on diagonal AC produced of parallelogram 
ABCD, then APCD = APCB. 
*15. Explain the fallacy in the following puzzle: A piece of paper 8 in. 
square is cut into four pieces P, Q, R, and S, as shown in the figure. 
These pieces are then placed in new positions so as to form, apparently, 


a rectangle whose area is 65 sq. in. 


5 3 
5 6 
a : 
8 5 

SuGcEstTIon. — Use similar triangles. If the triangles fitted together 
so that their sides formed a true diagonal of a rectangle, what proportion 
would follow? 

*16. Construct a polygon similar to one of two given polygons and 
equal to the other. 

Anatysis. — If it is required to construct a polygon similar to P and 
equal to Q, let a and b be sides of squares equal to P and Q, respectively. 
Let R be the required polygon, and r a side of R corresponding to side p 

Be aa ee 
of P. Then 5 aa Why? Also 5 = Br 


2 2 
Q = R, i = oa Why? Thus, is the fourth proportional to a, b, and p. 


*17, Bisect any quadrilateral by a straight line drawn through one 
of the vertices. 

ANAaLysiIs. — Let A be the vertex. If M is D 
the middle point of BD, then AM and CM 
divide the quadrilateral into two equal parts. 
Hence it remains to construct a triangle equal 
to AAMC, having for base AC and a vertex B 
in one of the sides of the quadrilateral. 


Why? Hence, since 
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*18. Trisect any given quadrilateral by straight lines drawn through 
any vertex. 


Hint. — Trisect a diagonal and proceed as in Ex. 17. 


*19. Divide a given parallelogram into any 


required number of equal parts by straight 
lines drawn from one of its vertices. 


*20. Divide a given parallelogram into 
four equal parts by drawing straight lines 


through any given point on one of its 
sides. ze 4 
A B 


EPG 
SuGcEstTion. — Let P be the given point. - 


Divide AB into four equal parts. Draw EF and GH parallel to AD. 
Bisect EF at R and GH at S. Then APMD = PMN = 3 ABCD. 
Having drawn PM and PN, construct PO by Ex. 17. 


PRACTICE TESTS 


These are practice tests. See if you can do all the exercises correctly 
without referring to the test. If you miss any question look up the reference 
and be sure you understand it before taking other tests. 


TESTS ON UNIT SEVEN 


TEST ONE 
Numerical Exercises 
1. The area of a triangle is 30 sq. in. Its altitude is 10 in. What 
is its base? § 348. 


2. A rectangle is 30 in. wide and 50 in. long. What is the area of 
a rectangle just as wide but only four-fifths as long? § 341. 


3. Two parallelograms have bases each equal to 8 in. What is 
the ratio of their areas if the altitude of one is 7 in. and the altitude of 
the other 14in.? § 347. 


4, A rectangular field is 80 rd. leng and 20 rd. wide. How mueh 
fencing would a square field require if it had the same area? § 341, 
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5. The area of a trapezoid is 36 sq. in. One base is double the 
other, and the altitude is 4 in. Find the bases. § 353. 

6. Asquarehasasideof6in. A triangle hasa base of9in. What 
is the altitude of the triangle, if its area is equal to that of the square? 
§§ 341, 348. 

7 AABCW AA'B'C’. AB=Q9in. A’B’, the side of AA’B'C’ 
corresponding to AB, is 12in. If the area of A ABC is 36 sq. in., find 
the area of A.A’B’C’. § 372. 

8. A side of a square is 6 in. Find its diagonal to the nearest 
tenth. § 363. 

9. AABC~ AA’B'C’. AB is three times as large as the cor- 
responding side A’B’. What is the ratio of é 


their areas? § 372. D 
10. Find the area of trapezoid ABCD, 
if AB = 12 in., DC = 8 in., AD = 10 in., ees B 


and angle A is 30°. § 353. 

11. Two similar pentagons have corresponding sides AB and A’B’ 
equal to 6 in. and 8 in., respectively. What is the ratio of their 
perimeters? § 365. 

12. The area of a polygon is 64sq.in. The area of a similar polygon 
is 40 sq.in. If the smallest side of the first is 8 in., what is the smallest 
side of the second? § 373. 


TEST TWO 
True-False Statements 


If a statement ts always true, mark it so. If it ts not, replace each 

word in italics by a word which will make it a true statement. 

1. Equal polygons are always congruent. § 342. 

2. Two parallelograms having equal altitudes are to each other as 
their bases. § 346. 

3. The area of a trapezoid is equal to the product of its altitude by 
half the segment connecting the mid-points of the legs. § 354. 

4. A square and a rectangle have the same perimeter. The square 
has the larger area. § 342. 
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5. The area of a triangle is equal to the product of its base by its 
altitude. § 348. 


6. The perimeters of two similar polygons have the same ratio as 
any two sides. § 365. 

7. If a triangle has a base double that of a square, and their areas 
are the same, the altitude of the triangle is the same as that of the 
square. §§ 341, 348. 

8. A trapezoid is equal in area to a parallelogram if the median 
of the trapezoid equals the base of the parallelogram, and the altitudes 
areequal. §§343, 354. 

9. The area of a right triangle whose legs are a and b is twice ab. 
§ 363. 

10. If r is the radius of a circle inscribed in an equilateral triangle, 
the altitude of the triangle is three timesr. § 363. 

11. A triangle is equal to half a parallelogram having the same base 
and altitude. §§ 341, 348. 

12. The areas of two similar triangles have the same ratio as the 
squares of their perimeters. § 376-III. 


TEST THREE 
Drawing Conclusions 


Give a conclusion that may be drawn from the hypothesis stated. The 
conclusion should be about areas in all except Ex. 4 and 12. 


1. Triangle ABC has sides a, b, andc. § 358. 

2. Polygon P~ polygon P’. P has side a, and P’ has correspond- 
ing side a’. § 373. 

3. Triangle ABC has base b, and altitude h. A DEF has base }, 
and altitude h’. § 352. 

4. Polygon ABCDE ~ polygon A’B’C’D’E’ and the lettering is 
counterclockwise ineach. Diagonals from A and A’ divide ABCDE into 
triangles ABC, ACD, ADE, and diagonals from A’ divide A’B’C’D’E’ 
into corresponding triangles A’B’C’, A’C’D’, A’D’E’.  § 367. 

6. Triangle ABC ~ AA’B'C’. his the altitude drawn from C, 
and h’ the altitude drawn from corresponding point C’. § 376-III. 
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6. In AABC, ZA = 40°. InADEF, ZD= 40°. § 356. 
7. Parallelogram P and triangle 7 have their bases and altitudes 
equal respectively. §§ 343, 348. 
8 In AABC, ZC = 90°. P,Q, and RF are similar polygons hay- 
ing AB, CA, and BC as corresponding sides, respectively. § 374. 
9. Trapezoid T has median m and altitude h. Parallelogram P 
has base 'm and altitude h. §§ 348, 354. 
10. Parallelogram P has base b and altitude h. Parallelogram Q 
has base 0’ and altitude h’. § 345. 
11. A is the area and p the perimeter of polygon P. A’ is the area 
and p’ the perimeter of polygon P’. P~ P’. §376-III. 


12, =f = lar, § 364. 


CUMULATIVE TESTS ON THE FIRST SEVEN UNITS 


TEST FOUR 
Numerical Exercises 


1. How many degrees in the angle formed by the bisectors of two 
adjacent complementary angles? § 38. 

2. Two sides of an inscribed triangle have arcs which are one-fifth 
and one-eighth of the circle, respectively. Find the angles of the 
triangle. § 241. 

8. If two angles of a triangle are 45° and 75°, respectively, how 
many degrees in the complement of the angle at the third vertex? 
§ 123. 

4. How many sides has a polygon if the sum of the exterior angles 
equals the sum of the interior angles? §§ 133, 134. 


6. Triangles ABH and BHC are con- B 
gruent. AC is a straight line and RF is Lie Cc 
the mid-point of AD. If CDis 10in., find ,~—<" -™_ 
HR. § 302. R 


6. From an external point P a tangent PA is drawn to a circle and 
also a secant passing through the center of the circle. If PA is 6 in. 
and the external segment of the secant is 4 in., find the radius of the 
circle. § 335. 
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7. The hypotenuse AB ofa right triangle is 18in. If segment BD 
made by the altitude CD is 8 in., find BC. § 323. 

8. The altitude of a triangle is 3 times the base, and its area is 373 
sq. yd. Find the length of the base and altitude. A 
§ 348. 

9. In the triangle ABC, DE is parallel to BC. p E 
If AD is 8 in., AB is 12 in., and DE is 10 in., 
find BC. § 302. i C 

10. A square and a rectangle have equal perimeters, 144 ft., and 
the length of the rectangle is five times its breadth. Compare the 
area of the square and rectangle. § 341. 

11. Find the length of the longest and shortest chord that can be 
drawn through a point 12 inches from the center of a circle whose 
radius is 20 inches. § 210, see Ex. 10. 

12. The areas of two similar triangles are 25 sq. ft. and 144 sq. ft. 
Find the ratio of their corresponding sides. § 372. 


TEST FIVE 
True-False Statements 


If a statement is always true, mark it so. If it ts not, replace each 
word in italics by a word which will make it a true statement. 


1. The area of a trapezoid is equal to the product of the line joining 
the mid-points of its non-parallel sides by its altitude. § 354. 

2. If the opposite sides of a quadrilateral are equal the figure is a 
rectangle. § 149. 

3. Two polygons may be mutually equilateral without being 
similar. § 302. 

4. Ifa triangle has sides 5in., 12 in., and 13 in., it is a right triangle. 
§ 326. 

6. If a regular polygon has n sides each interior angle is 
§ 133. 

6. The perpendicular bisector of a segment is determined by two 
points equidistant from the extremities of the segment. § 87. 

7. Fither leg of a right triangle is a mean proportional between the 
hypotenuse and one of the segments made by the altitude on tke 
hypotenuse. § 323. 


860° 
n 
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8. Equal complementary angles are each 45°. § 38. 

9. If, from a point outside a circle, a secant and a tangent are drawn, 
the tangent is a third proportional between the whole secant and the 
external segment. § 335. 

10. In an equilateral triangle the radius of the inscribed circle is 
half the radius of the circumscribed circle. § 363,- Ex, 6, 7. 

11. If two angles are inscribed in the same are they are equal. § 242. 

12. Two triangles having an angle of one equal to an angle of the 
other are to each other as the products of the sides including the equal 
angles. § 356. 


TEST SIX 
Matching Exercises 


In group B brief descriptions of the terms in group A are given. Match 
them correctly. 


A B 
I. Similar polygons § 284 1. A polygon with four sides. 
II. Trapezoid § 140 2. A fraction. 
III. Perpendicular § 26 3. Two angles whose sum is a 


straight angle. 
IV. Third proportional § 290 4. Polygons that have the same 
shape. 
V. Ratio § 285 5. A part of a circle less than’a 
semicircle. 
. Aline cutting a circle. 
. A quadrilateral with only one 
pair of parallel sides. 
VIII. Vertical angles § 45 8. An angle formed by chords 
intersecting on a circle. 


VI. Supplementary angles § 38 
VII. Quadrilateral § 131 


NI OD 


IX. Minor arc § 187 9. The last term in a proportion 
involving three terms. 
X. Secant § 211 10. Equal angles formed by inter- 
secting lines. 
XI. Proportion § 286 11. A line making right angles 
with another line. 
XII. Inscribed angle § 239 12. An equality between two 


fractions. 
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TEST SEVEN 
Numerical Exercises 


1. Two angles of a triangle are 44° and 36°, respectively. How 
large is the exterior angle at the third vertex? § 128. 

2. Chords AB and CD intersect at P and form an angle of 18°. 
If are AC is 24°, find are BD. § 246. 

3. Each interior angle of a polygon is 144°. How many sides has 
the polygon? § 133. 

4. The hypotenuse AB of right triangle ABC is 41 rd. If side AC 
is 40 rd., how long is side BC? § 326. 

5. In triangle ABC, angle A is 70°, AB is 20 ft., AC is 30 ft., and 
the area is 282 sq. ft. Find the area of triangle DEF if angle D is 70°, 
DE is 8 ft., and DF is 25 ft. § 356. 

6. Two secants intersect at point P and intercept ares AC and BD 
ona circle. If angle P is 36° and arc AC is 8°, how many degrees in 
arc BD? § 248. 

7. The median of a trapezoid is 10 in., and one of the bases is 16 in. 
How long is the other base? § 157. 

8. In parallelogram ABCD, angle B is 150°. If side BC is 48 ft., 
how long is the altitude from C' to AB? § 160. 

9. Chords AB and CD intersect at point P. If AB is 15 in., CP 
is 1 in., and PD is 36 in., how long is AP? § 333. 

10. In triangle ABC, angle C is 90° and CD is perpendicular to AB. 
If CD is 15 in., and AD is 9 in., how long is AB? § 323. 

11. The sum of the areas of two similar triangles is 169 sq. in. 
If the ratio of similitude is 5 : 12, what is the area of the larger triangle? 
§ 372. 

12. Chord BC is 12 in. and the perpendicular C’D drawn to diameter 
AB is V108 in. What is the diameter of the circle? 





GEOMETRY IN LANDSCAPING 


The famous Zocalo Gardens in Mexico City show an unusual use of 
geometric design. 


UNIT EIGHT 
REGULAR POLYGONS 


377. In this unit you will make a study of regular poly- 
gons and of their relation to the circle. You will recall that 
a regular polygon is a polygon whose sides are all equal and 
whose angles are all equal. Thus an equilateral triangle is 
a regular polygon and so also is a square. Why is a 
rhombus not a regular polygon? The following exercises 
will review what you have learned about regular polygons. 


EXERCISES 


1. How many degrees are there in each angle of a regular pentagon? 
Hexagon? Octagon? (See § 133.) 

2. How many degrees in each exterior angle of a regular polygon, 
if each interior angle is 120°? 108°? 135°? 

3. How many sides has a regular polygon if each interior angle is 
168°? 160°? 179°? 

4. Make a table giving (a) the sum of the interior angles; (6) 
each interior angle; (c) each exterior angle; (d) the sum of the 
exterior angles; for regular polygons of 6, 8, 10, 12, 15, and 20 sides. 

5. How is a central angle measured? An inscribed angle? The 
angle made by a tangent and a chord? An angle made by two tan- 
gents? By a tangent and a secant? By two secants? 

6. When is a polygon inscribed in a cirele? Circumscribed about 
a circle? 

7. Do you think that a circle can be circumscribed about any 
polygon? 

8. Tell how to inscribe a circle in an equilateral triangle. 

9. Tell how to circumscribe a circle about an equilateral triangle. 
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10. If the side of an equilateral triangle is a, what is its altitude? 
What is the radius of the inscribed circle? Of the circumscribed circle? 


11. Two perpendicular diameters are drawn in a circle. Prove that 
the figure formed by connecting their ends is a square. 

12. Can you prove that a chord equal in length to a radius has a 
central angle of 60°, and hence is a side of a hexagon inscribed in a 
circle? 

13. What must be proved to show that the hexagon in Ex. 12 isa 
regular hexagon? 


ConsTRUCTION XXIII 


378. To inscribe a square in a given circle. 
Given: Circle 0. i 
Required: Inscribe a square in circle O. 


Write out the construction and proof. (See 
Ex. 11.) 


WY 


CoNSTRUCTION XXIV 
379. To inscribe a regular hexagon in a given circle. 


Given: Circle O. C——B8 

Required: Inscribe a regular hexagon in 
circle O. 

Write the construction and proof in full. 
(See Ex. 12 and 13.) a= 





EXERCISES 
1. If the side of a regular hexagon inscribed in a circle is a, what is 
the radius of the circumscribed circle? 
2. If the side of a regular hexagon is a, what is its area? 


Hint. — There are six equilateral triangles. The area of each is V3. 
3. Prove that, if all the diagonals are drawn from any vertex of a 


regular hexagon inscribed in a circle, they divide the angle at that 
vertex into equal parts. 
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4. If Ris the radius of the circle, prove that the side of an inscribed 
square is R 1/2. 


5. If R is the radius of the circle, prove that the area of the in- 
scribed square is 2 R?. 


6. Prove that the point of intersection of the diagonals of a square 
is equidistant from the sides of the square. 


7. From the result of Ex. 6, show how to inscribe a circle in a square. 


8. How can you inscribe a circle in the regular hexagon constructed 
m § 379? 





Desicn ror Meta. CEILING 


380. A circle divided into equal arcs. In § 378 we have 
found that if a circle is divided into D 
four equal parts and the points of divi- 
sion are connected, the resulting figure £ Cc 
is a regular polygon. In § 379 we found 
the same result true when the circle is 
divided into six equal arcs. A B 


If a circle is divided into any number (more than two) of 
equal arcs, can you prove that the figure formed by connecting 
the points of division is a regular polygon? What must be 
proved to show that a figure is a regular polygon? 
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Proposition 1. THEOREM 


381. If a circle is divided into equal arcs, the chords 
of these arcs form a regular inscribed polygon. 


Given: Circle O divided into equal ares at A, B, C, D, 
and E. 


To prove: ABCDE isa regular polygon. 





Plan: Mentally: ‘‘To prove that ABCDE is a regular 
polygon I must prove that it is equilateral and equiangular.” 


Proof: 





STATEMENTS REASONS 
1. AB = BC =CD = DE = EA. 1. Why? 
2, AB= BC =CD= DE = EA. 2. Why? 
3. ZA has the same measure as } arc | 3. Why? 


BCDE. 
ZBhas the same measure as... 


Complete the proof in full. 


382. CoroLttary 1. An equilateral polygon inscribed 
in a circle 1s a regular polygon. 


383. CoroLuary 2. If lines are drawn from the mid- 
point of each arc determined by a side of a regular inscribed 
polygon to its extremities, a regular inscribed polygon of 
double the number of sides ts formed. 
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384. CoroLuaRy 3. Regular inscribed polygons of 4, 
8, 16, 32, etc., sides can be constructed. (§ 378.) 


385. CoroLuary 4. Regular inscribed polygons of 6, 
12, 24, 48, etc., sides can be constructed; and, by joining 
the alternate vertices of an inscribed hexagon, an inscribed 
equilateral triangle is formed. (§ 379.) 


EXERCISES 
1. Draw a circle with radius 2 in. and in it inscribe a regular octagon. 


2. Prove that the perimeter of the octagon constructed in Ex. 1 is 
greater than the perimeter of the square inscribed in the same circle. 


3. Draw a circle and in it inscribe an equilateral triangle. 


4. Draw a circle with radius 2 in. and in it inscribe a regular polygon 
with 12 sides. 

5. In the construction of Ex. 4 connect every fifth vertex, beginning 
with any one, and thus form a 12-pointed star. What is the sum of 
the angles in the points of the star? 

6. Divide a circle into eight equal parts and form an eight-pointed 
star by joining every third point of division. Find the sum of the 
angles in the points of the star. 


*7, Prove that the perimeter of a regular inscribed polygon is less 
than that of an inscribed polygon with twice as many sides. 


386. Tangents at the points dividing a circle into equal 
arcs form a regular polygon. 

What is the measure of 4 P,Q, R, S, and 
T? Why then are they equal? 

What kind of triangles are formed by con- 
necting the points A, B,C, D, and E? See 
if you can prove that they are congruent. 

Can you give the proof in full that PQRST 
is a regular polygon? 





402 REGULAR POLYGONS 
PROPOSITION 2. THEOREM 
387. If a circle is divided into equal arcs, the tangents 


at the points of division form a regular circumscribed poly- 
gon. 


Given: Circle O divided into equal ares at A, B, C, D, 
and E; tangents PQ, QR, etc., at A, B, ete. 


To prove: PQRST is a regular polygon. 





Plan: Prove PQRST equiangular and equilateral. 
Proof: 


STATEMENTS REASONS 
1. Connect points A, B, C, D, E.| 4. whys 
A APE, BQA, etc., are isosceles. 
2. AP,Q, R, etc., are equal. 2. Prove in full (§ 248). 
3. AAPE, BQA, etc., are congruent. 3. Prove. 
4. AQ =QB = BR = ete. 4, Prove. 
5. PQ =QR = RS = ete. 5. Why? 


Write the proof in full. 


388. CoroLuary. If tangents are drawn at the mid- 
points of the arcs of adjacent points of contact of the sides of 
a regular circumscribed polygon, a regular circumscribed 
polygon of double the number of sides is formed. 
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EXERCISES 


1. In a regular hexagon ABCDEF inscribed Cc B 
in a circle prove that Z DCA = Z AED. 

2. In the hexagon of Ex. 1, two sides AB and 
EF, when produced intersect at P. Prove that 
PAX PB= PF X PE. 


Hint. — See § 336. E F 


3. In the hexagon of Ex. 1 prove that diagonals AD, BE, and CF 
are diameters. 

4, A square having a side of 2 in. is inscribed in a circle. What is 
the radius of the circle? 

5. If a square is inscribed in a circle, its diagonal is a diameter of 
the circle. 

6. The area of a square constructed on a diameter of a circle is 
equal to twice the area of the square inscribed in the circle. 


7. Prove that the perimeter of any regular circumscribed polygon 
is greater than that of a regular circumscribed polygon of twice as 
many sides. 

8. Construct a square whose diagonal is 3 in. (See § 378.) 

9. Circumscribe a regular octagon about a circle of 2 in. radius. 

10. Prove that the perimeter of the octagon in Ex. 9 is less than the 
perimeter of the square circumscribed about the same circle. 
*11. Find the side of the regular octagon inscribed in a circle of 
radius 2 in. 


389. Circumscribing a circle about a regular polygon. 
You know that a circle can always be drawn D 
through any three points A, B, and C not in 
a straight line. How do you find the center O 
of this circle (§ 184)? y) 
If the circle also passes through point D, how 
will OD compare with OA, OB, and OC? 
If OA, OB, OC, and OD are drawn, what kina of triangles are 
AOB and BOC? See if you can prove that the circle passes 
through D by showing that AAOB ~ ACOD. 


Cc 


A—B 
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PrRopos!ITIon 3. THEOREM 





390. A circle can be circumscribed about any reguiar 
polygon. 





Given: Regular polygon ABCD... 


To prove: A circle may be circumscribed about 
ABCD... 


Plan: Think: “I can construct a. © through the three 
points A, B, and C (§ 184). Then if I can prove that OA = 
OD, I will know the © passes through D.” 


Proof: 


STATEMENTS REASONS 
1. A © can be drawn through A, B, and | 1. § 184. 
C. Let its center be O. Draw 
OA, OB, OC, and OD. 


2. ZABC = ZBCD,AB =CD. 2. § 135. 
3. SinceOB = OC, Z1 = 22. 3. § 69. 
Ao. Lacs 24, 4. Ax. 3. 
5. AABO = ACOD. 5. §64. 

6. OA = OD. 6. § 58. 

7. Hence a © with O as center and OA | 7. Post. 13. 


as radius will pass through D. It 
can be shown that the © will pass 
through the other vertices. 
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Proposition 4. THEOREM 







391. A circle can be inscribed in any regular polygon. 





Given: Regular polygon ABCDEP. 
To prove: A circle can be inscribed in A BCDEFP. 





Plan: “If a circle were circumscribed about the polygon, 
the sides of the polygon would be equal chords in the circle.” 
See if you can complete the proof. Recall § 203. 


Proof: For you to write out. 


EXERCISES 
1. If the radius of a circle inscribed in an equilateral triangle is 3 
in., what is the altitude of the triangle? 


2. If the radius of a circle circumscribed about an equilateral tri- 
angle is 15 in., what is the altitude of the triangle? 


8. The side s of an equilateral triangle in terms of its altitude is 
$= * 3, and the area A is A = 7 V3. Find the side of an equi- 
lateral triangle if the radius of the inscribed circle is 3 in. Find the 
area, 

4. Find the side and area of an equilateral] triangle, if the radius of 
the circumscribed circle is 15 in. 

*6. Find the side of a regular hexagon if the radius of the inscribed 
circle is 12 in. 
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392. The apothem of a regular polygon is the radius of 
the inscribed circle, and the radius of a regular polygon is 
the radius of the circumscribed circle. 

The common center of the circles is called the center, 
and the central angle whose chord is a side of the regular 
polygon is called the central angle. 


Theorem. Lach central angle of a regular polygon of n 


sideite Oe 





393. Angles of a regular polygon. You know that the 
sum of the angles of a polygon having n sides is (n — 2) 
straight angles. Hence, 


Theorem. Lach angle of a regular polygon of n sides is 


straight angles. 





394. Perimeter of a regular polygon. Since the sides of 
a regular polygon are equal, if each side is s, and there are 
n sides, 


Theorem. The perimeter of a regular polygon 1s ns. 


EXERCISES 


1. How large is the central angle of an equilateral triangle? Of a 
square? Of a regular polygon with 12 sides? 

2. If the altitude of an equilateral triangle is 12 in. find its radius 
and apothem. 

3. If the side of a square is 20 in., find its radius. 


4. If the side of an equilateral triangle is 6 in., find its radius and 
apothem. 
5. If the radius of a circle is 4 in., find the area of an inscribed equi- 
lateral triangle. (See Ex. 3, § 391.) 
*6, If the area of an equilateral triangle is 12+/3 sq. in., find its 
radius. 


ts 


3 
4 
5. 
6 
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ProposiT1ion 5. THEOREM 


395. The area of a regular polygon is equal to half the 
product of its apothem by its perimeter. 


Given: s the side, p the perimeter, r the apothem, 
and O the center of regular polygon ABC... having 
n sides. 

Toprove: ABC.... = 3rp. 





Plan: Draw radii and find the areas of the A thus formed. 
Proof: 


STATEMENTS REASONS 
Draw OA, OB, OC ... thus forming | 1. The polygon has n 
n A. sides. 
The altitude of each triangle is r and | 2. Why? 
its side s. 
. Thearea ofeach A = irs. 3. § 348. 
. Theareaofn A = 3rns. 4. Ax. 4. 
But ns = p. 5. § 394. 
. » ABC... = 5 rp. 6. Ax. 7. 


Ex. 1. The radius of a circle is 6 in. Find the area of the regular 


hexagon inscribed in the circle. 


Hint. — See Ex. 2, § 379. 
Ex. 2. What is the area of a square circumscribed about a circle 


whose radius is 10 in.? 
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EXERCISES 


1. Compare the central angle of an equilateral triangle with an 
exterior angle at any vertex. Dothesameforasquare. Fora regular 
pentagon. For a regular hexagon. 

2. The apothem of an equilateral triangle is 10 in. What is its 
radius? 

3. Aside of an equilateral triangle inscribed in a circle is 3in. Find 
the side of the equilateral triangle circumscribed about the same circle. 

4, Find the ratio of the areas of the triangles in Ex. 3. 

_ 6. The radius of a circle is 2 in. Show that the area of the regular 
circumscribed hexagon is 13.867 sq. in. 


6. Prove that the central angle of a regular polygon is the supple- 
ment of an angle of the polygon. 

7. Prove that the apothem of an equilateral triangle is one half the 
radius. 

8. Prove that the side of the equilateral triangle circumscribed 
about a circle is twice the side of the equilateral triangle inscribed in 
the circle. 

9. The radius and apothem of an equilateral triangle inscribed in a 
circle are one-half the radius and apothem of the circumscribed triangle. 

*10. An equilateral polygon circumscribed about a circle is regular 
if it has an odd number of sides. 


396. Regular polygons with o£ 


D E’__D’ 
the same number of sides are 
similar. Can you prove it? F c F c’ 
What two things must be proved , 
A B A B 


to show that the polygons are 
similar? 
How large is each angle of a regular polygon having n sides 
(§ 393)? 
Why is AB AB BC CD 


A’B’ = BC _ C’D’ ete.? 
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Proposition 6. THEOREM 


397. Regular polygons of the same number of sides are 
sunilar. 


Given: Regular polygons AD and A’D’, each having 
n sides. 


Toprove: AD ~ A’D’. 





Plan: Prove that the angles are equal and the sides pro- 





portional. 

Proof: 

STATEMENTS REASONS 
1. Each of AD and A’D’ = "— 2 +t. 4. | 1. $393. 
2. Hence ZA = ZA’, ZB = ZB’, ete. | 2. Az. t. 
3. AB = BC = CD, etc., and A’B’ = | 3. §135. 
B'C’ = C’D’, ete. 
AB BC CD 

4. Hence AB’ BC CD’ = etc. 4. Az. 5. 
5. «. ADw A’D’. 5. § 302. 


Ex. 1. A regular polygon is circumscribed about a circle O. Two 


adjacent sides are tangent to the circle at points P and Q, respectively. 
Compare the angle at any vertex with the angle POQ if the regular 
polygon is a triangle; a hexagon; an octagon. 


Ex. 2. Find the side of a regular polygon of 12 sides inscribed in a 


circle whose radius is 2 in. 


410 REGULAR POLYGONS 


EXERCISES 


1. The perimeters of two regular polygons having the same number 
of sides are 24 ft. and 30 ft., respectively. A side of the smaller is 3 ft. 
What is the side of the other? 


2. Prove that if all the diagonals are drawn from any vertex of a 
regular polygon, they will divide the angle at that vertex into equal 
parts. 

3. Prove that the apothem of a regular polygon bisects any side to 
which it is drawn. 

4. If tangents are drawn at the mid-points of the arcs 
formed by the sides of a regular inscribed polygon, they 
form a regular circumscribed polygon of the same num- 
ber of sides. 


5. In Ex. 4, prove that the sides of the inscribed and circumscribed 
polygons are parallel. . 

6. Tangents at the vertices of a regular inscribed polygon form a 
regular circumscribed polygon. 





Cc 
7. The diagonals AC, BD, CE, etc. of a regular 
hexagon form another regular hexagon. A D 
SuccEstion. — Show that a circle can be inscribed in 7 
the smaller hexagon. F E 


*§, In Ex. 4, the vertices of the circumscribed polygon lie on the radii 
produced of the inscribed polygon. (Recall postulate 10.) 

*9, If the area of an equilateral triangle is 108 /3 sq. in., find its 
apothem. 


398. Equal ratios in similar regular polygons. If regular 
polygons P and P’ have the same number of sides, we, know 
they are similar. Can you prove 
that their perimeters have the same P 


ratio as their radii and also as their 
apothems? 

Whe is AoAB~ Aovaer YUN, MANE 
(§ 312)? 


Then how do the equal ratios follow (§ 306)? 
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Proposition 7. THEOREM 


—_— 


399. The perimeters of two regular polygons of the same 
number of sides have the same ratio as their radi, or as 
their apothems. 





Given: Regular polygons ABC ...and A’B’C’ ..., 
each of n sides, with centers O and O’, perimeters p and 
p’, radii R and FR’, and apothems r and 7’. 


To prove: © = ae ae 





Plan: Prove that A AOB and A’O’B’ are similar. 
Proof: 








STATEMENTS REASONS 
1. Draw radiito A, B, A’, B’. 1. Why? 
OA = OBandO’A’ = O'B’. 

2. ZAOB = ZA'O'B’. 2. § 392. 

OA OB 
3. OA’ = 6’B" 3. Az. 5. 
4. AAOB ~ AA’O'B’. 4, §312. 

Complete the proof. 


400. Coro.tiary. The areas of two regular polygons 
of the same number of sides have the same ratio as the squares 
of their radi or as the squares of their apothems. 
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EXERCISES 


1. Find the ratio of the perimeters and the ratio of the areas of two 
regular hexagons if their sides are 2 in. and 6 in. 

2. Squares are inscribed in two circles of radii 2 in. and 8 in., re- 
spectively. Find the ratio of the perimeters of the squares and also 
of their areas. 

3. Two regular pentagons have corresponding sides 3 in. and 9 in. 
What is the ratio of their radii? Of their perimeters? Of their areas? 

4. What is the ratio of the perimeters of two regular octagons whose 
areas are 144 sq. in. and 324 sq. in.? 

5. The perimeters of a square and. of a regular octagon inscribed 
in a circle whose radius is 1 in. are 5.66~ in. and 6.12+ in., respectively. 
Find to the nearest unit the perimeter of the square and of the regular 
octagon inscribed in a circle whose radius is 5 in. 

6. The area of a regular hexagon inscribed in a circle whose radius 
is 5 in. is 64.95+ sq. in. Find to one decimal place the area of a 
regular hexagon inscribed in a circle whose radius is | in. 

7%. Two regular hexagons have sides 43 in. and 63 in. Find the 
ratio of their perimeters and areas. 


8. What is the ratio of the perimeters of the inscribed and circum- 
scribed equilateral triangles of a circle? (See Ex. 8, § 395.) What is 
the ratio of their areas? 

9. Prove that the area of an inscribed square of a circle is equal to 
half the area of the circumscribed square. 

10. The area of a regular inscribed hexagon is three-fourths the 
area of a regular circumscribed hexagon of the same circle. 

11. The diagonals of a regular pentagon are 
equal. 

12. If two diagonals of a regular pentagon in- £ 
tersect, the greatest segment of each is equal toa ! 
side of the pentagon. 

Hint. — Prove Z1 = 22. 


*13. One side of a regular octagon is 8 in. Find its apothem and 
area. 
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401. A. The problem of the golden section. That 
rectangle is most pleasing to the eye whose 
base and altitude are so related that their | 
ratio is approximately 5:8. Such a rect- e 
angle has the ratio of its half perimeter to 
its length the same as the ratio of its length to its width. 
If the segment AB is divided at C so that — = - 
it is said to be divided in extreme and mean ratio. This 
division of a segment greatly interested - 
the Greeks, who thought it the most ,——¢G——3 
artistic division of a segment and called 
it the golden section. They also spoke of the proportion 


as the divine proportion. 
Two methods of construction were given by Euclid, one 


thought to be his own, and the one used in this book due 
to Pythagoras. 


U 


EXERCISES A 


1. If the base of a rectangle is 10 and its altitude is A, so that 
10+h_ 10 
=—, fi . 
10 h? nd h 
SoLution. — (1) 10h + h? = 100. Clearing of fractions. 
(2) h? + 10h + 25 = 125. Completing the square. 
(3) h+5 = 11.18, orh = 6.18. 
2. Is the ratio of the altitude to the base in Fx. 1 nearer to 3 or to 3? 
3. If the altitude of a rectangle is 16 in., what must its base be to 
have the pleasing proportions given in § 401? 
4. If AB in § 401 is 10, find J and w. 
Hint. — Let w = 10 — 1. 


5. A segment a inches long is divided in extreme and mean ratio. 


Show that the segments are 5 (3 — Y5) and 5 (/5— 1). 





414 REGULAR POLYGONS 


CONSTRUCTION XXV 
402. To divide a segment in extreme and mean ratio. 
Given: Segment AB. 
Required: Divide AB in extreme 
and mean ratio. Cc 
Construction: Construct a Ll to AB << 
at B and on it take BO=3 AB. eed 
Construct a circle with O as a center £ 
and BO as radius and let AO intersect the circle at C and D. 


On AB take AP = AC. Then P is the required point of 
division. 


Proof: 
STATEMENTS REASONS 

1. ABistangent to © O. 1. Why? 
>, AD _ AB. 

-AB ACG 2. Why? 

AD-—-AB AB—AC 

3. = wae —AC 3. Why? 
4. CD = ABand AC = AP. 4. Why? 
Spe Ab i PB Ae ae 

; ence 7B = Ap °? AP PB 5. Why? 

EXERCISES A‘ 


1. If the length and width of a picture are obtained by dividing the 
semiperimeter in extreme and mean ratio, find to the nearest tenth the 
width of a picture whose length is 25 in. 

2. Use the method of § 402 to divide a segment 2 in. long in extreme 
and mean ratio. 

3. Show that the parts of a segment 15 in. long divided in extreme 
and mean ratio are 9.27 in. and 5.73 in. approximately. 

*4, A segment AB is divided in extreme and mean ratio. Given 
the longer part AP, construct AB. 
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Scacestion. — If the figure represents the com- 
pleted construction, 4A’ can be found by drawing 


ue , where A’B’ 


aright triangle whose leg O’B’ = 5 








is any length. 
To locate O, notice that AO’C’B' isisosceles. If a 
LC’E’ is drawn from C’, and C’F’ is taken equal to C’E’, 


Cc 
why will F’E’ be || C’B’? 
*6. Diameters AB and CD are perpendicular, and PA - 
M is the mid-point of AO. If ME = MD, prove x 
that radius OB is divided in extreme and mean 
ratio at E. 2 


Succestion. — Show that OE =5(V5 — 1) where r is the radius. 


D 
A 


Hence, by Ex. 5, § 401, 7 is divided in extreme and mean 
ratio. 






‘ A 
*6. Prove that the diagonals of a regular pentagon 
divide each other in extreme and mean ratio. 


Hint. — Prove that AABC ~ ABPC. 


*7, If tangent PA is drawn from any point P 
to a circle and divided at Bin extreme and mean 
ratio so that BA is the greater segment, and if 
PC = BA, prove that CD’ = PC X PD. 





ET asscens anne ori PE 
Jay HamMBRIDGE: The Greek Vase 
A Grecian Vase 
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CONSTRUCTION XXVI 


403. A. To inscribe a regular decagon in a circle. 

Given: Circle O. 

Required: Inscribe a regular 
decagon in © O. 

Construction: Draw OA and a 
divide it at P so that OA: FB 
OP =OP:AP. Take AB = A On PA 
OP. Then AB is the side of the required decagon. 

Proof: 


STATEMENTS REASONS 
1. Draw PB and OB. Since 1. Construction. 
OA :OP = OP:AP 
2. OA: AB = AB: AP. 2. Why? 
3. Hence, since ZA = ZA, AOABW~ | 3. $312. 
APAB. 
4. .. APAB is isosceles. 4. Why? 
5. .. AB = PB = OP. 5. Why? 
6. ZAPB = 220. 6. § 128. 
7. ZA =22Z0. 7. Why? 
8. ZOBA = 220. 8. Why? 
9. Z0+ ZA+ ZOBA = 180°. 9. § 123. 
10. 5Z0O = 180°. 10. Why? 
11. ZO = 36°. 11. Az. 5. 
12. ZOisone tenth of 360°. i2. Why? 
13. AB is one tenth of the QO. 13. Why? 
14. .. AB is a side of a regular in- | 14. Why? 
scribed decagon. 


404. A. Corotuary 1. Regular polygons of 5, 10, 
20, 40, 80, etc., sides may be inscribed in a circle. 


Norse. — If the alternate vertices of a decagon are joined, a pentagon is 
formed; if the arcs are bisected and chords drawn, a 20-sided polygon; etc. 
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THE DIVINE PROPORTION IN PLANTS! 
The way the seeds are arranged in a sunflower, and 
the order of arrangement of the leaves on the stem of a 
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plant, follow a very definite law represented by one of 
the fractions in the series, 4, 4, ?, 2, 73, sy, 3}, ete. It 
is interesting to notice that these fractions represent 
successive approximations to the length of the shorter 
segment of a line 1 in. 
long divided in extreme 
and mean ratio; that is, 
the value of 3 (3 — V5) 
as found in Ex. 5, § 401. 
Look up the Phyllotactic 
law in the encyclopedia. 

This illustration 
shows how the points of 
interest in a painting, drawing, or photograph are located 
by the intersections of the diagonals with perpendiculars 
drawn from the vertices. Notice some paintings and see 
if they seem to follow this law. 





1See The Art of Composition, by MIcHEL JACOBS. 
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EXERCISES 
(OPTIONAL) 
1. If Ris the radius of the circle, the side of an inscribed equilateral 
triangle is R/3. 
2. If r is the radius of the circle, the side of a circumscribed equi- 
lateral triangle is 2 rv/3. 
3. If ris the radius of the circle inscribed in an equilateral triangle, 
show that the area of the triangle is 3 r°-/3. 
4. If Ris the radius of the circle circumscribed about an equilateral 


2 
triangle, show that the area of the triangle is eV. 
5. If R +s the radius of the circle, the area of a regular inscribed 


hexagon is eV. 


6. The side of a regular circumscribed hexagon is a3 3, when r is 
the radius of the circle. 


*7, In the figure of § 402, if point Q is taken on BA produced so that 
AQ = AD, prove that segment A-B is divided externally in extreme 
and mean ratio so that AB : AQ = AQ :QB. 


CONSTRUCTION XXVII 


405. A. To inscribe a regular fifteen-sided polygon in a 
circle. 
Given: Circle’ with center O. 


Required: Inscribe a regular fifteen-sided 
polygon in the circle. 

Construction: Construct AB, the side of 
a regular inscribed hexagon, and AC, the a B 
side of a regular inscribed decagon. Then c 
CB is the side of the required polygon. 

Proof: 

Succestion.—What part of the circle is AB? AC? Then what part 
of the circle is BC? A fifteen-sided polygon is called a pentadecagon. 
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406. A. Corotiary. Regular polygons of 15, 30, 60, 
120, etc., sides may be inscribed in a circle. 


EXERCISES A 


. Tell how to construct an angle of 24°; of 12°. 
. Tell how to construct an angle of 6°; of 54°; of 27°. 
Tell how to construct an angle of 9°; of 3°. 
Tell how to divide a right angle into five equal parts. 
*§. Find the area of a regular pentagon whose side is 10 in. 
*6. A regular decagon is inscribed in a circle whose radius is 10 in. 
Find the length of a side of the decagon. 


Pep 


EXERCISES A 
(OPTIONAL) 


For exercises 1-8 use §§ 307-310. 


1. If the radius of the circle inscribed in an equilateral triangle is 
8 in., find the area of the triangle. 

2. If the radius of a circle is 10 in.,find the side of an equilateral 
triangle inscribed in the circle. 

3. If the radius of the circle circumscribed about an equilateral 
triangle is 10 in., find the area of the triangle. 

4. If the radius of a circle is 24 ft., find the side of an equilateral 
triangle circumscribed about the circle. 

5. The radius of a circle is 10 in. Find the side of the regular 
inscribed octagon. 

6. Find the apothem of the octagon in Ex. 5. 

7. Find the area of the octagon in Ex. 5 and 6. 

8. If the radius of a circle is 20 in., find a side of the regular in- 
scribed decagon, and also the side of a regular pentagon inscribed in 
the same circle. 


9. Prove that the perpendicular bisector of a side of a regular 
inscribed pentagon passes through a vertex. 
*10. Construct a regular decagon, having given a side. 
*11, Construct a regular pentagon, having given a side. 
*12. Construct a regular pentadecagon, having given a diagonal 
connecting two alternate vertices. 
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407. Construction of regular polygons. An interesting 
question is: What regular polygons can we construct by 
means of straightedge and compasses alone? Until the 
beginning of the last century it was thought that these 
were limited to the ones we have studied in this course. 
(§§ 378-9, 384-5, 403-6.) 

In 1801 Gauss, a German mathematician, made a study 
of this question. He found that certain polygons with n 
sides, where n was a prime number, could be constructed 
if and only if, m was of the form n = 2” + 1 (mis any 
positive integer). Thus when m = 1,n = 3; whenm = 
2,n = 5; when m = 4, n = 17; when m = 8, n = 257; 
etc. Hence polygons with 3, 5, 17, etc., sides can be 
constructed. But when m = 3, 5, 6, 7, ete, n =9, 
33, 65, 129, etc. These values of n are not prime num- 
bers. 

Of course, by bisecting the arcs formed by the sides of 
polygons which can be constructed, we can form other 
polygons with an even number of sides, and by such com- 
binations as we used in § 405 other polygons can be formed. 


MEASUREMENT OF A CIRCLE 


408. Length and area of a circle. The length of a 
circle cannot be measured as can the length of a segment 
of a straight line, because a unit of length cannot be 
laid off along a circle. 

For the same reason we cannot apply a square unit of 
measure to determine the area of the surface inclosed by 
a circle. However, these measurements can be made as 
accurately as we please, by the use of certain principles 
discussed in the following sections. 

We shall use the term circumference to mean the 
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length of a circle, und the area of the surface inclosed by 
a circle we shall call its area. 


409. Increasing the number of sides of regular poly- 
gons. We have seen that in two regular polygons with 
the same number of sides the perim- 
eters have the same ratio as the radiv. 

It is evident that the hexagon in the 

figure has a greater perimeter than 

the triangle; and that the perimeter 

of the 12-sided polygon is greater 

than that of the hexagon. Thus, as 

the number of sides of the polygon 

increases, its perimeter gets larger (but is always less 
than the circumference) and approaches as close as you 
please to the circumference of the circle. 

Also, as the number of sides increases, the apothem 
grows larger and approaches as close as you please to the 
radius of the circle. 

In a similar manner the area of the inscribed polygon 
increases as you increase the number of sides, and ap- 
proaches as close as you please to the area of the circle. 


410. Asa result of the reasoning above, we may state a 
principle which can be considered fundamental in finding 
the circumference and area of a circle. 

PosTuLaTE 19. Any theorem which has been proved true 
regarding a regular polygon, and which does not depend on the 
number of sides of the polygon, is equally true for the circle. 

411. Circumference of acircle. Hence, from § 410 and 
from § 399, we have: 

Theorem: The circumferences of two circles have the 
same ratio as their radit. (Prop. 8.) 
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412. Corotuary 1. The circumferences of two circles 
have the same ratio as their diameters. 


SuaGcEstion. — Since by § 411, in circles with circumferences ¢ and c’, 
radii r and r’, and diameters d and d’: 


413. Corotitary 2. The ratio of the circumference 
to the diameter of a circle 1s a constant: that 1s, it ts the 
same for any two circles. 


Proof: Since 5 = A (§ 412). 
ce ? 
Flr Why? 

414. The constant number r. The constant ratio of 


the circumference to the diameter of a circle is denoted 
by the Greek letter + (pi). If c is the circumference 


and d the diameter of a circle, 5 = m7. The value of x is 
3.1416-. 


= 7 


415. Formula for the circumference. Since 7 


for any circle, then c = rd, and since d = 2 7, we have 
c =2 ar. Hence the theorem: 


CoroLuary 3. The circumference of a circle is equal 
to the product of its radius by twice the constant number x 
or,c = 2 ar. 


416. Corotuary 4. The length of an arc of a circle 
in linear units has the same ratio to the circumference, 
as the number of degrees in the arc has to 360. 
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Given: Circle O, with circumference c, radius 


r, and AB containing m linear units and inter- 
cepted by ZO containing a degrees. 





To prove: —” = 4 

Prove? Oar 360 

Proof: Since two arcs have the same ratio as their central 

angles, and AB contains a arc degrees, while the circumference 

c contains 360, ae = 3a0 But AB = m linear units and c = 
a 


2ar. Hence, _ = 360° 


EXERCISES 
Use x = 8.14. 


( 4. Find the circumference of a circle whose radius is 5 ft. 
2. If the circumference of a circle is 24 ft., find its diameter. 


3. Find the radius of a circle whose circumference is equal to the 
semicircumference of a circle whose radius is 4 in. 


4. The circumference of a circle is 147 in. Find the length of an 
arc of 120°. 


5. In a circle whose radius is 8 ft. find the length of an are whose 
central angle is 36°. 


6. Archimedes proved that the value of z lies between 3} and 33°. 
Find to how many decimal places these numbers approximate the value 
of 7 (3.14159+). 


7. A water tank is cylindrical in form and 20 ft. in diameter. How 
long a piece of strap iron is required to make a band around it, allowing 
1 ft. for overlapping? 


8. How is the circumference of a circle affected if its radius is 
multiplied by 2? By 5? By }? 


9. The length of an arc of a circle is 33 in. If the arc is 54°, what 
is the radius of the circle? 
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10. If the radius of a circle is 25 in., and an arc is 60 in., how many 
degrees does the are contain? 


11. The central angle whose are is equal to the radius is used in 
mathematics as a unit of measure of angles, and is called a radian. 
Find the number of degrees in a radian. 


AREA OF A CIRCLE 


417. From the reasoning in §§ 409 and 410, and because 
the area of a regular polygon is half the product of its 
perimeter by its apothem, we have: 

Theorem: The area of a circle 1s equal to half the product 
of its circumference by its radius. (Prop. 9.) 


418. Corotuary 1. The area of a circle is equal to 
the product of the constant number x by the square of the 
radius. 


Proof: Since 


c= 2ar,andA =, then A = Alle Sie 


2 





419. A sector of a circle is that part of 
the interior of a circle bounded by two 
radii and an are. ZAOB is called the angle 
of the sector. 





420. Corotuary 2. The area of a sector has the same 
ratio to the area of the circle as the angle of the sector has to 
360°. 

421. Corotuary 3. The area of a sector is equal to the 
product of the length of rts arc by half the radius. 


422. CoroLutary 4. The areas of two circles have the 
same ratio as the squares of their radi, or as the squares 
of their diameters. 
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423. A segment of a circle is that part 
of the interior of a circle bounded by a 
é A 
chord and its are. 
The area of a segment can be found by 
subtracting from the area of the sector 
OACB the area of AOAB. 


EXERCISES 





Use w = 3.14. 
1. The radius of a circle is 4 in. Find its area. 
2. If the radius of a circle is doubled, how is its area affected? 
3. The area of a circle is 254.34 sq. in. Find its diameter. 
4. Find the area of a circular sector if its are is 30° and the radius 
of its circle is 15 in. 
5. An arc of a sector is 18 in. long. Find the area of the sector if 
the radius of the circle is 12 in. 
6. How many degrees in the angle of the sector in Ex. 5? 
4. A cow is tied at the end of a rope 100 ft. long which is fastened 
to the corner of a barn 50 ft. square. Over how great an area can the 
cow graze? 


~'8. If the diameter of a circle is d, prove that its area is }.2d?. 

9. In the papyrus that he copied, Ahmes, the Egyptian, said the 
area of a circle could be found by squaring $ of the diameter. What 
value of z is indicated in this rule? 

10. Show that a circle has the same area as a triangle whose base 
equals the circumference, and whose altitude equals 
the radius. 

11. Find the area of a segment of a circle whose B 
arc is 150° if the radius of the circle is 30 in. we 

Hint. —If BP 1 AO produced, how large is 41? 4 
Then how long is PB? 

12. The arc of a segment of a circle is 120°. Find the area of the 
segment if the radius is 15in. (See § 160.) 

13. In a circle whose radius is 5 in. a sector has an area of 25 sq. in. 
Find the area of a similar sector in a circle whose radius is 8 in. 

Nore. — Similar sectors are sectors having equal central angles. 


C 
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424. A. Problem. Given the radius of a circle and 
the side of a regular inscribed polygon, find the side of a 
regular inscribed polygon with twice as 
many sides. 


Given: Circle O, with radius r, and / 
AB the side of a regular inscribed 


polygon. 
To find: The side of a regular in- 
scribed polygon with twice as many sides. 


SucceEstions. — Let AB = s, and let AC equal the side of a regular 
polygon of twice as many sides. Draw diameter CE intersecting AB at D. 

Prove that CE is the porpendieular bisector of AB. 

In AADO, show that DO® = r? — } 8. 

Hence DO = V7? — 3383, and CD =r—VP—is8. Why ? 

Now by § 324 (b) AC? = CE X CD = 2r(r — Vans ¥s?). Explain. 

Hence, AC = V2 r(r —-Vr—-is) = V2 72 - Wie — s%, 

Write the proof in full. 


B 


425. A. Computation of am. Using the formula in 
§ 424 the approximate value of may now be computed. 

For this purpose, in a circle of radius r = 1, let regular 
polygons of 6, 12, 24, 48, etc., sides be inscribed. 

If s. is the side and p, the perimeter of the polygon of 
6 sides, and si: is the side and py» the perimeter of the 
polygon of 12 sides, etc., then ss = land p, = 6. Why? 

Then by substituting successively in the formula s, 


= V27r? — rv4r? — s,?, where se, is the side of a polygon 
of twice as many sides as s,, we find that the perimeter 
of a polygon of 768 sides is 6.283169+. If this value 
is taken as approximately equal to the circumference, 
then dividing it by the length of the diameter, 2, gives 
3.14158+. A closer approximation to x, obtained by 
taking a polygon with a greater number of sides is 3.14159. 
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The values of + used generally in computation are 3.1416, 
3.142, 3.14, or 22, depending upon the accuracy of the 
result required. 

Nots. — The exact value of 7 can be computed correct to as many 
places as we wish. Its value to 25 decimal places is 3.141592653589793238- 
4626433. The value has been computed to 707 decimal places. 

The ratio + has a long and interesting history. The 
ancient Babylonians and Hebrews thought that « = 3, 
as shown by the Bible. (See 1 Kings vii, 23, and 2 
Chronicles iv, 2.) Ahmes, the Egyptian, about 1700 B.c., 
used a value of « equivalent in modern notation to 3.1604. 
Archimedes, a Greek mathematician (225 B.c.), by em- 
ploying inscribed and circumscribed regular polygons, 
proved that the value of z is between 31 and 31%. Aryab- 
hatta, a Hindu born 476 a.p., showed that + = 3.1416. 
Other approximations for 7 have been used by different 
people in the past. 

The attempt to compute the exact value of was 
connected with the famous impossible problem with 
which mathematicians struggled for centuries, dating 
from the time of the ancient Greeks, namely, to con- 
struct with straightedge and compasses alone a square 
whose area should equal that of a given circle, or to 
* square a circle.”’ 


426. Summary of the Work of Unit Eight. 
In this unit you have learned about: 


I. Regular polygons. 

1. If a circle 1s divided into equal arcs the chords of 
the arcs form a regular inscribed polygon and the 
tangents at the points of dimsion form a regular 
circumscribed polygon. 
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II. 


III. 


2. 


3. 
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A circle can be circumscribed about or inscribed 
an any regular polygon. 

Regular polygons of the same number of sides are 
similar; their perimeters have the same ratio as 
ther radi or as their apothems; their areas 
have the same ratio as the squares of their radit 
or as the squares of their apothems. 

Regular polygons of 3,6, 12, 24, ...., of 4, 8, 16, 
Boy etic , of 5,10, 20, 40, ....... , of 15, 30, 
GO FEO. ait eee ue , sides can be inscribed in a 
circle. 


Constructions. 


OR ee 


To inscribe a square in a given circle. 

To inscribe a regular hexagon in a given circle. 
To divide a segment in extreme and mean ratio. 
A. To inscribe a regular decagon in a circle. 

A. To inscribe a regular fifteen-sided polygon 
ina circle. 


Measurement of a circle. 


ee be 


Circumference of a circle: C = 2 xr or ad. 

L= angle of arc 
360 

Area of acircle: A = xr? or | xd’. 

angle of sector 

360 xX ar, 


Length of arc of a circle: X2ar. 


Area of asector: A = 


REVIEW OF UNIT EIGHT 


See if you can answer the questions in the following exercises. If you 
are in doubt look up the section to which reference 1s made. Then study 
that section before taking the test. The references given are those most 
closely related to the exercise. 
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1. What is a regular polygon? § 377. 

2. Are two regular polygons always similar? § 397. 

3. Is an inscribed equilateral polygon always a regular polygon? 
§ 382. 

4. What is the center of a regular polygon? § 392. 

5. Define apothem and radius of a regular polygon. § 392. 

6. How large is each central angle of a regular polygon of 5 sides? 
Of 6sides? Ofnsides? § 392. 

7. If a regular polygon has n sides, is one of its angles equal 





8. How can you find the number of sides of a regular polygon 
if you are given a central angle? An exterior angle? An interior 
angle? §§ 392, 393. 

g. What are the names of regular polygons of 3, 4, 5, 6, and 8 
sides, respectively? § 131. 

10. Two regular polygons have the same number of sides. If 
a side of one is S and of the other is s, what is the ratio of their perime- 
ters? Of their radii? Of their apothems? Of their areas? §§ 399, 
400. 

11. The side of a regular inscribed hexagon is r, and the side of a 
regular circumscribed hexagon is 2 rV3. What is the ratio of their 
areas? § 400. 

12. In Ex. 11 what is the ratio of the apothems? § 400. 

13. Two circles have diameters D and d. What is the ratio of 
their radii? Of their circumferences? Of their areas? §§ 412, 422 

14. How many pipes 3 in. in diameter are needed to replace a 1-in. 
pipe? § 418. 

15. Is the side of an inscribed equilateral triangle half the side of the 
circumscribed triangle? § 395, Ex. 8. 

16. Two circles are concentric. If the radius of the larger is R, and 
of the smaller r, what is the area of the circular ring? § 418. 

17. How can you find the area of a regular polygon? § 395. 

18. How can you find the area of a circle if you know the cir- 
cumference? § 418. 

19. How can you find the circumference of a circle if you know the 
area? § 418. 

20. Give two methods for finding the area of a sector. §§ 420, 421. 
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21. How can the area of a segment of a circle be found? § 423. 

22. Can the area of a segment of a circle always be found? § 423. 

23. One circle has an area nine times that of another circle. How 
do their radii compare? § 422. 

24. Can you find the length of an arc of a circle if you are given 
its central angle and its radius? § 416. 

25. If, in two unequal circles, equal central angles are taken, what is 
the ratio of the intercepted arcs? §§ 411, 416. 

26. If, in two equal circles, unequal central angles are taken, what is 
the ratio of their intercepted arcs? § 416. 

27. In a circle a central angle O intercepts a certain chord AB. 
Will a central angle twice as large as ZO have a chord twice as large 
as AB? 

28. Will 100 feet of fence inclose a greater area in the form of an 
equilateral triangle, a square, or a circle? §§ 341, 363, Ex. 5, 418. 

29. As you increase the number of sides of a regular inscribed 
polygon, how does the apothem change? The perimeter? The area? 
§ 409. 

30. As you increase the number of sides of a regular circumscribed 
polygon, tell how each of the parts of the polygon changes. § 409. 

$1. What regular polygons can you inscribe ina circle? § 407. 

32. How can you inscribe in a circle a regular polygon of eight 
sides? Of twelve sides? §§ 378, 379, 383. 

*33. Is the ratio of the areas of two similar sectors (sectors having 
equal central angles) the same as the ratio of the squares of their radii? 

*34,. Is the ratio of the areas of two similar sectors the same as the 
ratio of the squares of the lengths of their arcs? 


NUMERICAL EXERCISES 
1. Find the area of a sector of a circle with central angle 40° and 
radius 12 in. 
2. How long is the tire of a carriage wheel that is 4 ft. in diameter? 
3. How many revolutions per mile does a 28-in. bicycle wheel 
make? 


4, The earth is nearly 8000 miles in diameter. What is the approx- 
imate length of the equator? 
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6 A circular running track is one mile long. If two athletes 
run, one | ft. from the pole (inner curb) and the other 6 ft. from it, 
how much farther does the second man run? 


6. How much farther does the second man in Ex. 5 run if the 
running track consists of two parallel straightaways each a quarter 
of a mile long, and two semicircular ends each a quarter of a mile 
long at the inner curb? 

7. The boiler of an engine has 96 flues, each 3 in. in diameter, 
which conduct the hot air from the furnace through the water to heat 
it. If the rule requires that the smokestack shall have the same 
capacity (cross-sectional area) as all of the flues which empty the 
smoke into it, what must be the diameter of the smokestack? 


8. Find the area of the regular hexagon inscribed in a circle whose 
radius is 36 in. 


9. Find the area of a square inscribed in a circle with radius 12 in. 

10. Find the area of the square circumscribed about the circle in 
Ex. 9. 

11. Find the area of the regular hexagon circumscribed about the 
circle in Ex. 8. 

12. An isosceles triangle has its vertex at the center of a circle and 
two of its sides are radii. If the radius of the circle is 5 in., what is 
the area of the triangle: 

If the central angle is 150°? 

If the central angle is 120°? 

If the central angle is 90°? 

If the central angle is 60°? 

If the central angle is 135°? 

If the central angle is 45°? (See Fx. 11, § 423.) 


13. Find the areas of the segments formed in Ix. 12. 

14. Find the area of a segment of a circle whose arc is 60°, the radius 
being 3 ft. 

15. A horizontal oil tank § ft. in diameter is filled with oil to a depth 
of 2ft. Find the area of a segment formed by a vertical cross section 
of the oil. 


ye Aone 
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16. A trefoil is constructed, as in the figure, by 
drawing arcs of circles with centers at the vertices 
of an equilateral triangle and radii equal to one half 
of the side of the triangle. If the side of the triangle 
is 12 in., find the area of the trefoil, that is, of 
the entire surface inclosed by the three arcs. Find 
its perimeter. 

17. The quatrefoil shown in the figure is formed QW 
by the arcs of four semicircles drawn with the sides . < 
of a square as diameters. Find the area and perim- (I 
eter of the quatrefoil if the side of the square is 4 in. 

18. The perimeter of a church window is formed by three equal 
semicircles drawn on the sides of an equilateral triangle as diameters. 
If the sides of the triangle are 4 ft. long, find the area of the window 
and the length of its perimeter. 

19. Consider the earth a perfect sphere, and a circular hoop made 
whose circumference is 6 ft. longer than the equator of the earth. If 
this hoop were placed around the equator with its center at the center 
of the earth, what would be the width of the ring between them? 

20. With each vertex of an equilateral triangle as a center and with 
a radius equal to half of a side, an arc is drawn within the triangle, 
terminating in the sides. If the side of the triangle is 6 in., find to two 
decimal places the area and perimeter of the surface inclosed by the 
three arcs. 

CONSTRUCTIONS 


Tell how to inscribe the following regular polygons in a circle: 
1. Equilateral triangle 3. Hexagon 
2. Square 4. Octagon 
Tell how to construct: 
6. A straight line tangent to a given circle at a given point on the 
circle. 
6. A straight line tangent to a given circle and passing through 
a given external point. 


Tell how to circumscribe the following regular polygons about a circle: 
7. Yquilateral triangle 9. Hexagon 
8. Square 10. Octagon 
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11. The top of a taboret is to be made in the form of a regular 
octagon whose longest diagonal is 12 in. Construct a design of it 
to the scale of 3 in. to an inch. 

12. Construct a paper pattern for a doily like the 
adjoining figure, making the width from A to B 
12 in. 

13-15. Study the following ornamental designs and 
explain how they are made. Construct designs, similar to these, 
making the drawings several times as large. 


© & 


16-18. Copy the arches shown below. Fig. 1 is a Persian arch, 
Fig. 2 a Gothic window, and Fig. 3 a lancet arch. 











19. Divide a given circle into three equal parts by drawing concentric 
circles. ; 


Cc 
SuacEstion. — Trisect the radius at Mand N. Draw {do ) 


a semicircle on OA as diameter. Erect perpendiculars 4{W 
MB and NC, meeting the semicircle at B and C. With 
centers O and radii OB and OC, draw circles. 


20. The rosette shown is formed by ares of tangent and 
intersecting circles. See if you can make a similar rosette. 
Make the diameter of the largest circle 3 in. 
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21. The adjoining figure is of 
a steel ceiling panel. The four 
tangent arcs are drawn with cen- 
ters on the sides of the square. 
Construct a similar design three 
inches square. 





ANa.ysis. — Since the ares are 
to be tangent to each other, they must be tangent to what lines? Since 
each arc is to be tangent to both diagonals, its center must be on what line? 


22. Construct within a given square four equal circles each tangent 
to two others and to two sides of the square. 


23. In a given circle construct three equal circles, each tangent to 
the other two and to the given circle. 


24. This tracery window contains three equal 
circles within an equilateral triangle, each circle 
being tangent to the other two circles and to 
the two sides of the triangle. Construct three 
such circles within a given triangle. 


Suacestion. — Since the circles are tangent to 
each other, they must have a common tangent line 
at each point of contact. 





25. The construction of a trefoil, formed by the 
arcs of three equal circles in a given circle as shown hi 
in the figure, is encountered frequently in architectural } 
designs. Explain the construetion, and draw a trefoil in Ne 
a given circle. 

Suacestion. — Use_a circle at least 3'in. in diameter. Proceed as in 
Ex. 23. 

*26. A line segment approximately equal to the circumference 
of a given circle may be constructed as follows: 


Draw diameter CD. Construct ZAOD = 30°. Draw AB L CD. 


Draw CE tangent at C and equal D 
to3CD. Draw BE. Then BE = 


x 

the circumference, approximately. 

Determine the accuracy of this ‘in 
construction. 7 E 
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*27. Mathematicians long attempted to construct a line segment 
equal in length to the circumference of a A 
given circle. The following is an approxi- 
mate construction: 


Draw the diameter AB, and draw CD 
tangent at B, making ZCOB = 30°, and ¢ D 
CD three times the radius. Draw AD. bs 
Then 2 AD is the circumference, nearly. Determine the accuracy of 
this construction by computing the ratio of 2 AD to AB. 


Succestion. — Let R = radius. Compute AB and 2 AD in terms of 
R, then divide. 


GENERAL EXERCISES 


1. Show that the area of a circumscribed equilateral triangle 
is four times the area of the inscribed equilateral triangle. 


2. What is the radius of a circle whose area is equal to the sum 
of the areas of two circles having radii R and r, respectively? 


3. Prove that the area of the ring between two concentric circles 
whose radii are R and r, respectively, is (R + r) 
(R— 1). 
4. Prove that the area of the ring between two 
concentric circles is equal to the area of a circle 
whose diameter is a chord of the larger circle which 
is tangent to the smaller. 


Suacestion. — In the formula of Ex. 3 the factors (R +7) (R —1r) 
equal the square of what single line segment? 


5. The radius of a regular inscribed polygon is a mean proportional 
between its apothem and the radius of a regular circumscribed poly- 
gon of the same number of sides. 


Hint. — Use the figure for Ex. 4, §397. What triangles are similar? 


6. Prove that if the radius of a circle is R, the area of a segment of 
the circle whose are is a quadrant is equal to } 2? (a — 2). 

7. The area of the square inscribed in a sector of a 
circle whose central angle is a right angle is equal to half 
the area of a square whose side is a radius. 
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8. What is the ratio of the area of a square inscribed in a semi- 
circle to the area of a square inscribed in the whole circle? 


9. Prove that if the radius of a circle is R, the area of a segment of 
the circle whose arc is 60° is equal to 7, R?(2 7 — 3vV/3). 
10. With the mid-points of the sides of an equi- 
lateral triangle as centers, and a radius of half the 
side, arcs are drawn as shown. Find the area of 
the figure in terms of s, the side of the equilateral tri- 
angle. 


11. If all the diagonals joining the alternate vertices of a regular 
hexagon are drawn, the area of the second regular hexagon which they 
form is one third that of the original hexagon. (See figure Ex. 7, 
§ 397.) 


12. The area of a regular inscribed polygon of twelve sides equals 
three times the square of the radius. (Use the figure in § 424. Notice 
that Z AOC will be 30°. Then how long is altitude AD?) 


13. The area of an inscribed regular hexagon is a mean proportional 
between the areas of the inscribed and circumscribed equilateral 
triangles. 


14. If from any point within a regular polygon of n sides per- 
pendiculars are drawn to all of the sides, the sum of these perpendicu- 
lars is equal to 7 times the apothem of the polygon. 

15. A. If r is the radius of a regular octagon, prove that the side 
is r V2 — /2 and the apothem is 3 rV2 ++/2. (See § 424.) 

16. A. If ris the radius of a regular polygon of twelve sides, prove 
that a side is rV2— /3 and the apothem is 3 rVv2 + V3. 
(See § 424.) 

*17. A. The side of a regular circumscribed octagon is less than the 
radius of the circle, but is greater than three-fourths of the radius. 
(Use the indirect method.) 

*18. A crescent is bounded by a semicircle and the arc 
of another circle whose center is on the first arc produced. 


If r is the radius of the semicircle, show that the area of 
the crescent is r’. 
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*19. Semicircles are constructed on the three sides a, b, and c, of a 
right triangle, as in Fig. I. Show that the sum of the crescents ADBE 
and BFCG is equal to the triangle. 


D 


A B Cc 
I Il III 











*20. Hippocrates, a Greek mathematician who lived about 460 B.c., 
proved that, if on the sides of an inscribed square as diameters semi- 
circles are described, the area of the four crescents lying without the 
circle equals the area of the inscribed square (Fig. II). Can you 
prove it? 

*21. The following is an old principle, due to Archimedes: AC 
(Fig. III) is divided into two unequal parts at B. Semicircles are 
drawn with AC, AB, and BC, respectively, as diameters. BD is per- 
pendicular to AC and meets the larger semicircle at D. Then the area 
of the surface bounded by the three arcs AC, AB, and BC is equal to 
the area of the circle with diameter BD. Prove it. 


Note. — The curve formed is called the shoemaker’s knife. 


Cc 


D 
IV Vv 


*92,. AB is trisected and semicircles are drawn as shown in Fig. IV. 
Prove that the area of the figure bounded by the curved lines is equal 
to the area of the circle whose diameter is CD. 


Note. — The curve formed is called the sale cellar. 


*23. Diameter AB (Fig. V) is trisected and semicircles are drawn 
as shown. Prove that the area of the circle is trisected. 
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PRACTICAL APPLICATIONS 
(OPTIONAL) 


1. A grindstone of Ohio stone will stand a surface speed of 2500 
ft. per minute. How many revolutions per minute will a stone stand 
if it is 4 ft. in diameter? 

2. An emery stone will safely stand a surface speed of 5500 ft. 
per minute. An emery grinder is to make 1500 revolutions per minute. 
What is the largest wheel that may safely be used? 


8. The driving pulley of an engine is 6 ft. in diameter and makes 
120 revolutions per minute. It is belted to a 24inch pulley on the 
main shaft that runs the machinery of a mill. Find the speed of the 
shaft (revolutions per minute). 


4. If it is customary in iron turning to allow a cutting speed 
at the rim of 40 ft. per minute, at what speed should a lathe be driven 
for turning a piece of iron 2 in. in diameter? 


5. The steam pressure of an engine is indicated as 96 lb. per square 
inch. The cylinder of the engine is 20 in. in diameter. What is the 
total pressure against the piston? 


6. What is the propelling pressure exerted against the piston of a 
locomotive when the steam pressure is 100 Ib. per square inch and the 
diameter of the cylinder is 28 in.? 


7. In making a water wheel, a square block of wood is'to be made into 
the form of a regular octagon by cutting off the four corners and then 
attaching buckets to each of the eight faces. 
Show how to cut off the corners accurately. 





8. Draw the face and edge views of a 
hexagonal nut of a bolt, the side of the nut to \ 
be one inch. 


9. A method of obtaining a regular octagon from 
a square is: Draw the diagonals of the square, inter- 
secting at P. With radius equal to AP and centers 
A, B, C, D, draw arcs cutting the sides of the square 
at E, F, G, H, I, J, K, L. Draw EF, GH, LJ, 
and KL. Then EFGHIJKL is a regular octagon. 
Prove it. 
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MAINTAINING SKILLS IN MATHEMATICS 


(See Review of Algebra, pages 463-467.) 

If a statement is entirely true, mark it so. If it is not, make a change 
in that part of the statement which is underlined so that the statement will 
be true. 


- 
5 ; ; : 

1. In the formula c = —,» as a increases in value c increases. 
* PERE OSES: 


2. When z = — 1, y = 2, and z = 0, the value of xy — y’z is — 2. 
3. The even number next larger than the even number 2n — 2 is 
2n+ 2. 





4. The sum of the squares of two general numbers may be repre- 
sented by (x + y)?. 

5. The number of cents in d dimes and q quarters is y'g9d + 44. 

6. If a man has $1000 to invest and decides to invest n dollars of it 
at 5% and the balance at 33%, the return on the latter investment is 
.035 (n — 1000). 

7. If Frank can do a piece of work in 4 days and Robert can do it 
in 3 see mers ana 7 can do 7g of the work in one day. 


8. fase = Sand 27 then and 
zy x y ——_>—_—$£ 





9. Is = 5 (a+0, then! = =—*. 





10. The roots of x2-++ x = 6 are x = 3, and z = 2. 

11. If the product of two variables is a constant, as ry = k, the 
variables are said to vary directly. 

12. When x = — 3, (x? — 5x + 6) (@ + 3) = 6. 

13. The formula for solving the quadratic equation az? + br + c= 0 
a aie VR2 — 4ac 

2a, 2a 
14. ee (x— y)r— y. 


‘oe 3 bis 


16. ae V5) (V6-+ V5) = 
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PRACTICE TESTS 


These are practice tests. See if you can do all the exercises correctly 
without referring to the text. If you miss any question look up the reference 
and be sure you understand it before taking other tests. 


TESTS ON UNIT EIGHT 
TEST ONE 


Numerical Exercises 
Leave answers in terms of 7 or use r = 3.14 as your teacher directs. 
1. Find the apothem of a square whose side is 6 ft. § 392. 
2. The circumference of a circle is20 7. Finditsradius. § 415. 
3. The radius of a circle is 5in. Find its area. § 418. 


4. Find to two decimals the radius of a square whose side is 5 in. 
§§ 326, 392. 

5. In a circle whose radius is 3 in., find the area of a sector whose 
angle is 70°. § 420. 

6. The radius of a circle is 5 in. How long is the perimeter of the 
regular inscribed hexagon? § 379. 

7. How many degrees in each central angle of a regular pentagon? 
§ 392. 

8. Find the length of the arc of a circle which contains 25 arc 
degrees, if the radius of the circle is 1S8in. § 416. 


9. The perimeters of two regular polygons having the same number 
of sides are 20 in. and 32 in., respectively. A side of the smaller is 2 in. 
What is a side of the other? § 397. 


10. Find the apothem of an equilateral triangle if the altitude is 18 
in. §§ 278, 392. 

11. Regular pentagons are inscribed in two circles of radii 2 in. 
and 5 in., respectively. What is the ratio of their areas? § 400. 


12. Find the area of a circular segment whose central angle is 90°, 
if the radius of the circleis12in. § 423. 
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TEST TWO 
Matching Exercises 


441 


In group A brief descriptions of the terms in group B are given. Match 
them correctly. 


I. 
Il. 


III. 


IV. 


VII. 


VIII. 


XI. 
XII. 


A 


A polygon with five sides. § 131. 


A polygon whose sides are tan- 
genttoacircle. § 219. 


Part of the area of a circle 
bounded by a chord and its are. 
§ 423. 


Part of the area of a circle cut 
off by tworadii. § 419. 


. A polygon whose sides are 


chords of acircle. § 198. 


. A polygon with equal sides and 


equal angles. § 377. 


The length of acircle. § 408. 


The ratio of the circumference 
of a circle to its diameter. 
§ 414, 


. The radius of the inscribed 
circle of a regular polygon. 


§ 392, 


. Two-thirds of the altitude of 


an equilateral triangle. § 394, 
Ex. 2. 
Polygon with six sides. § 131. 


One-third of the altitude of 
an equilateral triangle. § 394, 
Ex. 2. 


—_ 


11. 
12. 


B 


. Pi(r). 
. Apothem of an equilat- 


eral triangle. 


. Hexagon. 


. Pentagon. 


Regular polygon. 


. Apothem. 


. Radius of an equilateral 


triangle. 


. Segment of a circle. 


. Inscribed polygon. 


. Sector of a circle. 


Circumscribed polygon. 


Circumference. 
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TEST THREE 
True-False Statements 


If a statement ts always true, mark it so. If it ts not always true, 
replace each word in italics by a word which will make it a true statement. 


1. If the radius of a circle is doubled, the area is multiplied by two. 
§ 422, 
2. A segment of a circle is that part of the area within a circle 
bounded by a chord and its are. § 423. 
3. The areas of two similar regular polygons have the same ratio 
as any two corresponding sides. § 373. 
4. The area of acircleis equal to3 mre. § 417. 
6. If two regular polygons have the same number of sides they 
are congruent. § 397. 
6. If the radius of a circle is doubled, the circumference is also 
doubled. § 411. 
7. In an inscribed regular hexagon two of the diagonals are diame- 
ters. § 379. 
8 The apothem of an equilateral triangle is one-third the altitude 
and the radius is two-thirds the altitude. §§ 278, 392. 
9. Each angle of a regular polygon of n sides is n — 2 straight 
angles. § 393. 
10. Each central angle of a regular polygon of n sides contains —— ae 
degrees. § 392. 
11. The central angle of a regular polygon is the complement of an 
angle of the polygon. §§ 392, 393. 
12. The area of a sector has the same ratio to the area of the circle 
as the angle of the sector has to 180°. § 420. 


CUMULATIVE TESTS ON ALL EIGHT UNITS 
TEST FOUR 
Numerical Exercises 


1. How many degrees in each interior angle of a regular octagon? 

2. The bases of a trapezoid are 8 in. and 12 in., how long is the 
line joining the mid-points of the non-parallel sides? § 157. 

3. What must be the altitude of the trapezoid given in Ex. 2 to 
make the area 40 sq. in.? § 353. 
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4. In right triangle ABC, the hypotenuse AB is 10 in. If AC is 
5in., how largeisangle B? § 161. 

6. A quadrilateral is inscribed in acircle. If two consecutive angles 
are 140° and 80°, respectively, find the number of degrees in the other 
twoangles. Page 227, Ex. 14. 

6. A tangent and a secant drawn from an exterior point P to a 
circle form an angle of 25° at P. If the smaller of the two arcs inter- 
cepted is 10°, how large is the other arc? § 248. 


7. Find the length of the shortest chord that can be drawn through 
a point 5 in. from the center of a circle whose radius is 13 in. § 210, 
Ex. 10. 


8. The bases of two similar triangles are6 in. and 10 in. The alti- 
tude of the first is 8in. Find the altitude of the second. § 306. 


9. The side of an equilateral triangle is 6 in. Find its area. 
§ 376-I. 
10. The diagonal of a square is 10in. Find its area. § 376-I. 


11. The sides of two similar triangles are to each other as 5 is to 3. 
The area of the larger is 50 sq. in. Find the area of the smaller. § 372. 


12. A tangent PA and a secant PBC are drawn from a point P to 
acircle. If PB, the external segment of the secant is 8 in. and chord 
BCis 10in., find PA. § 335. 


TEST FIVE 
True-False Statements 
If a statement is always true mark it so. If it is not always true, re- 
place each word in italics by a word which will make tt a true statement. 
1. The areas of two triangles are to each other as the squares of 
any two corresponding sides. § 372. 
2. The area of a trapezoid is equal to the product of the altitude 
by half the sum of its bases. § 353. 
3. A median of a triangle divides the triangle into two equal 
triangles. § 350. 


4. The area of a triangle equals s «/(s— a)(s— b)(s—c). § 358. 
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6. If a line is drawn through the vertex of an isosceles triangle 
parallel to the base, it bisects the exterior angle at the vertex. §§ 118, 
114. 

6. In an inscribed square the diagonals are diameters. § 378. 

7. Parallel lines intercept equal arcs onacircle. § 226. 

8. If a quadrilateral has its opposite sides parallel, its opposite 
angles areequal. § 141. 

9. The diagonals of a rhombus are equal. § 162, Ex. 6. 

10. The angles at the extremities of the shortest side of a triangle 
are acute. § 170. 


11. A line parallel to one side of a triangle cutting the other two 
sides, forms with the sides a triangle similar to the given triangle. 


§ 305. 
12. The diagonals of a trapezoid divide each other in the same 
ratio. § 305. 


TEST SIX 
Matching Formulas 


In group B statements are given which are expressed by the formulas in 
group A. Match them correctly. 





A 
Le =@+B. § 326. VIL. A = S28 <2, § 420, 
Il. A =4rXare. § 421. VII. A= £43. § 376-1. 
III. 7 ms § 399. IX. h = 5 V3. § 376-1. 
Iv. A =f +h). § 353, X. L=SeX2ar, §416. 
V.c =2ar. §415. XI. d = av2. § 376-1. 
VE or. B78. XI. @=P+e—2cpt §328, 
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1. The altitude of an equilateral triangle is half the side times the 
square root of three. 


2. The diagonal of a square is equal to the side times the square 
root of two. 


3. The area of a trapezoid is half the altitude times the sum of the 
bases. 


4. The area of a sector of a circle is equal to 54, times the area of 
the circle multiplied by the number of degrees in the angle of the 
sector. 


5. The areas of two similar polygons have the same ratio as the 
squares of two corresponding sides. 


6. The square on the hypotenuse of a right triangle is equal to the 
sum of the squares on the legs. 


7. In any triangle the square of a side opposite an acute angle 
is equal to the sum of the squares of the other two sides diminished 
by twice the product of one of those sides by the projection of the other 
side on it. 


8. The circumference of a circle is equal to the product of twice 
the radius by the constant number pi. 


9. The area of a sector of a circle is equal to the product of the 
length of its are by half the radius. 


10. The perimeters of two regular polygons having the same num- 
ber of sides have the same ratio as their apothems. 


11. The Jength of an arc of a circle is ;4; times the circumference 
multiplied by the number of degrees in the arc. 


12. The area of an equilateral triangle is equal to one-fourth the 
square of the side times the square root of three. 
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AERONAUTICAL PROBLEMS 

1. The navigator of an airplane must determine the 
heading to fly in order to allow for drift of the plane caused 
by the wind. Wind from the left of the course will cause 
the plane to drift to the right and wind from the right will 
cause it to drift to the left. Such problems are generally 
solved by scale drawings. The drawing shows the solution 
of this problem: 

““A pilot wishes to fly on a 
course of 090°. The plane has 
an air speed of 100 miles per 
hour (m.p.h.) and the wind is 
from 220° at 40 m.p.h. In 
what direction should he 
head the plane?” 

First select a suitable scale. 
In the drawing it is 1 in. = 80 mi. Then from the starting 
point A draw the course AB, and draw AW to represent the 
force and direction of the wind. With W as center and a radius 
of 14 in. (100 mi.) draw an arc intersecting AX at B. Draw 
WB. Also draw AC || WB and BC || WA. AC is the heading 
the pilot must fly, AB is his ground track and WB is his smoke 
trail. Angle CAB is the correction angle. 

Using a scale of 1 in. = 32 mi., solve the problem finding the 


correction angle, heading, and ground speed. 
Note.—For method of indicating bearings used by the navy and air 
force see page 28. 


2. Solve the following problems by scale drawings and 
find the correction angle, heading, and ground speed: 

(a) Air speed 80 m.p.h.; course 220°; wind from 300° at 
40 m.p.h. 

(b) Air speed 60 m.p.h.; course 340°; wind from 090° at 
30 m.p.h. 

(c) Air speed 90 m.p.h.; course 130°; wind from 250° at 
35 m.p.h. 


North 





447 


448 APPENDIX 


3. Radius of action problems are solved by the use of 
scale drawings. The drawing shows the solution of this 
problem: 

“A pilot is to fly from A on a course of 090° (XY) and 
return to A in one hour. His air speed is 100 m.p.h. and the 
wind is from 150° at 40 m.p.h. Find his heading and ground 
speed in each direction.” 


North 
Ww 
409 \ 100 
x Y 
B ‘ ean A te Cc A 
\ er eae . 
\ gee? ee \ 
-- ~a! 
EB D 


From point A on XY the line AW is taken to represent the 
speed and direction of the wind. With center W and radius of 
100, arcs are drawn intersecting XY at Band C. Draw WB 
and WC. Complete the parallelograms ADCW and AEBW. 
ADis the heading on the trip out, AC is the ground speed, and 
ZDAC is the correction angle. For the trip in, AE is the 
heading, AB the ground speed, and Z BAE the correction angle. 

Make a drawing with a scale of 1 in. = 32 mi. and find the 
required parts. 

4. Solve the following by scale drawings and find the 
heading and ground speed for the trip out and in. 

(a) Track 030°for 1 hr.; air speed 80 m.p.h.; wind from 
270° at 30 m.p.h. 

(b) Track 210° for 1 hr.; air speed 100 m.p.h.; wind from 
100° at 40 m.p.h. 

(c) Track 120° for 1 hr.; air speed 90 m.p.h.; wind from 
190° at 30 m.p.h. 

5. The scale drawing shows the solution of this problem: 

“A pilot is to patrol the track XY from A (course 090°). 
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The air speed is 100 m.p.h. and the wind is from 135° at 30 
m.p.h. If the plane has a three hour supply of gasoline, at what 
point should the pilot turn back toward A? If he leaves A at 


1330 hr. (1:30 p.m.) at what time should he turn back?”’ 
North 





Draw the course XY and draw the wind vector AW for the 
total time (3 X 30 mi.). With W as center and a radius repre- 
senting 300 mi. (3 X 100 mi.) draw an arc intersecting XY at 
C. Draw WC. Construct MN the perpendicular bisector of 
AC, ND || WA and AD || WN. N is the point where the pilot 
should turn back. He will then be over point P on the ground. 
AD is the heading on the trip out, AP the ground track, and 
ZPAD the correction angle. 

Draw PQ || AN and continue WA to Q. PQ is the heading 
on the trip in, PA the ground track, and Z APQ the correction 
angle. AP is the radius of action of the plane. 

Using a scale of 1 in. = 64 mi. solve the problem, finding 
the correction angle and heading for the trip out and return. 

Measure WN to scale and divide the result by the air speed. 
The result will give the time the pilot should fly out. Measure 
AP to scale to find the number of miles (ground track) he 


should fly. This is the radius of action. 
6. Show in Ex. 5 that WN + NA = WC. 


North 
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*7, The drawing shows a somewhat different solution 
of Ex. 5. As in Ex. 5, AB is the course, AW the wind 
vector, and WC and WB the air track. MN and M’'N’ are 
the perpendicular bisectors of AC and AB, respectively, 
and lines NA and N’A are drawn. Prove that ANWN’ is 
a parallelogram. (See drawing foot of page 449.) 


*8, In Ex.7,prove that AP = AP’ if N’P’and NP||AW. 


*9, Directions for finding the radius of action quickly 
are: Draw the course AB and the wind vector AW. Take 
WB and WC equal to the air speed. Draw AN || BW and 
NP || WA. AP is the radius of action. Prove this. 


DIAGNOSTIC TESTS IN ARITHMETIC 


You cannot do well in mathematics unless you have 
mastered the skills in arithmetic. In order to help you dis- 
cover your weak points, this series of diagnostic tests is given. 
The problems in these tests are keyed to remedial practice on 
pages 455-462. Thus, if you make an error on Ex. 1-7 in 
Test 1, refer to page 455, A. 


DIAGNOSTIC TEST 1 (Two Parts) 
WHOLE NUMBERS 


Part I 

Add: (For Ex. 1-7, refer to A, page 455.) 

1. 2. 3. 4. 5. 6. 7. 
8 9 79 39 262 421 428 
3 7 23 74 509 638 715 
7 5) 38 85 380 576 982 
6 2 47 98 624 349 396 
9 6 54 26 971 757 577 
4 8 65 57 795 965 859 
5 4 87 63 458 893 634 


Subtract: 


8. 


598 
432 


14. 


6249 
5190 


Multiply: 


1. 


648 
7 


7. 


3975 
87 
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(For Ex. 8-19, refer to B, page 456.) 


9. 


974 
839 


15. 


5062 
4175 








10. 11. 
870 429 
456 289 
16. 17. 
3006 59,100 
2917 49,073 

Part II 


12. 


621 
329 


18. 


68,000 
4,632 


(For Ex. 1-12, refer to C, page 457.) 


2. 


769 
4 


8. 


2684 
74 


3. 
847 
eal 


9. 


7963 
460 


4. 


7649 
9 


5. 


8379 


6 


— 


11. 
704 


806 


Divide: (For Ex. 13-22, refer to D, page 458.) 


13. 


14. 


15. 


91)4110 52)1105 24)474 


18. 


46)1357 36)939 


19. 


20. 
56) 2044 





16. 





35) 1045 


21. 


87)2436 64)1291 


17. 


77)7631 


22. 


45] 


13. 


927 
648 


19. 


50,721 
2,395 





9856 


12. 


4234 
836 
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DIAGNOSTIC TEST 2 (Two Parts) 
COMMON FRACTIONS 
(See E, pages 459-460.) 








Part I 
Add: 
1 2. 3 4. 5 ¢+44+ 3: 
4 : 3 ; 6 $+h+3 
3 i $ 1 7 wt+et? 
vw 4 24 8. 12+ 38+ 44 
Subtract: 
9. 10. 11. 12 13. 14. 
# : 6 Se eC 
i 2 a ee 
Part II 
Multiply: 
18x 4,.2xé& 7. 21 x 62 
25x 4 5. 2x 8. 13 X 32 
3. 3X 14 6 2x 9. 52 X 24 
10. 11. 12. 13. 14, 
294 38 62 14 171 
x9 x 44 x 52 xX 34 xX 54 
Divide: 
15. 2+ 3 19. #+; 23. 34 + 10 
16. 3+7 20. 3+ 24. 22 + 44 
17. 6 + 2? 21. 7 + 33 25. 68 + 22 
18. 5 + 3 22. 23 +3 26. 1162 + 


A 
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DIAGNOSTIC TEST 3 (Two Parts) 


DECIMAL FRACTIONS 
(See F, pages 460-461.) 


Copy and find the result: 


1.06 + 20.14 + 100.67 6. 63.09 + 105.74 + 728.07 

7. 100.01 + 625.52 + 982.72 
8. 52.19+ 60.024 10.21+34.37 
9. 729.625 + 981.021 + 102.029 
10. 124.21 + 161.02 + 692.08 


Se Ww Ye 


982.79 — 621.03 


I 


00.256 — 25.148 


689.572 — 574.351 


1 


002.586 — 621.594 


Part I 


Place the decimal point in the following answers, supplying 
zeros if necessary: 


11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 


38 X 1.5 = 570 
63.5 X 3.3 = 20955 
12 X 7.5 = 900 
162.5 X .03 = 4875 
6.28 XK .2 = 1256 
72.3 X 2.3 = 16629 
84 X 2.5 = 210 

6.9 X .5 = 345 


19. 
20. 
21. 
22. 
23. 
24, 
25. 
26. 


Part II 


9.5 + 2.5 = 38 
95 + 25 = 38 
95 + 25 = 38 
9.5 + 25 = 38 
950 + 2.5 = 38 
95 + .25 = 38 
9.5 + .25 = 38 
95 + 2.5 = 38 


Change the following fractions to decimals correct to the 


nearest thousandth: 


aM 
2. 
3. 


aloo eal cafes 





4, 3 as 10. 4 13. 1990 
5. sts 8. 335 11. 38% 14, 412 
6. 3 9. 5 12. $5 15. 343 
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DIAGNOSTIC TEST 4 (Two Parts) 
PER CENTS 
(See G, pages 461-462.) 


Part I 


Express the following as hundredths: 


1, 3 3. 4 5. 4 7. 2 9. % 
2. } 4. yy 6. 35 8. 3 10. 4 
Express the following as decimals: 
11. 46% 13. 2.5% 15. 2% 17. .25% 
12. 3% 14. 105% 16. $% 18. 135% 
Change the following to per cents: 
19. ¢ 22. 2 25. $ 28. .83 31. .035 
20. 3 23. x5 26. sto 29. .06 32. .005 
21. 24. x5 27. a 30. .275 33. 2 
Part II 
Find: 
1. 30% of 70 4. 1% of 600 7. 250% of 40 
2. 70% of 800 5. 3% of 600 8. .1% of 1000 
3. 40% of 750 6. 1% of 30 9. .25% of 400 
10. 15 is what per cent of 1500? 
11. 150 is what per cent of 1500? 
12. 1500 is what per cent of 1500? 
13. 15,000 is what per cent of 1500? 
14, 1.5 is what per cent of 1500? 
15. 15 is 25% of what? 17. 70 is 4% of what? 


16. 2 is 123% of what? 18. 45 is .3% of what? 
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REVIEW OF ARITHMETIC 
A. ADDITION OF WHOLE NUMBERS 

Success in addition depends on the following: 

1. Know the sums of all the pairs of one figure numbers. 
There are 100 such pairs. 

2. Be able to give rapidly the sums of pairs like these: 
49 + 8, 79 + 8, 29+ 8, ete. This is adding by endings. 

3. Be able to add columns of figures and to carry cor- 
rectly. 

4. Check your sums by adding in the opposite direction. 


PRACTICE [EXERCISES 
1. 48 78 28 58 18 88 38 68 98. To each of 
these numbers add: a. 7; b. 9; c. 4; d. 6; e. 3; f. 5; 
Ge 27 HS: 
2. Write nine two-figure numbers ending in 7 (like 67) 
and, to each add the numbers (a) to (h) in Ex. 1. 
3. Asin Ex. 2 write and solve similar addition problems. 


Add: 

4, 5. 6. 7. 8. 9. 
1123 2168 4176 8267 1634 4978 
7345 6356 4416 §424 9334 9324 
2443 2517 7506 5609 1437 6107 
7949 5998 7848 8832 9937 8536 
4978 3962 2970 3759 1811 5849 
4595 2490 3481 5258 2607 3295 














10. In the table below, find the sum of each column 
(A to F). Then find the sum of each row (I to IV). 


A B C D E F 

I 86 94 78 39 69 oF 
II 64 78 83 49 ov 96 
Ill 49 67 94 7 25 33 


IV 25 83 59 67 48 74 
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B. SUBTRACTION OF WHOLE NUMBERS 


Success in subtraction depends on the following: 

1. IXnow the 100 subtraction facts. 

2. Ixnow how to borrow in subtraction. 

3. To check a subtraction problem, see if the sum of the 
two smaller numbers is equal to the larger number. 


PRACTICE EXERCISES 


1. Subtract each of the following numbers from 100: 
24 43 #75 15 86 55 77 29 82 65 
66 89 85 45 94 17 30 61 57 = 383i 
71 #3306«©2260—C67)— ss 73) 47) «18 19) 782 
62 59 91 35 92 7 #7 49 72 21 
74 23 76 63 28 «37 ~— (68 9 87 51 
2. The following table gives the number of items sold and 
the weekly quota of four salesmen. By how many items did 
each salesman miss his quota each week? 


SALESMAN WEEKLY SALES 


Cross 785 | 964 | 854 | 761 | 917 | 643 


Jones 836 | 769 | 478 | 793 | 684 | 788 
Brown || 817 | 743 | 791 | 764 | 797 | 648 
White || 746 | 697 | 674 | 689 | 774 | 693 





Subtract: 
3. 4. 6. 6. 7. 
98,743 64,818 37,913 66,550 82,456 
8,341 25,461 9,843 9,366 38,149 
8. 9. 10. 11. 12. 
19,807 54,376 27,645 44,934 76,542 


9,927 15,868 18,546 42,879 57,428 


Sa | 
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C. MULTIPLICATION OF WHOLE NUMBERS 
Success in multiplication depends on the following: 


1. Know the 100 multiplication facts. These are the 
products of all the pairs of one-figure numbers. 

2. Know how to work long multiplication problems and to 
carry correctly. 

3. To check your answer: a. go over your work a second 
time or b. interchange the two numbers you have multiplied 
and find the answer again. 


Practice EXERCISES 


1.8 3 9 6 2 4 7 = 5 
Find the product of each of the above numbers by: 
a76.9ea4d8eaeC67f. 5 g 2 kh. 3 


2. Number N: 3 7 8 4 9 6 2 5 
xX row: 8 4 9 6 2 5 3 7 
+ row: 2 5 3 7 8 4 9 6 


Select any number in the times (X) row (such as 6) and 
any number in the plus (+) row (such as 4). Then each 
number (N) is multiplied by 6 and 4 is added to the result. 
Thus the answers are 6X3+4= 22, 6X7+4= 
46,6 * 8+ 4 = 52, etc. 

Practice on this table to improve your skill. 


Multiply: 

3. 4. 5. 6. 7. 
758 479 398 576 894 
496 798 467 908 648 

8. 9. 10. 11. 12. 
589 603 320 419 976 


497 794 602 879 679 
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D. DIVISION OF WHOLE NUMBERS 


You cannot succeed in division unless: 


1. You know the 90 division facts. 
2. You are skillful in using the method of long divzon. 
3. Check your answer by one of these methods: 

a. Go over your work a second time. 

b. Multiply the divisor by the quotient an add 
the remainder (if any). If the work is correct the resu will 


be the dividend. 


Nore. — In 7 + 2 = 3, Ir, 7 is the dividend, 2 is the dirisor, 3 the 
quotient, and 1 is the remainder. 


1. 


19. 


63 
24 
58 
35 
65 
29 


86 
69 
42 
11 
26 
44 
55 


Practice EXercises 


67 


59 
56 
33 
47 


41 
12 


96 
73 
17 
45 
54 
64 
15 


36 
10 
80 
79 
89 
14 
62 


51 
39 
16 
84 
13 
68 
70 


28 
92 
78 
71 
30 
75 
57 


49 85 
88 20 
34 32 
21 66 
77 83 
46 25 
76 95 «(43 


=S§SsSs8se8 


Divide each of the above numbers by 2, 3, 4, 5, 6, . 8, 
and 9 and give the quotient and remainder. 


Divide, giving the quotient and remainder, tf any: 


2. 


3. 
4. 
5. 
6. 


76,173 + 85 
34,628 + 67 
51,673 + 67 
29,647 + 56 
31,208 + 64 


7. 
8. 
9. 
10. 
11. 


29,346 + 74 
33,169 + 86 
37,026 + 96 
55,167 + 68 
65,362 + 87 


12, 63,972 - 78 
13. 37,643 - 48 
14 30,956 -.37 
16. 42,871 -36 
16. 54,191 ~36 
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E. COMMON FRACTIONS 


ADDITION AND SUBTRACTION OF FRACTIONS 


A common fraction has two parts: the numerator and the 
denominator. The value of a proper fraction is less than 1; 
the value of an improper fraction is equal to or greater than 1. 
In a common fraction the denominator shows the number of 
parts into which a whole is divided; the numerator shows 
the number of parts that are taken. 

Only like things can be added. Thus you can add 3 
and 2, because both are fifths. The result is $ or 1. 

A fractional answer should always be reduced to its lowest 
terms. If an answer is an improper fraction, it should be 
changed to a mixed number. Thus, § = 3, and 2£ = 6}. 

Before fractions can be added or subtracted they must be 
changed to equal fractions with the same denominator. 

Thus, $+3+¢ =%+%e+28 = 8 = ln. 

Always use the smallest common denominator. 

Similarly 2 — 3 = $— 3 = % = 2. 

To subtract 41 — 23, we must borrow 1 from 4 and write 
the problem 33 — 22 = 17 = 1}. 

MULTIPLICATION AND DIVISION OF FRACTIONS 


Before multiplying, mixed numbers should be changed to 
improper fractions. 

Thus, 13 X 13 = $ X $ = $ = 23. 

To divide by a fraction, invert the divisor and multiply. 

Thus, 38 + 223 =238 + $=72X3=¢=h. 


PRACTICE EXERCISES 


Add: 
1. 2 3. 4, 5 6 
12 53 42 3% 3 4g 
33 375 23 23 i 33 
34 1¥ 1§ 1 35 24 


| 
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D. DIVISION OF WHOLE NUMBERS 


You cannot succeed in division unless: 


1. You know the 90 division facts. 
2. You are skillful in using the method of long division. 
3. Check your answer by one of these methods: 

a. Go over your work a second time. 
b. Multiply the divisor by the quotient and add 
the remainder (if any). If the work is correct the result will 
be the dividend. 


Nott. — In 7 + 2 = 8, Ir, 7 is the dividend, 2 is the divisor, 3 is the 
quotient, and 1 is the remainder. 


1. 


19. 86 
63 69 
24 «42 
58 Il 
35 =—-.26 
65 44 
29 «50 


PRActTICcE EXERCISES 


67 
59 
56 
33 
47 
41 
12 


96 
73 
17 
45 
o4 
64 
15 


3651 
10 39 
80 16 
79 «84 
89 «13 
14. 68 
62 70 


28 
92 
78 
71 
30 
75 
57 


27 649 685 
74 «88 =620 
60 34 32 
50 21 ~~ «66 
53 7783 
31 46 25 
76 95 = =438 


Divide each of the above numbers by 2, 3, 4, 5, 6, 7, 8, 
and 9 and give the quotient and remainder. 


Divide, giving the quotient and remainder, if any: 


2. 


3 
4 
5. 
6 


76,173 + 85 
. 34,628 + 67 
. 51,673 + 67 
29,647 + 56 
. 31,208 + 64 


7. 
8. 
9. 
10. 
11. 


29,346 + 74 
33,169 -+ 86 
37,026 + 96 
55,167 + 68 
65,362 + 87 


12. 
13. 
14, 
15. 
16. 


63,972 + 78 
37,643 + 48 
30,956 + 37 
42.871 + 36 
54,191 + 86 
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E. COMMON FRACTIONS 


ADDITION AND SUBTRACTION OF FRACTIONS 


A common fraction has two parts: the numerator and the 
denominator. The value of a proper fraction is less than 1; 
the value of an improper fraction is equal to or greater than 1. 
In a common fraction the denominator shows the number of 
parts into which a whole is divided; the numerator shows 
the number of parts that are taken. _ 

Only like things can be added. Thus you can add ? 
and ?, because both are fifths. The result is 2 or 1. 

A fractional answer should always be reduced to its lowest 
terms. If an answer is an improper fraction, it should be 
changed to a mixed number. Thus, § = 3, and 2% = 6}. 

Before fractions can be added or subtracted they must be 
changed to equal fractions with the same denominator. 

Thus, $+3+$=+ie+42= 3 = UE. 

Always use the smallest common denominator. 


Similarly 3-34 =4—3=2 =}. 
To subtract 44 — 23, we must borrow 1 from 4 and write 
the problem 33 — 22 = 1} = 1}. 


MULTIPLICATION AND DIVISION OF FRACTIONS 


Before multiplying, mixed numbers should be changed to 
improper fractions. 

Thus, 14 X 13 = $ X $3 = $ = 23. 

To divide by a fraction, invert the divisor and multiply. 

Thus, 33 + 2) = 1+ $=22x2=$2 14. 


Pracrick EXERCISES 


Add: 

: 2. 3. 4. 5. 6. 
i 54 4 3i 24 43 
33 3qr pa 2h 13 35 
33 1? : 13 3g 21 


| 
| 
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Subtract: 
7. 8 9, 10. 11, 12. 
6 at 6§ 3% 3 63 
1 24 43 ee 
Multiply: 
13. 3X 3 161323 19 13X33 22 13 X13 
14.2% 17. 12X13 20. 22X33 23. 43 x 23 
15. 3 xX 3 18. 1; X1$ 21. 53 X53 24. 35 X 63 
Divide 
25. 3 + 28. 3+ 31. 4+% 34. 435 + 3% 
26. yo +2 29 1675 32 $+ 35 13+ 15 
a7, 4+5 30. 15+ 7) 33. 2+2 36. 33 + 33 


F. DECIMAL FRACTIONS 

You remember that, before adding or subtracting decimals, 
you must place the numbers so that the decimal points 
will be in a column. 

Decimals are multiplied just like whole numbers. The 
decimal point is placed so that your answer has the same 
number of decimal places as there are in both factors. 

In the division of decimals you compute just as you do 
with whole numbers. 





(1) (2) (3) 

2.5 25. 250. 
15)37.5 1.54)37.5A .15,)37.50a 
30 30 30 
75 75 75 
75 75 75 


The decimal point is placed in each quotient above that 
in the dividend. In (2) the dividend and divisor are first 
multiplied by 10, and in (3) by 100 to make the divisor a 
whole number. 
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Practick EXERCISES 


Copy and add: 
1. 2.34+434+6.1+2.2 6 6.314+7.29+12.01+3.14 
2. 5.1+6.7+11.34+12.1 6. 10.624+11.03+5.17+2.20 
3. 4.9+2.1+3.1+4.2 7. 21.02+31.41+7.02+1.61 
4. 7642.8+5.1+13.4 8 1.032+75.200+4.306+2.104 


Copy and subtract: 


9. 38.54 — 16.03 13. 17.051 — 15.138 
10. 49.01 — 5.01 14. 142.97 — 68.78 
11. 72.64 — 15.71 15. 110.602 — 54.401 
12, 47.53 — 12.72 16. 232.143 — 63.712 


Place the decimal points in the following answers, supplying 
zeros if necessary: 
17. 7.6 XK 26.2 = 19912 23. 363.3 + .21 = 
18. 425 & 2.5 = 10625 24. 36.33 + 2.1 
19. 61 XK .52 = 3172 26. 3633 + .21 = 173 
20. 725 X 1.25 = 90625 26. 3.633 + .21 = 173 
21. 36 XK .16 = 576 27. .3633 + 21 = 173 
22. 280 X .041 = 11480 28. 3633 + 21 = 173 


ll 
— 
11 
Nw 


| 


| or 


G. PER CENT 


Since per cent is just another name for hundredths, deci- 
mals can be easily written as per cents. Thus .1 = .10 = 
10%; .25 = 25%; .125 = 12.5%; 07 = 7%, 

In changing per cents to decimals, be sure that the number 
of decimal places is two more when the per cent sign is 
dropped. Thus 50% = .50 = .5;3% = 5% = .005. 

There are three problems in the use of per cent. 

1. Finding what per cent one number is of another. 

Thus, 13 is what per cent of 16? 

13 + 16 = .8125, or 814%. 
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2. Finding a certain per cent of a number. 
Thus, find 6% of $250. 
.06 X $250 = $15.00. 
3. Finding a number when a certain per cent of it is 
known. 
Thus, 70 is 35% of what number? 
70 + .85 = 200. 


PRACTICE EXERCISES 


Change to decimals: 


1. 2. 3. 4, 5. 
30% 1% 23% 125% 4% 
257% 3% 2% 100% 270 
63% 7% 2% 210% 1% 

Change to per cents: 

6. 7. 8. 9. 10. 
.80 04 225 4 025 
75 .08 625 1.6 005 
92 .O1 405 2.5 .0025 

Find: 

11. 20% of 250 15. 23% of 40 
12. 6% of 50 16. 3% of 200 
13. 150% of 40 17. 53% of 160 
14. 63% of 150 18. $% of 400 
Find what per cent: 

19. 30 is of 60 21. 150 is of 100 
20. 180 is of 300 22. 2 is of 400 


23. Change to common fractions in lowest terms: 373%; 

331%; 75%; 60%. 
24. 10% of ___. 
25% of —__ 





5 80% of = 16 
18 63% of ___ = 126 
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REVIEW OF ALGEBRA 
Simple Equations 


1. Solve for x: x — (180 — x) = 40 
SOLUTION. x — (180 — x) = 40 
2x — 180 = 40 
x = 110. 
2. What is the angle which equals five times its com- 
plement? 
SOLUTION. Let x = the angle 
90 — x = the complement 
Then x = 5 (90 — x) 
x= 450 —52 
6x = 450 
x= 75 
90 —x = 15 
The angles are’75° and 15°. 


3. x(x + 20) = (#@ + 6) (@ + 6) 


SOLUTION. x? + 20x = 22+ 127 + 36 Multiplying 
20x — 12x = 36 Transposing 
8x = 36 Simplifying 
x= 38 = 43 Dividing by 8 
2)180 
get 200 
n 
SOLUTION. (n — 2)180 = 160n Multiplying by n 
180 n — 360 = 160n Simplifying 
180 n — 160 = 360 Transposing 
20 n = 360 Simplifying 
n= 18 Dividing by 20 
Solve for x: 


5. 3x — (180 — x) = 60 
6. 52 — 20(4 — 4) = 30 — 5(x — 6) 
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Square Root 
(Refer to table on page 470.) 
1. Find the square root of 24 correct to the nearest 
hundredth; to the nearest tenth. 


Souution. From the table V24 = 4.899. 
Correct to the nearest hundredth this is 4.90; 
to the nearest tenth it is 4.9. 
2. Find 432 correct to the nearest tenth. 


Souution. 432 = 1443. Hence V432 = V144 X3 = 
12 V3. 
From the table V3 = 1.732; hence 12 V3 = 20.784. The 
answer is 20.8. 
3. Find 7470 correct to the nearest tenth. 
SoLuTion. From the table 86? = 7396 
x? = 7470 
872 = 7569. 
The difference between 7569 and 7396 is 173; between 7470 
and 7396 is 74. 


a = 43. Hence V 7470 = 86.4. 
ANOTHER METHOD. 
8 6.4 2 
74 70.00 00 
64 
166 10 70 
9 96 
1724 7400 
6896 
17282 50400 
34564. 


Hence V 7470 = 86.4. 
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To reduce a mixed expression to a fraction 


2 
1. Change to fractional form: s? — r 





SOLUTION. 8s? — — = ———— = 


2. Change to fractional form: c? — (~+5-*): 








26 
, 7 at eae). i (OES Sate 
SoLuTION. ¢? ( 5b ie ae aa rece 
_ +P (+e — a’)? 
= 4b 
Factoring 
Factor the following: 
1. axr+br + cz Ans. r(a+b+c). 
20-0 Ans. (a —b) (a+b). 


3. a? — (Bb — 2be + ©). 


SoLuTion. a? — (b? — 2bc + c?) = a? — (6 — cc)? 
=(a—b+c)(at+b—c) 


4, 4b? — (Ph +c — a’)? 

SoLuTion. [2bc + (bh + 2 — a®)] [2 be — (Bh + 2 — a?)] 
= (2be + b? + c? — a*) (2be — B — c? + a?) 
=[6+c)?— a] |e — 6 — cI 
= (b+c—a)(bt+cet+a)(a—b+c)atb—c) 
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Simultaneous Linear Equations 


Solve for x and y: 
1 renee = 70 (1) 
* |32+2y=80 (2) 
SoLuTion. 62+9y=210 Multiplying (1) by 3 
62+4y=160 Multiplying (2) by 2 
5y 50 Subtracting 
y= 10 Dividing by 5 
22+3X10= 70 Substituting in (1) 
2x2 = 70 —30= 40 Transposing and simplifying 
x= 20 Dividing by 2 
2. Solve for z, y, and z. 
rt+y=5 (1) 
r+z2=6 (2) 
ytz=8 (3) 
Eliminating z by subtracting (3) from (2) 
xr-y=-2 (4) 
Adding (1) and (4) x = 3 
Similarly find y and z. 


Quadratic Equations 


Solve for x: 
1. (cx + 6) (@ — 6) = 8.8 
SOLUTION. x? — 36 = 8.8 


z? = 44.8 
x = 6.7 to one decimal 
2. x(x +8) = 240 
SOLUTION. z+ 82 = 240 
+82 -— 240=0 
(a + 20) («@ — 12) = 0 
z= — 20,+ 12 
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3. x7(16 — x) = 36 








SOLUTION. 162 — x? = 36 
x? — 16x%+ 36 = 0 
Tosolve by formula, a= 1,b = — 16,c = 36 
Substitute in r= — = ua Seate 
_ 16+ V256— 144 16 4 V112 
= 2 — 2 
= eet = 13.3 or 2.7 
Simplifying Radicals 
—? 
1. Find the value (222 ar aa V5 
— W/5 — 9(2 = 
Seriiow: 3 ta Do: 3 — 2(2.236) 2: 3 — 4.472 SAG 
3 3 3 
A pe 
2. Simplify V/ ao 
a =2 nV = 2 eee 
3. Simplify (3 = 2) 
SoLuTION. (3 = sy at Svs = .146 or .15 


468 APPENDIX 


FORMULAS USED IN PLANE GEOMETRY 


a, b, c, sides of AABC, a being opposite Z A, ete. 
(In aright triangle ZC = 90°) 

p, perimeter 

$, semiperimeter 

A, area 

r, radius 

c, circumference 

d, diameter or diagonal 

h, altitude; h,, altitude on side a 
b, base 

ps, projection of a on b 

a, 3% approx. 

a, apothem 


(1) hy = 2vse— a) —D -O) 


(2) h (equilateral triangle) = 5 V3 


(3) ® =a +b? —2 bp; (ZC acute) 
e@=a?+b?+2bp; (ZC obtuse) 


C=07+0 (ZC right) 
(4) d = av2 (square) 
(5) c =2ar 


angle of the are 


360 xX 2ar 


(6) Length of an are = 


(7) Each angle = a— 2 180°. (regular polygon) 


(8) p:p’ =a:a’ =b:b’...ete. (similar polygons) 
(9) c:c’ =r:r =d:d' (circles) 
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Areas 
(10) A = hb (rectangle or parallelogram) 


(11) A= ” (triangle) 


(12) A = - V3 (equilateral triangle) 

(13) A = a? (square) 

(14) A = Vs(s —a)(s — b)(s — c) (any triangle) 
(15) A -3 (bee by Gtapesbid) 


(16) A = 3d Xd’ (rhombus) 
(17) A = nr’ (circle) 
(18) A = 4ap (regular polygon) 


(19) A = Angle of sector xr’, (sector of circle) 


or, 
A = arcof sector X 37r 


(20) A =sector + A formed by chord and radii 
(segment) 


(21) A: A’ = a?:a” (similar polygons) 
(22) A: A’ =?7?:r”? = ad: d” (circle) 
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PoweERs AND Roots 











No. | Ses ae CUBES Sas atte CUBES a 
1 1 | 1.000 1 2,601 7.141 132,651 | 3.708 
2 4 | 1.414 8 2,704 7.211 140,608 | 3.732 
3 9} 1.732 27 2,809 7.280 148,877 | 3.756 
4 16 | 2.000 64 2,916 7.348 157,464 | 3.780 
5 25 | 2.236 125 3,025 7.416 166,375 | 3.803 
6 36 | 2.449 216 3,136 7.483 175,616 | 3.826 
7 49 | 2.646 343 3,249 7.550 185,193 | 3.849 
8 64 | 2.828 612 3,364 7.616 195,112 | 3.871 
9 81 | 3.000 729 3,481 7.681 205,379 | 3.893 


9.801 | 9.950] 970,299 | 4.626 


50 | 2,500 | 7.071 125, 000 10,000 | 10.000 | 1,000,000 | 4.642 
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AXIOMS 


1. Quantities which are equal to the same quantity, or 
to equal quanittres, are equal to each other. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remainders 
are equal. 

4. If equals are multiplied by equals, the products are 
equal. 

5. If equals are divided by equals (not zero), the quotients 
are equal. 

6. The whole of a quantity is equal to the sum of all of 
its parts, and is greater than any of its parts. 

7. A quantity may be substituted for its equal in any 
expression. 

8. If equals are added to or subtracted from unequals, 
or uf unequals are multiplied or divided by the same positive 
number, the results are unequal in the same order. 

9. If unequals are subtracted from equals, the re- 
sults are unequal in the opposite order. , 

10. If unequals are added to unequals in the same order, 
the results are unequal in the same order. 

11. If the first of three quantities is greater than the 
second, and the second 1s greater than the third, then the first 
as greater than the third. 

12. Like powers, or like positive roots, of equals are equal. 


POSTULATES AND FUNDAMENTAL THEOREMS 
1. A straight line can be produced to any required length. 
2. Two straight lines cannot intersect in more than one 
point. 
3. Through two given points one and only one straight 
line can be drawn. 
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4. The length of the line segment connecting two points 
is the shortest distance between them. 

5. A circle may be drawn with any point as center 
and with any line segment as radius. 

6. All radii of the same circle or of equal circles are 
equal, and all diameters of the same circle or of equal circles 
are equal. 

7. A geometric figure may be moved without changing 
ats size or shape. 

8. A line segment has one and only one point of bisection. 

9. Allright angles are equal. 

10. An angle has one and only one bisector. 

11. Two lines in the same plane must either be parallel 
or they must intersect. 

12. Through a given outside point there can be one 
and only one parallel to a given line. 

13. A point is within, on, or outside a circle according as 
ats distance from the center is less than, equal to, or greater 
than the radius. 

14. A diameter of a circle bisects the circle and the sur- 
face inclosed by it; of a line bisects a circle, it 1s a diameter. 

15. Two lines perpendicular to intersecting lines must 
antersect. 

16. In the same circle, or in equal circles, equal central 
angles have equal arcs, and conversely. 

17. In the same circle, or in equal circles, the greater of 
two unequal central angles has the greater arc, and con- 
versely. 

18. A central angle has the same measure as its arc. 

19. Any theorem which has been proved true regarding 
a regular polygon, and which does not depend on the number 
of sides of the polygon, 1s equally true for the circle. 
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SYLLABUS OF THE PROPOSITIONS 

The section numbers starred are the starred theorems of the College 

Board. Those in bold face are the ones stressed by the New York Regents. 
39. Equal angles have equal complements. 
40. Equal angles have equal supplements. 
46. Vertical angles are equal. 

*64. If two sides and the included angle of one triangle 
are equal, respectively, to two sides and the included angle of 
another, the triangles are congruent. 

*65. If two angles and the included side of one triangle are 
equal, respectively, to two angles and the included side of 
another, the triangles are congruent. 

*69. If a triangle is isosceles, the angles opposite the 
equal sides are equal. 

71. An equilateral triangle 1s equiangular. 

*76. If two angles of a triangle are equal, the sides oppo- 
site these angles are equal. 

77. If a triangle is equiangular, it 1s also equilateral. 

*80. If the sides of one triangle are equal, respectively, 
to the sides of another, the triangles are congruent. 

*83. Two right triangles are congruent tf the hypotenuse 
and a side of one are equal, respectively, to the hypotenuse and 
a side of the other. 

87. If two points are cach equidistant from the ends of 
a segment, they determine the perpendicular bisector of the 
segment. 

89. a. Any point on the perpendicular bisector of a 
segment is equidistant from the ends of the segment. 

b. Any point equidistant from the ends of a segment 
vs on the perpendicular bisector of the segment. 

91. An exterior angle of a triangle is greater than either 
opposite interior angle. 
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*97. One and only one perpendicular can be drawn to a 
given line through a given point. 

98. Two right triangles are congruent if the hypotenuse 
and adjacent angle of one are equal, respectively, to the 
hypotenuse and adjacent angle of the other. 

100. a. Any point in the bisector of an angle is equi- 
distant from the sides of the angle. 

b. Any point equidistant from the sides of an angle is 
on the bisector of the angle. 

102. 1. Of two contradictory propositions, one must be 
true and the other must be false. 

3. If the conclusion of a correct line of reasoning is 
shown to be false, then the hypothesis from which the con- 
clusion follows must be false. 

107. Two lines in the same plane perpendicular to the 
same line are parallel. 

109. If a line is perpendicular to one of two parallel 
lines, it 1s perpendicular to the other also. 

*113. If two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 

114. If two parallel lines are cut by a transversal, the 
corresponding angles are equal. 

115. If two parallel lines are cut by a transversal, the 
interror angles on the same side of the transversal are 
supplementary. . 

116. If two angles have their sides respectively parallel, 
they are either equal or supplementary. 

118. If two lines are cut by a transversal so that a pair of 
alternate interior angles are equal, the lines are parallel. 

119. If two lines are cut by a transversal so that a pair of 
corresponding angles are equal, the lines are parallel. 

120. If two lines are cut by a transversal so that two 
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interior angles on the same side of the transversal are sup- 
plementary, the lines are parallel. 

121. Two lines parallel to a third line are parallel to 
each other. 

*123. The sum of the angles of a triangle is equal to a 
straight angle. 

124. A triangle can have but one right angle or one 
obtuse angle. 

125. The acute angles of a right triangle are comple- 
mentary. 

126. If two angles of one triangle are equal, respectively, 
to two angles of another triangle, the third angles are equal. 

127. If two triangles have a side, an adjacent angle, 
and the opposite angle of the one equal, respectively, to 
the corresponding parts of the other, the triangles are con- 
gruent. 

128. An exterior angle of a triangle is equal to the sum 
of the two opposite interior angles. 

129. If two angles have their sides, respectively, perpen- 
dicular, they are either equal or supplementary. 

133. The sum of the angles of a polygon of n sides is 
(n — 2) straight angles. 

134. The sum of the exterior angles of a polygon made 
by producing each of the sides in succession 1s two straight 
angles. 

141. The opposite sides of a parallelogram are equal and 
the opposite angles are equal. 

142. A parallelogram is divided into two congruent 
triangles by either diagonal. 

143. Segments of parallel lines cut off by parallel lines 
are equal. 

145. Two parallel lines are everywhere equidistant. 
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146. If the opposite angles of a quadrilateral are equal, 
it 1s a parallelogram. 

147. The diagonals of a parallelogram bisect each other. 

148. If the diagonals of a quadrilateral bisect each other, 
the quadrilateral is a parallelogram. 

*149. If the opposite sides of a quadrilateral are equal, the 
quadrilateral is a parallelogram. 

*150. If two sides of a quadrilateral are equal and parallel, 
the quadrilateral is a parallelogram. 

*152. If three or more parallels intercept equal segments 
on one transversal, they intercept equal segments on every 
iransversal. 

153. If a line bisects one side of a triangle, and 1s parallel 
to a second side, it bisects the third side also. 

154. If a line connects the mid-points of two sides of a 
triangle, it is parallel to the third side. 

155. A line segment connecting the mid-points of two 
sides of a triangle is parallel to the third side and equal to 
half of zt. 

157. The median of a trapezoid is parallel to the bases 
and equal to half their sum. 

159. In a right triangle the median to the hypotenuse 1s 
equal to half the hypotenuse. 

160. In a 30°-60° right triangle, the hypotenuse is double 
the side opposite the 30° angle. 

161. If the hypotenuse of a right triangle 1s double one 
of the sides, then the acute angle opposite that side 1s 30°, 
while the other one is 60°. 

170. If two sides of a triangle are unequal, the angles 
opposite these sides are unequal and the angle opposite the 
greater side 1s the greater. 

172. If two angles of a triangle are unequal, the sides 
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opposite these angles are unequal, and the side opposite the 
greater angle 1s the greater. 

173. The perpendicular is the shortest segment that can be 
drawn from a given point to a given line. 

174. The shortest segment that can be drawn from a given 
point to a given line is the perpendicular from the point to 
the lune. 

177. If two sides of one triangle are equal, respectively, 
to two sides of another triangle, but the included angle of the 
jirst 1s greater than the included angle of the second, then the 
third side of the first vs greater than the third side of the second. 

178. If two sides of one triangle are equal, respectively, 
to two sides of another triangle, but the third side of the first 
ws greater than the third side of the second, then the angle 
opposite the third side of the first 1s greater than the angle 
opposite the third side of the second. 

*184. Through any three given points not in a straight 
line one cirele, and only one, can be drawn. 

185. A straight line or a circle cannot intersect a circle 
in more than two points. 

191. In the same circle, or in equal circles, if two arcs are 
equal, their chords are equal. 

193. In the same circle, or in equal circles, if two chords 
are equal, their arcs are equal. 

*195. A diameter perpendicular to a chord bisects the 
chord and its arcs. 

196. A diameter which bisects a chord (not a diameter) 
is perpendicular to the chord. 

197. The perpendicular bisector of a chord passes through 
the center of the circle. 

200. If two circles intersect, the line of centers 1s the per- 
pendicular bisector of their common chord. 
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*202. In the same circle, or in equal circles, chords equi- 
distant from the center are equal. 

*203. In the same circle, or in equal circles, equal chords 
are equidistant from the center. 

205. In the same circle, or in equal circles, if two minor 
arcs are unequal, the greater arc has the greater chord. 

206. In the same circle, or in equal circles, if two chords 
are unequal, the greater chord has the greater minor arc. 

208. In the same circle, or in equal circles, if two chords 
are unequal, the greater chord is nearer the center. 

209. In the same circle, or in equal circles, if two chords 
are unequally distant from the center, the one nearer the 
center is the greater. 

214. A line perpendicular to a radius at its outer ex- 
tremity is tangent to the circle. 

215. The tangent to a circle at a given point 1s perpen- 
dicular to the radius drawn to that point. 

216. A line perpendicular to a tangent at the point of 
contact passes through the center of the circle. 

217. A line from the center of a circle, perpendicular 
to a tangent, passes through the point of contact. 

220. Two tangents to a circle from an outside point are 
equal and make equal angles with the line joining that point 
to the center. 

222. If two circles are tangent, the line of centers passes 
through the point of contact. 

226. T'wo parallel lines intercept equal arcs on a circle. 

*241. An inscribed angle has the same measure as half 
of wts intercepted arc. 

242. Angles inscribed in the same arc or in equal arcs 
are equal. 

243. An angle inscribed in a semicircle is a right angle. 
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245. An angle formed by a tangent and a chord from the 
point of contact has the same measure as half its inter- 
cepted arc. 

246. An angle formed by two intersecting chords is 
measured by half the sum of the intercepted arcs. 

248. An angle formed by two secants, by a secant and a 
tangent, or by two tangents intersecting outside the circle 
has the same measure as half the difference between the 
intercepted arcs. 

252. The locus of points at a given distance from a given 
point is a circle with the given point as center and with the 
given distance as radius. 

*254. The locus of points equidistant from two given points 
is the perpendicular bisector of the segment connecting the 
points. 

*256. The locus of points equidistant from the sides of an 
angle 1s the bisector of the angle. 

257. The locus of points equidistant from two inter- 
secting straight lines is the pair of lines bisecting the angles 
formed. 

258. The locus of points equidistant from two parallel 
lines is the line parallel to each of them and midway between 
them. 

259. The locus of points at a given distance from a given 
line 1s a pair of lines, one on either side of the given line, 
each parallel to the given line, and at the given distance 
from it. 

260. The locus of the vertex of the right angle of a right 
triangle having a given hypotenuse ts a circle having the given 
hypotenuse as diameter. 

270. The perpendicular bisectors of the sides of a triangle 
are concurrent. 
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273. The bisectors of the angles of a triangle are con- 
current. 

276. The altitudes of a triangle are concurrent. 

278. The medians of a triangle intersect in a point which 
ds two-thirds of the distance from any vertex to the mid-point 
of the opposite side. 

281. The locus of the vertex C of a triangle with a given 
base AB and given angle C ts the arc of a circle in which angle 
C can be inscribed which arc has AB as a chord. 

289. 1. In any proportion, the product of the means 
equals the product of the extremes. 

2. In any proportion, the first term is to the third as 
the second term is to the fourth. 

3. In any proportion, the second term 1s to the first as 
the fourth 1s to the third. 

4. If the two numerators of a proportion are equal, the 
deneminators are equal. 

5. If three terms of one proportion are equal, respectively, 
to three terms of another proportion, the remaining terms 
are equal. 

6. If the product of two numbers 1s equal to the product 
of two other numbers, either two may be made the means in 
a proportion in which the other two are the extremes. 

7. Ina proportion, the sum of the first two terms 1s to 
the second (first) as the sum of the last two ts to the fourth 
(third). 

8. In a proportion, the difference between the first two 
terms is to the second (first) as the difference of the last 
two ts to the fourth (third). 

293. A line parallel to one side of a triangle and inter- 
secting the other two sides divdes those two sides propor- 
tionally. 
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294. One side is to either of its segments as the other side 
zs to the corresponding segment. 

298. The segments cut off on two transversals by a 
series of parallels are proportional. 

*300. If a line dindes two sides of a triangle propor- 
tionally, it is parallel to the third side. 

*305. Two triangles are similar if two angles of one are 
equal, respectively, to two angles of the other. 

306. Corresponding altitudes of similar triangles have 
the same ratio as any two corresponding sides. 

*312. Two triangles are similar if an angle of one equals 
an angle of the other and the sides including these angles 
are proportional. 

*314. Two triangles are similar if their corresponding 
sides are proportional. 

317. The bisector of an interior angle of a_ triangle 
divudes the opposite side into segments which are propor- 
tional to the adjacent sides. 

319. The bisector of an exterior angle of a triangle 
divides the opposite side externally into segments propor- 
tional to the adjacent sides. 

321. A. The bisector of the interior angle of a triangle 
and the bisector of the exterior angle at the same vertex 
divide the opposite side of the triangle harmonically. 

322. In any right triangle, the perpendicular dropped 
from the vertex of the right angle to the hypotenuse dindes 
the triangle into two triangles similar to the given triangle. 

323. I. The two triangles are similar to each other. 

II. The perpendicular is the mean proportional between 
the segments of the hypotenuse. 

III. Either side ts the mean proportional between the hy- 
potenuse and the segment of the hypotenuse adjacent to it. 
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324. The perpendicular to the diameter of a circle from 
any point on the circle (a) ts the mean proportional between 
the segments of the diameter; and 

(b) the chord from that point to ether extremity of the 
diameter is the mean proportional between the diameter 
and the segment of the diameter adjacent to that chord. 

*326. In any right triangle the square of the hypotenuse 
is equal to the sum of the squares of the legs. 

328. A. In any triangle, the square of a side opposite 
an acute angle is equal to the sum of the squares of the 
other two sides, diminished by twice the product of one 
of those sides by the projection of the other side on it. 

329. A. In any obtuse triangle, the square of the side 
opposite an obtuse angle 1s equal to the sum of the squares 
of the other two sides, increased by twice the product of 
one of those sides by the projection of the other side 
on wt. 

*333. If two chords intersect in a circle, the product of 
the segments of one is equal to the product of the segments 
of the other. 

335. If, from a point outside a circle, a secant and a 
tangent are drawn, the tangent is the mean proportional 
between the whole secant and its external segment. 

336. If, from an external point, secants are drawn to a 
circle, the product of each secant by its external segment is a 
constant. 

341. The area of a rectangle 1s equal to the product of its 
base and altitude. 

*343. The area of a parallelogram is equal to the product 
of its base by tts altitude. 

344. Parallelograms having equal bases and equal altitudes 
are equal in area. 
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345. Two parallelograms are to each other as the products 
of their bases and altitudes. 

346. Parallelograms having equal altitudes are to each 
other as their bases. 

347. Parallelograms having equal bases are to each other 
as their altitudes. 

348. The area of a triangle is equal to half the product of 
ats base by rts altitude. 

349. Two triangles having equal bases and equal altitudes 
are equal in area. 

350. Two triangles are to each other as the products of 
their bases and altitudes. 

351. Triangles having equal altitudes are to each other as 
their bases. 

352. Triangles having equal bases are to each other as 
their altitudes. 

*353. The area of a trapezoid is equal to half the product 

of the sum of its bases by its altitude. 

354. The area of a trapezoid is equal to the product of its 
altitude and the segment connecting the mid-points of the legs. 

356. Two triangles having an angle of one equal to an 
angle of the other are to each other as the products of the 
sides including the equal angles. 

360. In any right triangle the square on the hypote- 
nuse is equal to the sum of the squares on the other two sides. 

364. Ina series of equal ratios, the sum of the numera- 
tors 1s to the sum of the denominators as any numerator is 
to its denominator. 

365. The perimeters of two similar polygons have the 
same ratio as any two corresponding sides. 

*367. Lf two polygons are similar they can be divided 

into triangles which are similar and similarly placed. 
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368. If two polygons can be divided into triangles which 
are similar and similarly placed, the polygons are similar. 
*372. The areas of two similar triangles are to each other 
as the squares of any two corresponding sides. 
*373. The areas of two similar polygons have the same 
ratio as the squares of any two corresponding sides. 

374. A. In any right triangle, a polygon constructed on 
the hypotenuse is equal in area to the sum of similar polygons 
constructed on the other two sides. 

381. If a circle is divided into equal arcs, the chords of 
these arcs form a regular inscribed polygon. 

382. An equilateral polygon inscribed in a circle is a 
regular polygon. 

383. If lines are drawn from the mid-point of each 
arc determined by a side of a regular inscribed polygon, to 
its extremities, a regular inscribed polygon of double the 
number of sides 1s formed. 

384. Regular inscribed polygons of 4, 8, 16, 32, etc., sides 
can be constructed. 

385. Regular inscribed polygons of 3, 6, 12, 24, 48, etc., 
sides can be constructed, and, by joining the aliernate vertices 
of an inscribed hexagon, an inscribed equilateral triangle is 
formed. 

387. If a circle is dided into equal arcs, the tangents 
at the points of division form a regular circumscribed 
polygon. 

388. If tangents are drawn at the mid-points of the arcs 
of adjacent points of contact of the sides of a regular cir- 
cumscribed polygon, a regular circumscribed polygon of 
double the number of sides is formed. 

*390. A circle can be circumscribed about any regular 


polygon. 
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391. A circle can be inscribed in any regular polygon. 
392. Each central angle of a regular polygon of n sides 
. 860° 
as : 
n 


393. Hach angle of a regular polygon of n sides is 








straight angles. 


394. Since the sides of a regular polygon are equal, if 
each side is s, and there are n sides, the perimeter of a 
regular polygon is ns. 

*395. The area of a regular polygon is equal to half the 
product of its apothem by its perimeter. 

397. Regular polygons of the same number of sides are 
similar. 

399. The perimeters of two regular polygons of the same 
number of sides have the same ratio as their radi, or as 
their apothems. 

400. The areas of two regular polygons of the same 
number of sides have the same ratio as the squares of their 
radi or as the squares of their apothems. 

404. A. Regular polygons of 5, 10, 20, 40, etc., sides can 
be inscribed in a circle. 

406. A. Regular polygons of 15, 30, 60, 120, etc., sides 
can be inscribed in a circle. 

411. The circumferences of two circles have the same 
ratio as their radi. 

412. The circumferences of two circles have the same 
ratio as their diameters. 

413. The ratio of the circumference to the diameter of a 
circle ts a constant: that is, it is the same for any two circles. 

415. The circumference of a circle vs equal to the product 
of its radius by twice the constant number x, or, C = 2 rr. 
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416. The length of an arc of a circle in linear units has 
the same ratio to the circumference as the number of degrees 
in the arc has to 360°. 

417. The area of a circle is equal to half the product of 
its circumference by its radius. 

418. The area of a circle 1s equal to the product of the 
constant number 7 by the square of the radius. 

420. The area of a sector has the same ratio to the area 
of the circle as the angle of the sector has to 360°. 

421. The area of a sector is equal to the product of the 
length of its arc by half the radius. 

422. The areas of two circles have the same ratio as the 
squares of their radii, or as the squares of their diameters. 
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Abbreviations, x. 

Abil-Wefa, 296. 

Acute, angle, 22; triangle, 23. 

Adjacent angles, 21. 

Aeronautical problems, 447. 

Ahmes, 21, 365, 425, 427. 

Algebra, review, 463. 

Alternate, exterior, 
angles, 119. 

Altitude, of a parallelogram, 136; 
of a trapezoid, 136; of a triangle, 
74 


and inte‘ior 


Analysis, 86. 

Angle, acute, 22, bisected, 25; bi- 
sector of, 304; central, 175, 222; 
degree, 221; of depression, 299; 
of elevation, 299; exterior, 93; 
initial side, 19, 122; inscribed, 
224; measuring of, 27; mirror, 
obtuse, 22; reflex, 22; right, 22; 
sides, 18; size of, 18, 154; straight, 
22; terminal side, 19, 122; vertex, 
18 


Angles, adjacent, 21; alternate, 
119; complementary, 32; cor- 
responding, 119; equal, 19; ex- 
terior, 119; interior, 119; sup- 
plementary, 32; vertical, 36. 

Antecedents, 280. 

Apothem, 406. 

Appendix, 447. 

Arc, 7; degree, 221; major, 175; 
minor, 175; minute, 221; nega- 
tive, 234; positive, 234. 

Archimedes, 16, 66, 427, 437. 

Arcs, complementary, 222; 
plementary, 222. 

Area, of a circle, 424; of a parallelo- 
gram, 346; of a rectangle, 343; 
of a surface, 343; of a trapezoid, 
350; of a triangle, 348. 

Arithmetic in Nine Sections, 283. 

Aryabhatta, 427. 


sup- 


Auxiliary lines, 72. 
Axiom, 39. 
Axioms, list of, 471. 


Babylonians, 427. 

Base, of an isosceles triangle, 10; 
of a parallelogram, 136. 

Bases, of a trapezoid, 136. 

Bhaskara, 361. 

Bisector, of an angle, 25; of a seg- 
ment, 15; perpendicular, 30. 

Broken line, 6. 


Center, of a circle, 6, 173; of grav- 
ity, 254; of a regular polygon, 
406. 

Central angle, 175; of a regular 
polygon, 406. 

Centroid, 254. 

Chord, 7, 173. 

Circle, 6, 173; arc, 7; area, 420; 
center, 6, 173; central angle, 175; 
chord, 7, 173; circumference, 420; 
circumscribed, 182; diameter, 7, 
173; escribed, 252; inscribed, 
195; radius, 7, 173; sector, 424; 
segment, 423. 

Circles, concentric, 177; line of 
centers, 182; tangent, externally, 
internally, 197. 

Circumcenter, 250. 

Circumference, 420, 421. 

Circumscribed, circle, 
gon, 195. 

Chnometer, 333. 

Commensurable, 284. 

Common tangent, 198. 

Compasses, 11; proportional, 331. 

Complement, 32. 

Concave polygon, 132. 

Concentric circles, 177. 

Conclusion, 71. 

Concurrent, 249. 


182; poly- 
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Congruent, 21. 

Congruent figures, 45. 

Conic sections, 243. 

Consequents, 280. 

Converse, 75. 

Convex polygon, 132. 

Corollary, 73. 

Corresponding, angles, 119; angles 
of polygons, 290; parts, 49; sides 
of polygons, 290. 

Cosine, 295; table of, ratios, 298. 

Cosines, law of, 316. 

Cotangent of an angle, 295. 

Curved line, 6. 

Cycloid, 245. 


Decagon, 132. 

Definition, properties of, 4. 

Degree, angle, 27, 221; are, 221. 

Demonstration, 67. 

Depression, angle, 297. 

Diagnostic tests in arithmetic, 450. 

Diagonal, of a polygon, 132. 

Diameter, 7, 173. 

Direct. proof, 100. 

Distance, between parallel lines, 
137; from a point toa line, 98, 
152. 

Divine proportion, 413. 

Division, external, 307; harmonic, 
308; internal, 307. 

Duplicating the cube, 358. 


Egyptians, 2, 19. 

Elevation, angle, 297. 

Ellipse, 243. 

Equiangular, 23. 

FEquilateral, 8, 10. 

Escribed circle, 252. 

Euclid, 66, 102, 311, 343, 413. 
Excenter, 252. 

Exterior angles, 93, 119. 
External division, 307. 
External tangent, 198. 
Extreme and mean ratio, 413. 
Iextremes, 278. 


Figures, congruent, 45. 
Formulas, 380, 452. 

Fourth proportional, 282. 
Fundamental theorems, 455. 


Galileo, 335. 
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Gauss, 420. 

Geometric square, 333. 

Golden section, 413. 

Greeks, 3, 6, 16, 27, 102, 187, 283, 
294, 296, 310, 313, 343, 354, 358, 
362, 383, 437. 


Harmonic division, 308. 

Harpedonaptae, 19. 

Hebrews, 427. 

Heptagon, 132. 

Hero, 354. 

Hexagon, 8, 132. 

Hipparchus, 297. 

Hippocrates, 187, 437. 

Historical notes, 2, 3, 6, 16, 19, 21, 
27, 77, 98, 102, 187, 283, 294, 296, 
297, 310, 311, 313, 320, 335, 343, 
354, 358, 361, 362, 365, 383, 407, 
413, 420, 425, 427, 437. 

Hyperbola, 243. 

Hypotenuse, 83. 

Hypothesis, 71. 

Hypsometer, 333. 


Incenter, 252. 

Indirect method, 101. 

Inequalities, 150, 186. 

Inscribed, angle, 224; circle, 195; 
polygon, 182. 

Intercepted, 142, 224. 

Interior angles, 119. 

Internal, division, 307; 
198. 

Interpolation, 296. 

Isosceles, trapezoid, 145; triangle, 
10. 


tangent, 


ICiu-chang Suan-shu, 283. 


Law, of sines, 300; of cosines, 316. 

Legendre, 66. 

Legs, of an isosceles triangle, 10; 
of a right triangle, 83. 

Line, broken, 6; curved, 6; straight, 
6; of centers, 182. 

Lines, auxiliary, 72; concurrent, 
249; parallel, 104; perpendicu- 
lar, 22; transversal, 119. 

Line segment, 6; bisected, 15. 

Linkages, 244, 320, 358. 

Locus, 235, 238, 241, 246. 
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Maintaining skills in mathematics, 
60, 111, 164, 210, 268, 335, 386, 
439. 

Major arc, 175. 

Maps and plans, 303. 

Mariner’s Compass, 29. 

Mean proportional, 282. 

Means, 278. 

Measure, of an angle, 27; of an are, 
221; of a central angle, 222; of 
an inscribed angle, 224. 

Median, of a trapezoid, 145; of a 
triangle, 16, 74. 

Mid-point of a segment, 15. 

Minor are, 175. 

Mirror, angle, 22. 

Mutually equiangular, 290. 


Negative are, 234. 
Nonagon, 132. 


Obtuse, angle, 22; triangle, 23. 
Octagon, 132. 
Orthocenter, 253. 


Pantograph, 334. 
Pappus, 362. 
Parabola, 243. 
Parallel lines, 
tween, 137. 

Parallelogram, 136; base of, 136; 
altitude of, 136. 

Peaucellier, 320. 

Pentagon, 132. 

Perimeter, 198. 

Perpendicular bisector, 30. 

Perpendicular lines, 22. 

Pi (r), 422; computation of, 427. 

Plane, 1. 

Plane table, 372. 

Plans and maps, 303. 

Plato, 2, 66. 

Plutarch, 98. 

Point, of contact, 192; of tangency, 
192. 

Polygon, 9; circumscribed, 195; 
concave, 132; convex, 132; diag- 
onal of, 132; inscribed, 182; 
perimeter of. 198; regular, 133, 
397; sum of the angles of, 132; 
vertices, 132. 


104; distance be- 
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Polygons, classified, 132; mutually 
equiangular, 290; similar, 290. 
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Postulate, 13. 

Postulates, list of, 471. 

Powers and roots, table of, 470. 

Practical applications of geometry, 
60-62, 131-132, 134-135, 141-142, 
164-166, 212-214, 268-270, 294, 
330-336, 359, 438-439. 

“Problems of Antiquity,” 358. 

Proclus, 313. 

Projection, 313; negative and posi- 
tive, 317; of a point, 313; of a 
segment, 314. 

Procf, 36, 67, 100; by analysis, 84; 
indirect proof, 101; reductio ad 
absurdum, 107. 

Proportion, 277; terms, 278. 

Proportional, compasses, 
fourth, mean, third, 282. 

Proposition, 67. 

Protractor, 27. 

Ptolemy, 27. 

Pythagoras, 66, 187, 310, 313, 413. 

Pythagorean theorem, 310, 311, 361. 


331; 


Quadrant, 175. 
Quadrilateral, 132. 
Quatrefoil, 432. 


Radius, of a circle, 7, 173; of a reg- 
ular polygon, 406. 

Ratio, 277; extreme and mean, 413; 
of similitude, 290; trigonometric, 
295, 298. 

Rectangle, 136. 

Reductio ad absurdum, 107. 

Reflex angle, 22. 

Regular polygon, 133, 397; apo- 
them, 406; center, 406; central 
angle, 406; perimeter, 406. 

Resultant, 141. 

Review of algebra, 463; of arith- 
metic, 455. 

Reviews, 57-60, 109-112, 161-166, 
209-214, 263-270, 324-336, 382- 
389, 428-440. 
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Curved line, 6. 
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Degree, angle, 27, 221; arc, 221. 
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Powers and roots, table of, 470. 

Practical applications of geometry, 
60-62, 131-132, 134-135, 141-142, 
164-166, 212-214, 268-270, 294, 
330-336, 359, 438-439. 

“Problems of Antiquity,” 358. 

Proclus, 313. 

Projection, 313; negative and posi- 
tive, 317; of a point, 313; of a 
segment, 314. 

Procf, 36, 67, 100; by analysis, 84; 
indirect proof, 101; reductio ad 
absurdum, 107. 

Proportion, 277; terms, 278. 

Proportional, compasses, 
fourth, mean, third, 282. 

Proposition, 67. 

Protractor, 27. 

Ptolemy, 27. 

Pythagoras, 66, 187, 310, 313, 413. 

Pythagorean theorem, 310, 311, 361. 


331; 


Quadrant, 175. 
Quadrilateral, 132. 
Quatrefoil, 432. 


Radius, of a circle, 7, 173; of a reg- 
ular polygon, 406. 

Ratio, 277; extreme and mean, 413; 
of similitude, 290; trigonometric, 
295, 298. 
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Reductio ad absurdum, 107. 
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Right triangle, 23; hypotenuse and 
legs of, 83; 30°-60°, 147. 
Rope Stretchers, 19. / 


Scale, 303. 

Sealene triangle, 10. 

Secant, 191, 318; external and 
whole segment, 318. 

Seconds, 28. 

Sector, 424. 

Segment, of a circle, 423; of a line, 
6; divided, externally, internally, 
307; divided harmonically, 308; 
projection of, 314. 

Semicircle, 175. 

Sextant, 28. 

Similar, figures, 277; polygons, 290. 

Sine, 295; table of, ratios, 298. 

Sines, law of, 300. 

Size of an angle, 18, 154. 

Socrates, 3. 

Sophists, 187. 

Square, 136; geometric, 333. 

Square root, 464; table of, 470. 

Squaring the circle, 358. 

Straight, angle, 22; line, 6. 

Straightedge, 6. 

Study Aids, 70. 

Summaries, 55-56, 107-108, 158-160, 
208-209, 260-262, 323-324, 380- 
381, 427-428. 

Superposition, 45. 

Supplement, 32. 

Symmetry, 9. 

Table, powers and roots, 470; 

trigonometric ratios, 298. 
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Tangent, common external and in- 
ternal, 198; historical note, 296; 
of an angle, 295; to a circle, 318; 
table of, ratios , 298. 

Tangent circles, 197. 

Telemeter, 334. 

Terminal side of an angle, 19, 122, 

Tests, 62-66, 112-115, 115-117, 166- 
169, 169-171, 214-216, 217-219, 
270-273, 273-276, 336-339, 339- 
341, 389-392, 392-395, 440-442, 
442-445. 

Thales, 6, 66, 294, 296. 

Theorem, 34, 67; parts of, 70. 

Third proportional, 282. 

Three famous problems of antiquity, 
358. 

Transit, 28, 30. 

Transversal, 119. 

Trapezoid, 136; isosceles, 145; me- 
dian of, 145. 

Trefoil, 334. 

Triangle, 10; acute, 23; altitude of, 
74; congruent, 21, 45; equiangu- 
lar, 23; equilateral, 10; isosceles, 
10; median of, 16, 74; obtuse, 
23; right, 23; scalene, 10. 

Triangles, mutually equiangular, 
291; similar, 21. 

Trigonometric ratio, 295; table of. 
298. 

Trisecting any angle, 358. 


Unit of measure, of an angle, 27, 
221; of an arc, 221; of a surface, 
343. 


Vertex, of an angle, 18; of a poly- 
gon, 9; of a triangle, 10. 

Vertical angles, 36. 

Vertices of a polygon, 9, 132. 


